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Preface to the first edition

The importance of random vibrations has increased in recent years. Whereas
ten years ago undergraduate courses in engineering and applied science barely
mentioned the subject, now a well-educated engineer needs at least some
familiarity with the concepts and methods involved. Furthermorc the
applications of random process theory extend far beyond traditional engincering
fields. The same methods of analysis which apply to the time-varying pressure
in an aircraft’s turbulent boundary layer apply also to the daily fluctuations of
an economic index. Because of this growing importance, the theory of random
vibrations is now being introduced to undergraduate students, and the methods
of measurement and analysis are being increasingly used in research laboratories
and in industry.

This book has two main objectives: first, to introduce the fundamental
ideas of random vibrations, and, secondly, to deal in some depth with digital
spectral analysis, which involves the measurement and analysis of random
vibrations. Chapters | to 9, which take up about half the book, try to mect the
first objective and provide the background for an introduction to the subject at
undergraduate level. Chapters 10, 11 and 12 are then more specialized and cover
digital spectral analysis and the fast Fourier transform. They deal in detail
with the application of discrete Fourier transforms to the analysis of sampled
data. The empbhasis is on the so-called “direct method™ of spectrum estimation
based on the FFT (fast Fourier transform) and the approximations involved
in this method are discussed at length. In the author’s experience, many people
who find themselves using the FFT for spectral analysis have an incomplete
understanding of the nature of the approximations involved, and it is hoped
that these chapters will provide the necessary explanation. The last two
chapters of the book deal with the properties of pseudo-random processes
and a variety of more specialized subjects including the measurement and
application of coherence functions and a brief introduction to the analysis of
non-stationary processes.

An important feature of the book is the set of carefully selected problems
and answers; most of these have been specially prepared to illustrate points
in the text. They serve the dual purpose of allowing readers to test their
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understanding while at the same time allowing the author to include alternative
developments of the theory and different applications which could not otherwise
have been discussed because of lack of space.

Although there is a good deal of mathematics, this has been kept as simple as
a rcasonably complete treatment of the subject allows. The knowledge assumed
1s limited to that normally possessed by final year undergraduates in the applied
sciences, and no additional statistical background is required. This slightly
restricts the mathematical scope of the book, but the text is supported by
references to more specialized books and to the original literature where
appropriate, and mathematically minded rcaders can pursue these sources if
they wish.

The author will be pleased to hear from readers who spot errors and misprints,
or who find points where amplification is desirable or sce other ways of
improving the book. All such suggestions will be gratefully received and most
carefully studied.

Sheffield, 1974 D. E. NEWLAND

Disclatmer of warranty

Neither the author nor publisher makes any warranty. express or implied.
that the calculation methods. procedures und programs included in this book
are free from error. The application of these methods and procedures is at
the user’s own risk and the author and publisher disclaim all lability for
damages, whether direct. incidental or consequential. arising from such
application or from any other use of this book.



Preface to the second edition

For the second edition, two additional chapters have been added. Chapter 15
introduces multi-dimensional random processes and discusses multi-dimensional
spectral analysis in detail. This is important when a random process depends
on more than one independent variable. For example, the height of the sea
depends on time and on position. The logic of the multi-dimensional discrete
Fourier transform is explained and Appendix 2 now contains a two-dimensional
DFT program as well as the original one-dimensional FFT program, which it
uses.- Chapter 16 extends the previous theory to the random vibration of a
continuous linear system subjected to distributed random excitation. This
introduces a specialized but growing field of random vibration analysis.

A new section on the Weibull distribution of peaks has been added to Chapter
14 and a number of other small additions made.

The computer programs in Appendix 2 are now listed in both Fortran and
Basic languages. Readers with suitable mini-computers will be able to use the
latter programs for some of the exercises. Because HP-enhanced Basic has been
used, some modifications may be necessary for computers using other versions of
Basic, but it is hoped that this will not present serious difficulties.

As before, the author will be glad to hear from readers and will be most grateful
for the notification of errors and for suggestions for improvement.

Cambridge, 1984 D. E. NewLaND



Preface to the third edition

Since completing the second edition in 1984, the most important development
in signal analysis has been the wavelet transform. This overcomes a fundamental
disadvantage of the Fourier transform. When applied to non-stationary
processes, the Fourier transform gives frequency data averaged over the record
length being analysed. The local position of particular features is lost. In
contrast, wavelet analysis allows a general function of time to be decomposed
into a series of orthogonal basis functions, called wavelets. of different lengths
and different positions along the time axis. A particular feature can be located
from the positions of the wavelets into which it is decomposed. Results of the
wavelet transform can be presented in the form of a contour map in the
frequency-time plane. This display, which has been compared to the way that
notes are shown on a musical score, allows the changing spectral composition
of non-stationary signals to be measured and compared.

Therefore it has seemed desirable to add a chapter on the wavelet transform
with three objectives: (i) to include enough of the basic theory of wavelet analysis
to establish the background for practical calculations; (ii) to explain how the
discrete wavelet transform (DWT) works; (iii) to indicate some of the potential
applications of the DWT. In addition it has been necessary to prepare computer
programs for the DWT and its inverse, and for a two-dimensional DWT and
inverse, and also for displaying their results. Considerable thought has been
given to the language for these programs and MATLAB®* has been chosen as
currently the most appropriate. To use the programs in Appendix 7 it will
therefore be necessary to have MATLAB software. This is becoming increasingly
popular in the teaching world as well as in industry and many readers will have
access to it already. Others may not, and information is given at the end of the
book about how MATLAB may be obtained. Although the program listings
will not be usable by readers without MATLAB, the program logic is fully
described in Chapter 17, and it is possible for readers who wish to recode the
listings given in the language of their choice.

This edition includes all the material in the second edition (subject to minor
editing and corrections) together with the following additions: a new section

*MATLAB 15 a registered trademark of The MathWorks Inc.



Preface to the third edition Xiii

for Chapter 14 on local spectral density calculations; an extensive new Chapter
17, Discrete wavelet analysis; a new Appendix 7 with computer programs for
wavelet analysis; and a set of supporting problems for Chapter 17. The objective
of the new material is to put readers into the same position vis-d-vis wavelet
analysis as readers of earlier editions have been in respect of spectral analysis.
The program listings in Appendix 7 allow readers to make their own wavelet
calculations, just as readers can use the programs in Appendix 2 to make their
own spectral analysis calculations.

To recognize the importance of wavelet analysis in the overall scope of the
new book, it has been decided to change the title from Random Vibrations and
Spectral Analysis to Random Vibrations, Spectral and Wavelet Analysis. Although
wavelets have been studied widely in the mathematical world, their application
to vibration analysis is still new. The DWT provides an important procedure
for analysing non-stationary vibration records, and it is hoped that this third
edition will help vibration practitioners to understand and use the wavelet
transform.

As for the earlier editions, the author would be glad to hear from readers
with corrections and suggestions for improvement.

Cambridge, 1993 D. E. NEwLAND
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List of symbols

The principal symbols in chapters 1 to 14 are defined below with, where
appropriate, reference to the chapter or equation in which each symbol first

appears.

a

Qg, Ay, Qgy ooy Oyy e

a(r)

bo, byy bay .oy by ..

C,Cy, Cy

(1) Amplitude of a periodic function.

(if) Constant level y = a during the analysis of
crossings (Ch. 8).

(11) Peak height for one cycle of a narrow band
random process (Ch. 8).

(iv) Amplitude of a random binary signal (Ch. 13).

(i) Coefficients of Fourier series (4.1).

(ii) Coefficients of Fourier series (10.1) (which,
except for a,, differ from (4.1) by a factor 2).

(1ii) CoefTicients of differential equations of motion
(6.1).

Re-ordered array of terms, r = 1,2,..., N, for entry
to the FFT calculation, Fig. 12.4.

Array of terms, r = 1,2,..., N, after completion of
one row of butterfly calculations in the FFT
algorithm, Fig. 12.4.

Deterministic (non-random) function of time
(14.84).

(i) Coefficients of Fourier series (4.1).

(ii) Coefficients of Fourier series (101) (which
differ from (4.1) by a factor 2).

(ii1) Coefficients of differential equations of motion
(6.1).

Viscous damping coefficients.



il List of symbols

N

f@

f(x,)
h(t)

h,(t), hy(2), ...

Discrete value of the data weighting function d(t),
defined by d, = d(t = rA) (Ch. 11).

Data weighting function or “data window” (Ch.
11).

coswt + isinwt.

Frequency (Hz = ¢/s).

(1) Filter centre frequency (Hz) (Ch. 9).

(it) Maximum frequency of significant spectral
components present in a signal (Hz) (Ch. 10).

(i11) Clock frequency of a random binary process
(Hz) (Ch. 13).

Lower cut-off frequency (Hz) of band-pass filter
(Ch. 9).

Mathematical function of ¢, usually representing
force.

Mathematical function of x and y.

Impulse response function for a linear system sub-
jected to an impulsive input of unit magnitude
((6.14) and (6.15)).

Impulse response functions relating the output to
a unit impulse at input 1, input 2, ..., respectively.

/=T
Variable integer.

(1) Spring stiffness.
(11) Variable integer.
Spring stiffnesses.

Variable integer.

(i) Mean value of a random variable.
(i) Mass.
(iii) Variable integer.

Mean value of the random variable x, y or of the
stationary random process x{t), 3(t).

(1) Variable integer.
(i) Number of sample values satisfying a certain
condition.



ns (T)

pyla)

nT)

p(x)

px, y)

px]y)

P(x?)

Los 15825

u,

(1)

w(7)

List of symbols xix

Number of crossings of the level y = a with posi-
tive slope in time T for a single member function
of the random process y{t) (Ch. 8).

Probability density function describing the dis-
tribution of the random variable g which represents
the height of peaks of a narrow band random
process (Ch. 8).

Probability density function for the distribution of
the time T at which a first crossing occurs (Ch. 14).

(First order) probability density function describing
the distribution of the random variable x (Ch. 1).

Second-order probability density function des-
cribing the joint distribution of the random
variables x and y (Ch. 2).

Conditional probability density function for the
distribution of x when y is specified (2.10).

Probability density function describing the dis-
tribution of the random variable y2 (defined in
problem 9.3).

Variable integer.
Variable integer.

(1) Time.
(i) Variable integer.

Instants of time.

Weighted version of R, defined by

N -1
N

and used with (11.10) to interpret the periodic
series {R,} as values of a weighted estimate of the
linear correlation function R(z) (Ch. 11}

R, o< <N (IL11)

u, =

Continuous aperiodic function of t frorm which the
values u, can be derived by putting
u=ur=rA) 0<|7<T (Ch. 11),
Correlation weighting function (the “lag window™)
which satisfies (11.23) and is the inverse Fourier
transform of the spectral window W(Q).
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X0

X1y X2 X35 0205 Xpyenn

{x}

x(t)

{x(0)}

x,(t), x5(2), - . ,x,(2),
x(t), ...

x(t)
Xt +1)
#(t)

Ht+1)

Yo

Usually refers to a random variable obtained by
sampling member functions of a random process

x(t).
Denotes the modulus (or absolute magnitude) of x.
Specific value of x.

(i) Different Gaussian random variables each with
zero mean and unit variance (Ch. 9).

(ii) Discrete values obtained by sampling a con-
tinuous function x{t) at regular intervals (Ch. 10).

Series of discrete (real) values obtained by sampling
a continuous function x(t) which is usually the time
history of a member function of the random process

{x(t)}.

(i) Random process composed of an ensemble of
member functions each of which is a different
function of time .

(ii) Input to a linear system which may be a deter-
ministic (non-random) function of time or a random
process.

The brackets.{ } are used to denote the ensemble of
sample functions x{t), definition (i) above, if this
is not otherwise clear.

(i) Memter functions from the ensemble of func-
tions which make up the random process x(t).

(i) Different inputs to a linear system: these may
be deterministic (non-random) functions of time or
different random processes.

dx
dr

d
G+ T
d’x
dr?

dl
ety Y

Amplitude of a deterministic (non-random) func-
tion of time y(t).
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At

yi(2), yat), -

yAt), ...

z(t)

Aoy Ay, A,y

A(w)

e

By, B, B,,...

B(w)
C(w)
D(w)

E[]

List of symbols Xxi

(i) rth sample value of y(t).
(ii) Alternate even values of {x,}, r =0, 1, 2, ...,
(N — 1), defined by (12.1).

(1) Random process composed of an ensemble of
member functions each of which is a different
function of t.

(i) Output from a linear system which may be a
deterministic (non-random) function of time or a
random process.

(i) Member functions from the ensemble of func-
tions which make up the random process yt).

(11) Different outputs from a linear system: when
the inputs are deterministic they represent different
deterministic functions of time, when the inputs are
random they represent different random processes
at the separate outputs.

Alternate odd valuesof {x,} r = 0,1,2,...,(N — 1),
defined by (12.1).

(i) Output of an analogue spectrum analyser (Fig.
9.1) which is itself a random process defined by
(9.1).

(it) Stationary random process (14.84).

Constant (real) coefficients of the complex fre-
quency response function H(w) defined in Appendix
1.

Real part of Fourier transform.

. Bandwidth of filter (Hz) (Ch. 9).

Effective bandwidth of spectral window (Hz) de-
fined by (9.28).

Constant (real) coefficients of the complex fre-
quency response function H(w) defined in Appendix
1.

Imaginary part of Fourier transform.
Real part of Fourier transform.
Imaginary part of Fourier transform.

Denotes the ensemble averaged value of the quan-
tity in square brackets.
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H,

H(w)

H*(w)
Hl(w)v HZ(w)a ceey
H,(w). H{w), ...

H,(w)

I, L

N(S)

NJ(T)

Prob

P(x)

Py(T)

Peak magnitude of narrow band filter frequency
response function (Fig. 9.1).

Complex frequency response function for a linear
system subjected to a harmonic input of unit
amplitude ((6.10) and (6.11)). H(w) is the Fourier
transform of h(t), see (6.21) and (6.22).

Complex conjugate of H(w).

Complex frequency response functions relating the
output to input 1, input 2, ..., input r, input s, ...
respectively.

Complex frequency response function relating out-
put r to input s (for the case when there is more
than one output, see problem 7.5, equation (7.30),
and Ch. 14).

Value of a definite integral.

Number of zero terms added to a discrete series of
N terms to increase the total number of terms to a
power of 2 for acceptance by the FFT (fast Fourier
transform) (Ch. 11).

(i) Number of sample values.

(11) Number of separate inputs.

(111) Number of terms in a series.

(iv) Number of terms in a pseudo random binary
sequence.

(v) Number of stress cycles to cause failure by
fatigue.

Number of cycles of stress level S which cause
fatigue failure (Ch. 14).

Average number of crossings of the level y = a
with positive slope in time T for a random process

A1) (Ch. 8).
Abbreviation for “probability”.

(First-order) probability distribution function for
the random variable x (1.21).

Probability of there being no crossings (of the level
a) in time T (Ch. 14).
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R(7)
R, (1), R (1)

R(7)
Ry('f), Ryy(‘[)
ny(t)v Ryx(r)

R(7)

R(1), R (1)

List of symbols  xxin

Term of the periodic sequence {R,} defined by

1 N-1
N _z XsVs+er (1020)

=0

R =

r=0,1,2,....,(N -1
Values of R, are related to the continuous circular
correlation function R/(zr) by (10.21) and to the

discrete linear correlation function estimate R, by
(11.10).

Term of the sequence {R,} defined by

N 1 N—-1-r

R, = .
r N —_r ,=zo xsys+r (]1 8)

r=0,1,2,...,(N — 1), which is the discretei form
of the linear correlation function estimate R(t).

Correlation function.

Autocorrelation function for the stationary random
process x{t) (3.13).

Autocorrelation function for a pseudo random
binary signal x(t) (Ch. 13).

Autocorrelation function for the stationary random
process y(z).

Cross-correlation functions between the stationary
random processes x(t) and yt) (3.20).

Circular (cross-) correlation function defined so
that values of {R,} can be derived by putting

R, = R(1 = rd) (10.21)

R (1) is periodic so that R(t + T) = R(t) where
T = record length. As defined here, it is a continu-
ous function which is fitted to the values of {R,}
and so is peculiar to the pair of records being
analysed.

Linear (cross-) correlation function estimate ob-
tained by calculating a sample average [rom a
continuous record of length T according to

1 T~z

Rofd) = 57|

x(t) ft + 7)dt (11.6)

0<1<T
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S
So
S(w)

S(e)

S(eoy)

S'(ewy)

Sd{w)

XYk

Sd®), S.(w)

Siw)

Stress amplitude for calculation of fatigue life
(Ch. 14).

(i) (Constant) spectral density value.
(i) Measured value of spectral density (Ch. 9).

Spectral density (strictly mean-square spectral
density).

Smoothed spectral density obtained by averaging
over a range of frequencies on either side of the
centre frequency w according to

S(w) = J " W@ - w)SQ)de  (926)

or the equivalent equations (11.27) and (11.28);
also used more generally in Ch. 14 to denote a
calculated (rather than a measured) value of
spectral density (see, e.g. (14.61)).

(Unweighted) average of spectral values in the
region of w, defined by (11.39).

Smoothed spectral density at centre frequency w,
after correction for added zeros; defined by

N+Lsw)  (Ch 1)

S(ewy) = ~

Fourier transform of the circular correlation func-
tion R (7) (Ch. 10).

Spectral coefficient obtained by calculating the
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Chapter 1

introduction to probability
distributions and averages

A system is vibrating if it is shaking or trembling or moving backwards and
forwards in some way. If this motion is unpredictable then the system 1s said
to be in random vibration. For instance the motion of a leaf fluttering in the breeze
is unpredictable. The leaf is subjected to random excitation as the wind’s
direction and strength change and as a result it moves backwards and forwards
in random vibration. However the rate and amount of movement of the leaf are
dependent not only on the severity of the wind excitation, but also on the mass,
stiffness and inherent damping in the leaf system. The subject of random
vibrations is concerned with finding out how the statistical (or average)
characteristics of the motion of a randomly excited system, like a leaf, depend
on the statistics of the excitation, in that case the wind, and the dynamic
properties of the vibrating system, in that case the mass, stiffness and damping
of the leaf system.

Figure 1.1 shows part of a possible time history for a system in random
vibration. The displacement x from an arbitrary datum is plotted as a function

x(t)

"l A/\ AWA/\M

o

Fig. 1.1 Possible time history for & system in random vibration

of time t. Since motion is random, the precise value of x at any chosen time
t = t, cannot be precisely predicted. The best we can do is to find the chance, or
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probability, that x at t, will lie within certain limits. The subject of probability
is therefore at the heart of random vibration theory and we begin by
considering some of the fundamental ideas of probability theory.

Probability density function

Suppose, first, that we are dealing with a time history which is non-random
or deterministic and is, in fact, a sine wave, Fig. 1.2. In this case we can exactly

x(1) = xp sin wt

_____ b ——— —

~Y

Fig. 1.2 Waveform for steady state deterministic vibration x{r) =
Xo SIn Wi

predict the value of x for any given value of r. We can therefore calculate the
proportion of time that the waveform spends between any two levels of x.
With reference to Fig. 1.3, during one complete cycle, x(t) lies in the band x

x(t)
x+dx /-\ ’
I'
A /
1 /
] N :
V4 dt dt
V4
- T

Fig. 1.3 I[llustrating calculation of time for which x < x(¢) < x+dx

to x + dx for two periods of duration dr each. If
X = xqsinwt (L1)
then

dx = xywcoswt dt
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so that
dx

dt = ————. {1.2)
Xo COS wt
Now substituting for
coswt = /(1 — sin* wt)
from (1.1) into (1.2) gives
dx
dt = - — T 5 1.3
Xouy (1l — x*/x}) e
The proportion of time per cycle that x(r) spends in the band x to ¢ + dx is
therefore
2dr) 2dx
T  oTJ(x¢—x)

which, putting

,
T==
w
for the period of the sine wave, gives
2(dt d>
an___ dx (14)
T ny(xg — x%)

For any complete number of cycles, equation (1.4) gives the proportion of the
total elapsed time for which x(t) lies within the x to x + dx band.

Now consider a situation in which we have to choose an instant of time,
t = t, (say), and find the value of x at this instant. Since x(¢) is a deterministic
sine wave, as soon as we specify t,, we immediately know x(¢;). But suppose
that t, is not precisely specitied. Instead we are just told that it may lie
anywhere along the time axis. In this case we cannot say what x(t,) will be;
the best we can do is to predict what it may be. If t, is chosen perfectly
arbitrarily, t, may lie anywhere during a complete cycle (the record is assumed
to exist for ever with no beginning and no ending so that there is no question
of t, falling in an unfinished cycle). The chance or probability that x(t,) lies in
the band x to x + dx will then depend only on how long per cycle x(t) lies
between x and x + dx. The probability that x < x{ty) € x + dx is therefore
given by
Prob (x < x(ty) € x + dx) = Fraction of ime per cycle for which x(¢) lies

within the x to x + dx band

_ 2(dr) 1s)

since x, is the amplitude of motion.
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The first-order probability density function p(x) is defined so that

Prob (x < x(to) < x + dx) = p(x)dx (1.6)

therefore in this case, from (1.5),

1
Ly g

This function is plotted in Fig. 1.4. Notice that this is a probability density
curve so that it is the area under the curve which gives probability. Hence the

for —xo < x < x,,. (1.7

b p(x)

-Xp 0 x x+dx X, x

Fig. 1.4 Probability density function p(x) for the sine
wave of Fig. 1.2

probability that x{t,) lies in the band x to x + dx is given by the shaded arza
shown in Fig. 1.4 and the probability that x(z,} has any value between —x,
and +x, is the total area under the curve which is

X0

Prob (— x, < x(t,) < x) = J‘ p(x)dx

—x0

. (1.8)
B [
cro (X — X))

Since, for the sine wave shown in Fig. 1.2, any value of x, chosen at random,
must lie in the range —x, to +Xx,, the integral on the r.h.s. of (1.8) must be
unity, since the probability of a certainty is 1 or 100 per cent. This fact may
easily be verified by reference to any standard list of integrals. The probability
that x(t,) lies in any range of values outside the band —x, to x, is of course
zero since a constant amplitude sine wave never strays outside its limiting
values —xg and + x,.

The probability density function p(x) gives the density of the distribution of
values of x and it may be helpful to see this as drawn in Fig. 1.5. Since a sine
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wave spends more of its time near its peak values than it does near its mean
value, the probability density function increases towards the extremes of motion
and is a2 minimum at the mean.

x(t) x 4

m+x0

mean level
m 7——
0

____u_____\J__‘_ \ | ¢ P ¥ p(x)

m—xo

Fig. 1.5 Illustrating the probability density function p(x) for a sine wave super-
imposed on a constant mean level

Now consider the situation when x(t) is no longer a sine wave, but instead
represents a random process. When we say that x(t) is random, we mean that the
values of x{t) cannot be precisely predicted in advance. As soon as they occur,
these values can of course be accurately recorded and it is easy to imagine a
situation in which we have an accurate record or time history of x(t) for all time
up to the present. Assuming that the statistical characteristics of x(t) are not
changing with time, then we can use this time history to calculate the proba-
bility density function for x(t) in exactly the same way as we have just done
for a deterministic function. Figure 1.6 shows a sample time history for a

f x(t)

o \"U%
<l
\,

2y,

dt, de, dts LIAWS

Fig. 1.6 Calculation of the probability density function p(x) for a
random process

random process with the times for which x < x(t) < x + dx identified by the
shaded strips. During the time interval T, x(t) lies in the band of values x to
x + dx for a total time of (dt, + dt, + dt; + di,). We can therefore say that,
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if Tis long enough, the probability density function p(x) is given by

p(x) dx = Fraction of the total elapsed time for which x(t) lies in

the x to x + dx band
(1.9)

(e +dey +dty+ ) Y de
B T T

where the symbol ) denotes “the summation of .

For (1.9) to be mathematically correct, the time interval T must be infinite,
which means that the sample time history must go on for ever and must not
change its character with time. We shall consider the implications of these
restrictions later but, for the moment, (1.9) serves as an engineering definition
of the meaning of p{x) for a random process.

When x(t) is a random function of t, we cannot use (1.9) to calculate a
mathematical expression for p(x). For any given sample time history the only
thing to do is to measure p(x) by laboriously dividing the sample record into
many different levels, measuring the time spent at each band of values of x,
and then using equation (1.9). Alternatively an instrument called a probability
analyser will do the same thing much more quickly by sampling the time history
at a series of closely spaced intervals. If there are N sample values, Fig. 1.7, and

x(t)

x+dx

Fig. 1.7 Sampling a random time history for digital analysis

dn of these values lic in the band x to x + dx, then, corresponding to (1.9),
the probability density function is given by

p(x)dx = Fraction of total number of samples which lie in the

x to x + dx band
(1.10)

_dn
N
Again the length of the record and the spacing between sampling points must
be such that the true characteristics of the random process are identified, and
we shall return to the requirements for accurate digital analysis later.
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Gaussian distribution

It is an interesting fact of life that many naturally occurring random vibrations
have the well-known “bell-shaped” probability distribution shown in Fig. 1.8.

A p(x)

x
Fig. 1.8 First-order probability density for a normal
(or Gaussian) process

When the shape of the bell is given by the equation

1
J2no

po) = e et (1.11)
where m and ¢ are constants which we shall identify shortly, the random
variable x has a normal or Gaussian probability distribution, and this
distribution is extensively used in random vibration theory to approximate
the characteristics of random excitation.

Calculation of averages

Assuming that the probability density function p(x) is available for a random
process, it can be used to calculate certain statistics of the random process x(t).
To illustrate how this is done, we consider first the mean value of x which is
usually denoted by E[x] where the E stands for “the statistical expectation of .}
With reference to Fig. 1.6, the mean value of the time history of x over the
interval T is defined so that

(E[x])T = Total area under the x(t) curve during the interval T
(areas below the zero line subtracting from the total
area)

T
=I x(t)dt
(0]

T Strictly the symbol E should be reserved for an ensemble average (see later) rather than a
sample average, as here, but for the moment this distinction is ignored.
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and hence

dr

E[x] = LT X0 (1.12)

By employing some “engineering mathematics”, we can now use (1.9) to
introduce p(x) and convert (1.12) into an important standard form from which
E[x] may be calculated whenever the probability density p(x) is known. First
the r.h.s. of (1.12) can be expressed as a summation over time

T dt Fraction of elapsed time during which x(r)
L X(t)? - Z{:x(t) {lies in the band x to x + (dx/dt)dt

_ [Fraction of elapsed time during which x lies
- zl:(x) in the band x to x + dx

which, from (1.9), can be converted to a summation over x

Z(x)-(p(x)dx)

(o]
x p(x)dx (1.13)
—

by a heuristic argument in which we replace an integral with respect to time
by a summation, and then in turn replace the summation by an integral with

respect of x. Combining (1.12) and (1.13) gives
E[x] = J x p(x)dx (1.14)

which is really the fundamental definition of the mean value E[x]. Although
this “derivation” of (1.14) is not mathematically rigorous, it does illustrate the
relationship between (1.12) and (1.14), and, under certain conditions which we
shall explore more fully later, both equations yield the same result for E[x].

The mean square value of x, E[x?], is defined as the average value of x?
which, corresponding to (1.12), is given by

2 T 2 dl
E[x*] = | xt)= (1.15)
o T
and, corresponding to (1.14), by
E[x*] = J x2p(x)dx (1.16)

the latter equation being the rigorous definition.
Finally the standard deviation of x, usually denoted by o, and the variance
¢?, are defined by the equation

o2 = E[(x — E[x])?*] (1.17)

that is to say the variance is the mean of the square of the deviation of x from
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its mean level E[x]. Equation (1.17) may be simplified by multiplying out the
terms which are squared to give

o2 = E[x* — 2xE[x] + (E[x])*]
E[x*] - 2E[x] E[x] + (E[x])*

(1.18)

since the average of a sum of terms is the same as the sum of the averages of each
term separately, and the average of a constant is of course just the constant.
Collecting terms,(1.18) gives

o? = E[x*] — (E[x])? (1.19)

or

(variance) = (standard deviation)? = {Mean square — (Mean)?}.

Example
If we apply (1.14) and (1.16) to calculate the statistics of the Gaussian
process defined by (1.11), we find that the mean level

@© l o
E|x] = xp(x)dx = —— xe x=m?2e? g
] j P \/Znof

- hie ]

and the mean square
E[XZ] = X2 p(x)dx = —l:— XZ e‘(x-m)‘/Za2 dx,
—w \/27'( 0 J_o»n

both of which involve difficult integrals. These may be evaluated by chang-
ing the variable of integration to y = (x — m), so that

1 « 1202
E[x] = Gre (y + mye ¥12" dy
VETO Jo o

E[x*] = _21__— (y + mPe " dy
V2O J_ o

and then using the standard results

me—yZ/qudy = EU
o 2

J'w ye_yz,«zgz dy — 02 (120)
0

fm y? e—ylxzuldy _ \/Ecﬂ
o 2

E[x]=m

to obtain
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and
E[x*] = ¢* + m™.

Hence m is the mean and it follows from (1.19) that ¢ i1s the standard
deviation of the Gaussian process whose probability distribution is given
by (1.11).

Probability distribution function

In addition to using the probability density function p(x) to describe the
distribution of values of a random variable, the closely related probability
distribution function P(x) is also often referred to and is usually computed by a
probability analyser. P(x) is defined by the equation

Px)=| plx)dx (1.21)

—

and may therefore be interpreted as the shaded area under the probability

p(x)

Fig. 1.9 The shaded area gives the value of the probability
distribution function P(x)

density curve shown in Fig. 1.9. The value of P(x) lies between zero and unity
since

Prob(—~oc € x € ) = px)dx = P(x = ) = | (1.22)
and gives the probability that a sample value of the randoin variable is less
than x.

It will be seen that equation (1.21) might lead to some confusion because the
variable of integration and the upper limit of the integral are the same. Strictly
therefore (1.21) should appear as

P(x) = Jx p&de (1.23)
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where ¢ is a dummy variable chosen so that

p(¢ = x) = p(x).
By differentiating (1.23) with respect to x, we can obtain another, final.
relationship

dP(x)
dx

= p(x) (1.24)

which says that the slope of the probability distribution function is equal to the
probability density function.



Chapter 2

Joint probability distributions,
ensemble averages

Second-order probability density functions

The first-order probability density function p(x) specifies the probability p{x)dx
that a random variable lies in the range of values x to x + dx. The second-order
probability density function p(x, y) is defined in the same way but extends the
number of random variables from one to two, in this case x and y. The proba-
bility that the x random variable lies in the range x to x + dx and that the y
random variable lies in the range y to y + dy is given by p(x, y)dx dy.

For instance, if x(t) is one random function of time ¢ and y(t) is another
random function of ¢, and if both functions are sampled at an arbitrary time ¢,
then the joint probability that

Prob(x < x(tg) < x +dx and y < y(ty) < y + dy) = p(x,y)dxdy
2.1

from the above definition of the second-order probability density function
p(x,y). In order to determine the joint probability that x{t,) and j{t,) lie within
finite bands of values of x and y it is necessary to integrate the r.h.s. of (2.1) over
the required bands of x and y so that

x2 (2
Prob (x, < x(to) < x; and y, < y(to) < y,) = J j pix,y)dxdy. (2.2)
x Jn

If both bands of values extend from —oc to + oo, there is a 100 per cent
certainty that both x(z,) and y(t,) must lie within these bounds, and so

Prob (— oo < x(ty) < oo S
= x.y)dxdy = 1. 2.
and —oo < i) < ) | _mp(Vy) xdy (2.3)

The joint probability density function p(x.y) may therefore be represented as a
two-dimensional surface, Fig. 2.1, for which the volume contained underneath
the surface is unity (dimensionless). It follows that the dimensions of p(x,}))
must be the dimensions of 1/xy.

Consider now the probability of finding the random variable x(t,) within
the x to x + dx band independently of the value of the random variable {t,).
From Chapter 1 this probability can be expressed in terms of the first-order
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Fig. 2.1 Typical second-order or joint probability density function
p(x.y)

probability density function p(x) as
Prob (x < x{ty) € x + dx) = p(x)dx. (2.4)

But the same result must be obtained by using the second-order probability
density function p(x, y) and allowing the band of values for j{t,) to extend from
— oc to +oc. From (2.2)

Prob(x < x(t;) € x + dx and — = < y(ty) € o) = dxf pix,y)dy. (2.5

— 0

Since equations (2.4) and (2.5) are both expressing the same result, it follows
that the r.hs. of each equation is the same, so that

p(x)dx = dx r p(x,)) dy

or
plx) = j " ) dy. 2.6)

The first-order probability density functions can therefore be obtained from the
corresponding joint probability density function by integrating out the
dependence on the unwanted random variable according to (2.6). By compari-
son with (2.6), the first-order probability density function for y is thus given by

py) = f plx, ) dx. @7)
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Sacond-ordar averagses

In order to determine the average value of a quantity which is a function of
two random variables. we return first to the equations for E{x] and E[x?]
from Chapter 1. These are

E[x] = J x p(x) dx (1.14)
and ®
E[x*} = J x? p(x) dx. (1.16)
They may be interpreted as
function of value of function | {[probability that
E | a random = Z when x lies in the } | x lies in the band
variable x allx Y band x - x + dx/ \x —» x + dx

which may be extended to include the case of two random variables x and y,
and then reads

value of function \ /probability that

function of when x lies in the | [ x lies in the

E | random = Y | band x » x + dx || band x » x + dx
variables x alx 1 and y lies in the and y lies in the
and y 2y \band y - y + dy/ \band y —» y + dy

In mathematical terms the latter becomes
E[f(xy)] = J ‘ j S(x.) plx, ) dx dy (2.8)

and this is a general result for calculating the average value E[ f(x.y)] of a
function f(x,y) of two random variables x and y whose joint probability
density function is p(x, y).

Example
In order to try to illustrate these ideas we shall turn again to the analysis
of sine wave time histories. In this case suppose that there are two sine
waves of the same (constant) amplitude and frequency which are out-of-
phase with each other by an unknown (random) phase angle ¢ so that, if

x(t) = xgsinwt
then
Ht) = xgsin{wt + ¢).

It is required to calculate the mean value of the product xy and of (xy).
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Suppose that both time histories are sampled at the same arbitrary
instant of time t,. In this case

x(tg) = xosin(wty)

Wto) = xgsin(wty + ).

Since the time t, is arbitrary it may be anywhere along the time axis,
but since the sine waves are periodic with period T = 2n/w we need only
consider the cases for which

2n
0ty —.
w

If ¢, is chosen truly arbitrarily, i.e. it is a random variable which may fall
with uniform probability anywhere on the time axis, then the first-order

x(t) plty)

(2) (b)
-
ﬂy(t) 0 it 1o
\\-//\\’ (c) p(g) %
t

o 2n 3

Sle

Fig. 2.2 Example of two sine waves with random phasing ¢ and
sampled at random time f,

probability density function p(t,) for t, will be as shown in Fig. 2.2(b).
Similarly if the phase angle ¢ is a random variable which may fall with
uniform probability anywhere between O and 2m, then the probability
density function p(¢) for ¢ will be as shown in Fig. 2.2(c). Notice that, in
both cases, the height of the probability density curve must be scaled so
that, according to (1.22), the area under the curve is unity.

From the basic definitions we can now write

time of sampling lies

PrOb(in the band ty to to + dtg

w
)= plte)dig = 2 g

and

phase difference lies _ _ 1
P b(in the band ¢ to ¢ + dg| = P(®) 4o =5-dé.
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To find the joint probability of the two “events” t, and ¢ we have to
multiply together the probability of each event separately.t Hence the
joint probability

sampling time in the

band t, — t, + dt, _w
Probl /4 phase difference (20 dfo dé
in the band ¢ — ¢ + d¢
and the joint probability density function is
w 0<ty < 2n/w
(2n)? 0<¢p<2n
Ao, &) = 0 for all values of ¢, and ¢ outside these
limits.

From (2.8), the average value of the product xy is

2n/w 2n
E[xy] = J; dtOJ. de¢ x2 sin wt, sin (wtg + (;15)(2(%)2
(4]
)

2njw 2n .
= x} an)—zj dt, sin wtOJ d¢ sin(wt, + ¢).

0 o

Taking the right-hand integral first, the integration is over ¢ with t, held
constant, and the result is zero. Hence

E[xy} = 0.

The average value of (xy)? is

2a/w 2n
E[x*y?] = dig | de x§sin® wegsin(wty + ¢) (—02
° ° (2n)

2njw 2

= x§ ﬁi dto sin? wtg “d¢ sin*(wty + ).
(2m)" Jo 0

The right-hand integral is again with respect to ¢ with t, held constant,
and the result comes out to be =, independently of ¢,. The left-hand integral
may then be evaluated and has the value n/ew. Hence

E 2,2 — y4. w Zz__
*y"] = x5 et o "
= ix§.

T This conclusion may easily be verified by thinking what happens when throwing a dice. The
probability of a 4 (say) at the first throw is 1/6. The probability of a 4 at the second throw is also 1/6.
The joint probability of two 4’s in succession is however 1/36 since there are 36 possible combinations
of numbers from throwing the dice twice and only one of these combinations gives two 4’s.
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Conditional probability

We have already shown how the first-order probability density functions can
be obtained from the corresponding second-order probability density function,
using equations (2.6) and (2.7). Equation (2.6). for instance, specifies the proba-
bility density for x to lie in the band x to x + dx independently of the value of 3.
Suppose now that, instead of allowing the random vanable y to have any
value. we restrict our attention only to those cases for which y lies in the band
of values y to y + dy. On the condition that y lies in this band, we want to find
the distribution of x.

The meaning of this restriction may be seen by thinking again of the two
random functions x(1) and y(¢t) which are sampled at arbitrary time t,. By
sampling the time histories many times (by changing t, arbitrarily) we obtain a
population of sample values of x and y. From this population we select only
those samples for which y lies in the range y to y + dy, and by so doing obtain
a much reduced population. Then for these selected samples only we analyse
the distribution of x to obtain the so-called conditional probability density
function for x given y. This is usually denoted p(x|y).

We can in fact determine p{x|)) from the second-order probability dis-
tribution. Figure 2.3 shows the joint probability density p{x, y) as a function of

plxy)

shaded strip

Fig. 2.3 Calculation of the conditional probability density
function p(x|y)

x and y. The elementary volume shown represents the probabilityt that x lies
in the x to x + dx band and that y lies in the y to y + dy band. The volume of
the shaded strip shown represents the probability that —oc < x < o and
that y lies in the y to y + dy band Hence the conditional probability that,

tStrictly it 1s the ratio of the elementary volume to the total volume which represcnts
probability, but since the total volume 1s normalized to unity, probabihity is equal to
volume.
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given y lies in the y to y + dy band, x lies in the x to x + dx band, is

elementary volume

Ndx = .
plx|y)dx volume of shaded strip

(2.9)

Substituting for the volumes on the r.h.s. of (2.9) gives

pix,yydxdy
dy {2, plx,y)dx

which, after simplifying and using (2.7), gives

plx|y) dx =

_ px)
px|y) = ) (2.10)

This result is important because, if the conditional probability distribution
for x is independent of y then we must have

p(x|y) = p(x)

in which case (2.10) gives

p(x,y) = p(x)p(y). 21

This is the condition for the statistical independence of x and y. If x and y are
two statistically independent random variables, then the joint probability
density function p(x, y) can be factorized into two independent functions of x
only and y only which are the first-order probability density functions for x
and y.

Sacond-order Gaussian distribution

The full definition of a multi-dimensional Gaussian distribution includes, not
only the first-order probability density function given by (1.11), but also corres-
ponding second and higher order joint densities. The general expression for the
second-order probability density function for two jointly Gaussian random
variables x and y is

1 1 {li— m) Ay —m) 2o 0x = m)y — m,)}
p(x’y) E S —— T O T 9% (212)

2n0,0,/(1 — p3,)

where m, and m, are the mean values of x and y, 0% and o} are the variances of
x and y and p,, is a correlation coefficient defined as

_ E[x = m)(y —m)]
- ¢,0,

(2.13)

Xy

and called the normalized covariance. Notice that if p,, =0, x and y are
statistically independent because then (2.12) may be factorized to give

1 —_ — 2 2 l 2 2
x,y) = e x—mI)N2ex2\ " a=(y-my¥20,7| _ -p(y).
plx,y) = . )( Tnaf pix) p(y)
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Ensembie averaging

So far we have been concerned with calculating averages for a single time
history or, in this chapter, for two time histories of different events. Our mental
picture is that of sampling the continuous time history at many points and so
obtaining a representative population of sample values. This is what very often
happens in practice and later we shall return to consider some of the pitfalls
of digital sampling and the requirements for accurate digital analysis. However
mathematically there i1s an alternative way of calculating averages. This is
based on the concept of an ensemble or collection of sample functions x,(t),
x,(t), x3{t), etc, which together make up the random process x{t). The random
process consists of a (theoretically) infinite number of sample functions each of
which can be thought of as resulting from a separate experiment. For instance,
suppose that the air pressure at a certain point on the wing of a jet airliner is
the quantity being studied. It is necessary to know how the pressure varies
during long-distance flying and so a large number of time histories are recorded
for typical flights. It would obviously not be possible to obtain an infinite set
of samples, but we assume that a large number is feasible, embracing the range
of actual flying altitudes and weather conditions proportioned according to
practical service experience. This collection of sample functions constitutes an
engineer’s approximation for the infinite ensemble of a random process.
Instead of being measured along a single sample, ensemble averages are
measured across the ensemble, Fig. 2.4. By determining the values of enough

xq(t)

xg(t) 7
at/\ A A
VN

AN
P74 R
/

Fig. 2.4 Concept of ensemble averaging

sample functions at time t,, the first-order probability distribution for x at r,
can be calculated. If another series of measurements is made at time t,, the
second-order probability distribution for x at ¢, and x at t, can be found
Similarly, by making measurements at other times, higher order probability
distributions for the ensemble can also be found.
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For a Gaussian random process, the ensemble probability distributions must
all be Gaussian. The first-order probability density functions for x at ¢; and for
x at ¢, will then satisfy (1.11) (although the values of m and ¢ in the two cases
may be different). The joint probability density for x at ¢, and x at r, will satisfy
(2.12) when x becomes x{t,) and y becomes x(t,). Furthermore, for every finite
set of times ¢,, the random variables x(r,) will all have joint distributions
described by the appropriate higher order Gaussian probability density
functions.t

The random process is said to be stationary if the probability distributions
obtained for the ensemble do not depend on absolute time (but only, for
second and higher order probability distributions, on the time separation
between measuring points). Of course the term “stationary” refers to the
probability distributions and not to the samples themselves! This implies that
all the averages are independent of absolute time and, specifically, that the
mean, mean square, variance and standard deviation are independent of time
altogether. Since all engineering random processes must have a beginning and
and ending, they cannot be truly stationary, but for practical purposes it
is very often adequate to assume that a process is stationary for the majority
of its lifetime, or that it can be divided into several separate periods each of
which is approximately stationary. The term weakly stationary is sometimes
used to describe processes in which only the first- and second-order probability
distributions are invariant with time; a strictly stationary process is one for
which all probability distributions of the ensemble are invariant with time.

A stationary process is called an ergodic process if, in addition to all the
ensemble averages being stationary with respect to a change of the time scale,
the averages taken along any single sample are the same as the ensemble
averages. In practical terms, each sample function is then completely representa-
tive of the ensemble that constitutes the random process. In discussing averages
calculated from a single sample in this and the previous chapter, we were
therefore implicitly assuming that this sample belonged to a stationary, ergodic
process. Notice that if a process is ergodic it must also be stationary, because
an average along a single sample will (in theory) extend from t = —c to
t = +oc and will therefore be independent of time. If the sample and ensemble
averages are the same, the ensemble averages must therefore be independent
of absolute time, and so the process must be stationary.

1 See, for instance, Davenport et al. [22], p. 154.
Nore: References, indicated by numbers in square brackets, begin on p. 366.



Chapter 3

Correlation

Consider a population of pairs of values of two random variables x and y.
Suppose that each pair of values is represented by a point on a graph of y
against x, Fig. 3.1. In Fig 3.1(a) the values of x and y in each pair have no

(e} y y o]
[¢] o O
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o © © o
o o o © o ©
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[e] o) [o) o o
o] o o o ° (o]
00
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o © © © 0° o
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o o]
o C
[e} o oo
o]
o]
(a) x and y values (b)x and y values
uncorrelated exhibit correlation

Fig. 3.1 Hlustrating correlation between two random variables x and y

apparent pattern whereas in Fig. 3.1(b) there is a definite pattern. For the latter
case, in any pair, a large value of x is associated with a large value of y. a
small value of x with a small value of y, and so on. The variables in Fig. 3.1(b)
are accordingly said to be correlated whereas those in Fig. 3.1(a) are
uncorrelated.

If, for Fig. 3.1(b), we wish to express an approximate functional relationship
between x and y in the form of a straight line, one way of doing this is to
minimize the square of the deviation of the actual values of y from their values
predicted by the straight line approximation, Fig. 3.2(a). If the positions of the
axes are adjusted so that

E[x] = E[] =0
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y Ya
x
(a) Line of regression of (b) Line of regression of
y on x X on y

Fig. 3.2 Calculation of regression line for correlated data

i.e. so that the origin lies at the “centre of gravity” of the data points, then the

straight line approximation passes through the origin and can be written

y = mx.
The deviation of any value y from its predicted value mx is then
A=y—mx
and the average value of the square of the deviation is
E[A?] = E[(y — mx)*]
— E[y*] + mE[x*] - 2mE[xy]
which is a minimum when, by differentiating with respect of m,

= 2mE[x*] — 2E[xy]

or
_ Ebol
E[x*Y
Substituting this optimum value of the slope m into (3.1) gives
_E)
y E[x*]

or, since from (1.19) for zero means,
o2 = E[x*] and ¢} = E[)y?]
equation (3.3) may be written finally

Y {E_Eiyl}z

o, 0,0, Jo,

(3.1

(3.2)

(3.3)

(3.9)

This is the equation for the line of regression of y on x. Alternatively, had we
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calculated the deviation of x from its predicted value, Fig. 3.2(b), we should have
obtained the line of regression of x on y given by

x _[E[oN y (3:5)
oy o0, 0, '

In the case where x and y do not have zero means, as assumed above, the
corresponding equations are (problem 3.1)

y - my — {E[(X - mx)(y - my)]}x - m, (36)
a}’ axay ox
and
x—my {E[(x - mJ)(y — my)]}y -m, (37)
o, 0,0, o,

where m, and m, are the mean values of x and y respectively. The parameter

_ E[(x = m)(y — m)]
I 0.0,

(3.8)

is called the correlation coefficient or normalized covariance and it will be clear
that (3.6) and (3.7) only represent the same straight line if p,, = +1, in which
case there is perfect correlation, Figs. 3.3(a) and (b). If p,, = O there is no
correlation and the regression lines are parallel to the x and y axes
respectively, Fig. 3.3(c).

y—-my r y—m, regression of
Oy S, x on
v o o 17 y
© o
o o
[ o © o
° o
° o o o °
| x-m, x—m, o /o o
G, S, o ° ° regression of
y on x
o] o
(¢} o O
° o
(0) pr=“' (b) P"Y=—1 (C) ny =0

Fig. 3.3 Regression lines for different values of the correlation coefficient
Pxy

Consider now two sine waves of constant amplitude and frequency and with
a fixed phase difference ¢ so that
x(t) = xosinwt

M) = yosin(wt + ). (39
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Suppose that these two waves are sampled at an arbitrary time ¢y, and we
calculate the average value of the product x(tq)y{ty). According to (2.8) the
average value is given by

o«

E[x(to)pt)] = J Xo Yo SIN WLy SIN(wty + P)plty) dig (3.10)

the double integral of (2.8) reducing to a single integral since t, is th only
random variable. In this case we need only consider ¢, varying from zero to
2n/w to cover a single full cycle of the periodic motion, so that the probability

p (to)

0 27

<= to
w

Fig. 3.4 Probability density function
for the random time of sampling f,

density function for ¢, will be as shown in Fig. 3.4. Substituting this into (3.10)
gives

2n/w
E[x(to) y(to)] = xoYo(%)J sin wtgsin(wt, + @) dt,
<7} Jo

2n/w
= Xq Vo %)I {sin? wty cos ¢ + sinwty coswt,sin ¢} dig
7 Jo
= $X0YoC€OS (3.11)
and the correlation coefficient is therefore
E y
xy:M=cosd> (312
0,0,

Fig. 3.5 Correlation coefficient for two sine waves with phase
difference ¢
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since 0, = xo/ﬁ and g, = yo/\/_?: The two sine waves may therefore be said
to be perfectly correlated when their phase difference is 0 or 180° but
uncorrelated when their phase difference is 90° or 270°, Fig. 3.5.

In general two harmonic functions of time will be correlated if they move
in phase or anti-phase, and uncorrelated if they are in quadrature to each other.
This conclusion is important in understanding the form of the autocorrelation
function, to which we turn next.

Autocorrelation

The autocorrelation function for a random process x(t) is defined as the average
value of the product x{t)x(¢ + 7). The process is sampled at time ¢ and then
again at time t + 1, Fig. 3.6, and the average value of the product.
E[x(t)x(t + 7)], calculated for the ensemble.

x5 (1)

A/}X/\/\A%\/A/\/
WV NIV

xq (1)
/
AN A
NN VY 'V
x3 (t) // //
AN
xp(t) l /§7' 7 ~—
/ /
/ /
(AN AN
x4 (t) | / W vy

/ /

/ /

\AAAYN_ A

e
// /

/ T ,/

/ t+7T

Fig. 3.6 Calculation of autocorrelation

Provided that the process is stationary, the value of E[x(¢)x(¢t + t)] will be
independent of absolute time ¢ and will depend only on the time separation ©
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so that we may put
E[x(t)x(t + 1)) = f(r) = R, (1) (say) (3.13)

where R (7} is the autocorrelation function for x{(t).
We can deduce at once some of the properties of R, (t). Firstly, if x(t) is
stationary, the mean and standard deviation will be independent of ¢, so that

E[x(t)] = E[x(t + )] = m
and

ax(!) = ox(l+r) = 0.

The correlation coefficient for x(t) and x(t + t), defined by (3.8), is therefore
given by

_E[{x(1) - m}{x(t + ©) — m}]

p= 0_2
_ E[x(t)x(t + )] — mE[x(t + )] — mE[x(t)] + m®
= —

. Rx(r) - mZ

0.2

(3.14)

Hence R (1) = o%p + m?® and, since the limiting values of p are + 1.} it follows
that

-0+ m*< R (1)< o* + mk. (3.15)

The value of the autocorrelation function can therefore never be greater than
the mean square value E[x?] = ¢?+ m* and it can never be less than

—0? + mk
When the time interval v separating the two measuring points is zero then
R (t = 0) = E[x()*] = E[x*] (3.16)

and is just equal to the mean square value for the process.

At very large time intervals, t — o0, a random process will be uncorrelated
since there will not be a coherent relationship between the two values x(t) and
x(t + ) and so the correlation coefficient p — 0. In this case, from (3.14),

R (t = 0) = m?. (3.17)

Finally, since, for a stationary process, R (7) depends only on the separation
time 7 and not on absolute time ¢,

R(1) = E[x(t)x(t + 1)] = E[x()x(t — 7)] = R(—1) (3.18)

so that R (7) is an even function of .

t For proof of this statement see, for instance, Meyer [48], p. 131.
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All these properties are illustrated in a typical graph of an autocorrelation
function R (r) against separation time t shown in Fig. 3.7.

Fig. 3.7 HNlustrating properties of the autocorrelation
function R () of a stationary random process x(¢)

Example
Calculate the autocorrelation function for an ergodic random process

x(t) each of whose sample functions, Fig. 3.8(a), is a square wave of
amplitude @ and period T, but whose phase (that is the time of first
switching after ¢+ = 0) is a random variable uniformly distributed between

Oand T

T T T
x(t) FRIER R
p(ty) 1
2 14
!
A 0 t
a 0 T 70
i
T . (b)
(a) to to+T

Fig. 3.8 Square wave sampled at arbitrary time ¢, and at t,+<
to calculate its autocorrelation function

There are two ways of making this calculation. The first is to calculate
an ensemble average, by looking across the ensemble of sample functions
at two fixed times ¢, and ¢, + 7 (say) — see problem 3.2. The second way
makes use of the fact that the process is ergodic, when, as we have seen,
any one sample function is completely representative of the process as a
whole. This method is to average along a single sample function, by
thinking of the measuring time t, as a random variable uniformly
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distributed along the time axis. In this case, from (2.8),

x

R (1) = E[x(to)x(ty + 7)] = J x(to)x(ty + T)plty) dey.
Since x(t) is periodic, we need only consider a single full cycle of the time
history, and the range of values of t, need only extend from 0 to T All
values within this range are equally likely, and therefore the probability
distribution p(t,) for t, is as shown in Fig. 3.8(b). Substituting this function
into the above integral for R (z) gives

R (1) = J ! xto)xty + 7) + di,. (3.19)
o T

Because x(t) is a discontinuous function, we must now proceed in steps.
First, consider the case when 0 < t < T/2. The integral in (3.19) then
gives, after adjusting the time scale so that t, = O occurs at a switching
point,

1 TI2 -t 2 1 Ti2 2 1 T-1t ;
R (1) = ?J a*dey + FJ. —a“dty + T a“dty, +
0

T/I2—« T/2
+ = —a*dt
TJ‘T—! 0

N

= az(l - 4%) for 0<t<

Next, let T/2 < t < T. In this case the integral in (3.19) gives
T

1 -t 5 1 T/2 ) 1 3T/2-« 2
Rx(r)=f-[ —a dt0+7, a dto+? —a*dey +
0

T-t T2
1 T
+ ‘T*‘J‘ azdto

3T/2-1
T
=a2—3+4%) for ’Z*STST
Ry (T)
a2

Fig. 3.9 Autocorrelation function for a square wave
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If we plot these results they appear as the triangular wave shown in
Fig. 3.9. By continuing the process of integration for successive stages
the dotted sections can easily be obtained, and the autocorrelation function
for a square wave is therefore a triangular wave of constant amplitude.
Notice that, if t = T, 2T, 3T, etc., the sample values x(t,) and x(t, + t) are
always in phase with each other, so that there is perfect correlation and
R(t) = E[x*] = a® If 1 = T/2, 3T/2, 5T/2, etc., the sample values are
always in antiphase and so R (7) = —E[x*] = —a® with again perfect
correlation. However for intermediate values of t, the samples are some-
times in phase and sometimes in antiphase and so there is then incomplete
correlation.

Cross-correlation

The cross-correlation functions between two different stationary random
functions of time x(t) and y(t) are defined as

Ry(7) = E[x(t)y(t + 7)]

and R,(1) = E[y(Ox(t + 1)]. (320
Because the processes are stationary, it follows that

R,(1) = E[x(t — t)y(t)] = R, (-0
and (3.21)

R, (1) = E[}(t — Ox{t)] = Ry —1)

but in general R, (7) and R, (tr) are not the same and, unlike the auto-
correlation function, they are not even in .

From (3.8), each cross-correlation function can be expressed in terms of the
corresponding normalized covariance p, to give

and (3.22)

and since the limiting values of the p’s are +1 for perfect in-phase or anti-
phase correlation, the limiting values of the cross-correlation functions must be

ioxoy + mm,
so that, for instance,
—0,0, + mm, < R, (1) < 0,0, + mm,. (3.23)

For most random processes we expect that there will be no correlation
between x and y when the time separation t is very large, and therefore from
(3.22),

R, (t = ) = mm,

2
R (1t — )y > mm,. (3:24)
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These properties are illustrated in Fig. 3.10 which shows the possible form
of a graph of cross-correlation function R, () against separation time 7. In this
case it can be seen that the two random processes x(t) and y(t) show maximum
correlation when t = 7,,. It is shown in the next example that the phase of y(t)
will be lagging that of x(t).

R, (T)

Gy Gy+mx m,

mx m,

Fig. 3.10 Tllustrating properties of the cross-correlation function
R, (1) of two stationary processes x(t) and y(f)

Example
Consider two random processes x(t) and y(t) each of which consists of an
ensemble of sample functions which are sine waves of the same constant
amplitude and frequency. A typical sample of the x(t) process is given by

X(t) = xqosin{wt + 0)

where 0 1s a (constant) phase angle. If 6 were the same for all samples, x(1)
would not be a random process, but, as in the last example, we shall assume
that the phase varies {from one sample to the next and is itself a random
variable. If we assume that all phasc angles between 0 and 2n are equally
likely for each new sample function, then we can write

1.2n for 00K 2n
ploy = )
0 elsewhere

(we do not distinguish phase angles greater than 2n).

Now suppose that. although y(t) is a random process, each sample is
related to a corresponding sample of the x(t) process so that, corresponding
to the sample for which

vty = xosin(wt + 0)
the corresponding sample of the j(r) process is
1) = yosinfwt + 0 — @)

where ¢ is anothcer constant phase angle which in this case we shall take to
be the same for all samples. This could be the case if j(t) is derived from the
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x(t) process by an electrical or mechanical system which introduces a
phase lag in its response.

The cross-correlation function R, (t) can now be calculated by finding
the ensemble average and obtaining

R, (1) = E[x(t)y(t + )] = E[xqyosin{wt + O)sin(wt + wt + 0 — ¢)]

2n
= J. Xq Yo Sin(wt + O)sin(wt + wt + 6 — d))% do
0 2n

which, putting
sin(wt + wt + 0 — ¢) = sin(wr + O)cos(wr — @) + cos(wt + B)sin(wr — ¢)
and evaluating the integrals, gives
R.(1) = bxoyocos(wr — ¢)
which is plotted in Fig. 3.11.

rny(T)

VAN
SRRV

Fig. 3.11 Cross-correlation function for two sine
waves with y(#) lagging x(¢) by angle ¢

The other cross-correlation function R, (7) can be calculated in the same
way, starting from

R, (1) = E[y()x(t + )] = E[xqyosin(wt + 0 — ¢)sin(wt + wt + 0)]
and this leads to the result
R, (7) = 3XoYoCOS(wT + @)

in agreement with (3.21).

Since we have assumed that 0 is uniformly distributed between 0 and 27,
the processes x(t) and ){t) are both ergodic (notice that, if § was not so
distributed, the ensemble average would depend on absolute time, t —
consider the case when 8 is always 0). We therefore again have the option
of calculating sample averages rather than ensemble averages. If we pursue
this alternative approach. we can proceed as in the previous example by
assuming that typical sample functions x(t) and y(t) are themselves sampled
at an arbitrary time 1, which may lie anywhere along the time axis. It is
sufficient to let t; run from 0 to 2x/w (corresponding to one complete
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cycle) and we can imagine that t, is itself a random variable with
distribution

_fo/2n for 0 <t < 2njw
Plto) = 10 elsewhere.

Then to find the sample average we have to integrate over t, and obtain
2r/w . . )
R, (1) = J Xo Yo Sin(wty + O)sin(wt, + wt + 6 — d)),)—n_ de,
o 2

which leads to the same result as before.



Chapter 4

Fourier analysis

Most engineers are familiar with the idea of frequency analysis by which a
periodic function can be broken down into its harmonic components and
readily accept that a periodic function may be synthesized by adding together
its harmonic components. Incidentally. for many years this fact was not fully
agreed by mathematicians and it is said that such famous people as Euler,
d’Alembert and Lagrange held that arbitrary functions could not be represented
by trigonometric series.t However it is certainly now agreed that if x(¢) is a
periodic function of time ¢, with period T, as shown in Fig 4.1, then we can

x(t)

- N\
i’\/ t

- —— T—-l

Fig. 4.1 Arbitrary periodic function of time

always express x(t) as an infinite trigonometric series (a Fourier series) of the
form

x(t) = ay + a cosz—m +a cos@ R

0 1 T 2 T

. 2nt . 4nt
+ bysin=— + b, sin— + **

1 T 2 T

or, in more compact notation,
< 2nkt . 2kt
x(t)=ao+ Z a, Cos -—TE-—-}-bks[nTT_ (41)

k=1 T T

t Sce, for instance, Kline {43] Ch. 20.
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where g, and the g, and b, are constant Fourier coefficients given by

[ ~"T/2
a, = ?J x(t)dt

-T2
T/2
a, = EJ x(t)cosglr—k—tdt 4.2)
w21 T )orn T
T/2
b, = 2| xosinZTq.
k21 T -T2 T

The mathematical conditions for the convergence of (4.1) are extremely general
and cover practically every conceivable engineering situation.t The only im-
portant restriction is that, when x(¢) is discontinuous, the series gives the
average value of x(t) at the discontinuity.

Suppose that the position of the t axis in Fig. 4.1 is adjusted so that the mean
value of x(t) is zero. Then, according to the first of (4.2), the coefficient a, will
be zero. The remaining coefficients g, and b, will in general all be different and
their values may be illustrated graphically as shown in Fig. 4.2. The horizontal

ak l bk

Il 1 ]I IIII

Wy = 27’_:1:
2r2n2r 2n . 2n2n2n2n
T T 7  Frequency of harmonic TTTT

— 2Ttk
w, =24

Frequency of harmonic

Fig. 4.2 Graphical representation of Fourier coefficients

axis in Fig. 4.2 is chosen to represent frequency and the location of the kth
coefficient is at

T (4.3)

which is the frequency of the kth harmonic. The spacing between adjacent
harmonics is
2n
Aw = =
=7 4.4
and it will be seen that, when the period T becomes large, the frequency
spacing Aw becomes small, and the Fourier coefficients become correspondingly
tightly packed in Fig 4.2. In the limit when T — x, they will in fact actually
merge together. Since in this case x(t) no longer represents a periodic

tSee, for instance, Churchill [8], Chapters 1V and V.
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phenomenon we can then no longer analyse it into discrete frequency com-
ponents. Subject to certain conditions, we can however still follow the same
line of thought except that the Fourier series (4.1) turns into a Fourier integral
and the Fourier coefficients (4.2) turn into continuous functions of frequency
called Fourier transforms. We how examine this extension of the Fourier series
concept in detail.

Fourier integral
Substituting (4.2) into (4.1) gives, for a; = 0,

& 2mkt 27tkt
x(t) = ; { f_ o x(t) cosTdt} =

N Z { f msmhkt d[} - 2mkt
2 T

Next, substituting for 2nk/T from (4.3) and 1/T from (4.4), gives

o A(L) T/2
=y {—= x(t)cos w,t deh cos wyt +
k=1 (T

112
& (Aw (T2 . .
+ Y {— x(t)sin wyt de § sin wyt.
k=1 (7% J-T1/2

When the period T — 0, Aw — dw and the ) becomes an integral with the
limits w = 0 to w = oo. In this case

x(t) = j dTw{J’ x(t)cos wtdt} cos wt +
=0 -
® dof {* . .
+ — x(t)sinwtdt} sinwt
w=0 T =~

Alw) = %j x{(t)cos wer dt

-

or, putting

| 4.5)
B(w) = ,)—TIJ~ x(t)sin wt dt
gives

X(t) = 2 J " Alw)cos wrdew + 2 J * Blw)sin ot do. (4.6)
0 0

The terms A(w) and B(w) defined by (4.5) are the components of the Fourier
transform of x(t) and equation (4.6) is a representation of x(t) by a Fourier
integral or inverse Fourier transform.
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This heuristic development is hardly rigorous, but it does indicate the logic
which turns a discrete Fourier series representation into a Fourier integral.
Classical Fourier analysis theoryt considers the conditions that x(t) must satisfy
for (4.5) and {4.6) to be true. For engineering applications, the important
condition is usually expressed in the form

J Ix(t) dt < o0. 4.7
- ®

It means that classical theory applies only to functions which decay to zero when
[t] = co. We shall see later that this condition may be removed when impulse
functions are introduced in the generalized theory of Fourier analysis, but we
begin by considering only classical theory using ordinary functions which satisfy
(4.7). As for discrete Fourier series, when there is a discontinuity in x(t), equation
(4.6) gives the average value of x(t) at the discontinuity.

f x(t)

x(t)=0 for x(t)=e"%" for
t<0 t>0

0 t
Fig. 4.3 An aperiodic function for
Fourier transformation

Example
Calculate the components A(w) and B(w) of the Fourier transform of the
function shown in Fig. 4.3.

From (4.5)

Alw) = if e *coswtdt
2r Jo
and

B(w) = iﬁ e *sinowt dt.

These integrals may be integrated by parts to give

@0 l o ac w _ .
e *coswtdt —~e Mcoswt}] — —e Msinwtdt
0 X 0 o &

©
l - gj e sinwtdt.
0

]

il

04 o

tSee previous footnote
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and
@ R l . 0 an
e “sinwtdt =| ——e Msinwt | + —e " *coswtdt
0 o 0 0o &
o [® _
== e ¥ coswetdt.
(1‘0
Hence
2 Ed
w _ 1
(l +—7f e *coswtdt = -
a’f Jo o
and
2 @
w - . w
(1+—2J\ e"“smwtdt=——2
ol o o
so that
1 a
Aw) = — ——
() 2t o + ?
1 w
Bw)= — ———
(@) 2r o + w?

and the Fourier integral representation is, from (4.6)

« o 1 o .
x(t)=-| —s5—coswtdw + - | ———sinwtdw.
Tl ¢ +w Tl ¢ +w

The dependence of A{w) and B(w) on frequency w may be plotted as
shown in Fig 4.4, which corresponds to Fig. 4.2 for the discrete
coefficients of a Fourier series.

Notice that, when t = 0,

1™ o 1 Lqol|* 1
=] % do=w@n 2| =1
0 nfo Zral nl:an a]o 2

which is the average value of x(t) at the discontinuity.

Alw) 8 (w) T

[} W, X w Wy A W

Fig. 44 Components of the Fourier transform of the function
shown in Fig. 4.3
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A Fourier integral may be regarded as the formal limit of a Fourier series
as the period tends to infinity. The reason for introducing this concept is
because Fourier integrals indicate the frequency composition of an aperiodic
function; we shall see in the next chapter that in order to understand the
frequency characteristics of random processes it is necessary to analyse the
frequency composition of their correlation functions, which are generally
aperiodic functions. It is helpful to compare the Fourier transform equations
(4.5) with the second and third of (4.2) and the Fourier integral (4.6) with the
infinite Fourier series (4.1). Note that the physical dimensions of the Fourier
transform components A(w) and B(w) (which are those of x/w) are different
from those of the Fourier series coefficients q, and b, (which are those of x).
With reference to Fig. 4.4, we can see that small elementary areas A{w,)Aw
and B(w,)Aw have the same dimensions as g, and b, in Fig. 4.2, and may be
compared with the half amplitudes of the harmonic components of a periodic
function (note the factor 2 occurring in equation (4.6) which is not present
in (4.1)).

Complex form of the Fourier transform

It has become customary in random vibration theory to write equations (4.5)
and (4.6) in complex form, making use of the result that

e = cosO + isinf. (4.8)
Defining X(w) as
X(w) = A(w) — iB(w) (4.9)

equations (4.5) may be combined to give

—

X(w) = —er x(t){cos wt — isinwt)dt

- ij x(t)e " dt (4.10)
from (4.8). The latter equation is the formal definition of X(w) which is called
the Fourier transform of x(t).

In order to put (4.6) into a similarly compact form, we must first note from
(4.5) that A(w) is an even function of w and B{w) is an odd function of w. The
reason for this is that, if the sign of w is changed in both of (4.5), A(w) remains
the same but B(w) changes sign. It follows that A(w)coswt and B(w)sinwt
are both even functions of w and both remain the same when the sign of w is
changed. The Fourier integral equation (4.6) may therefore be written in the
following equivalent form

x(t) = Jm A(w)coswtdw + ‘[ B(w)sin wt dw 4.11)

- -
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where the integrals now run from — to + oo instead of from 0 to oc and
the factor 2 disappears. The idea of a “negative” frequency has been introduced
but this is purely a mathematical artifice to simplify the equation (or perhaps
confuse the issue, depending on your point of view). Next, since A(w) is an even
function and sinwt an odd function of w, A(w)sinwt is an odd function and
)

j Alw)sinwtdw =0

and, similarly, (4.12)
J. B(w)coswtdw = 0.

We can therefore add the integrals in (4.12) to (4.11) without making any
difference to the value of x(t). This can then be written as

x(t) = J A(w)cos wt dw + '[ B(w)sinwt dw +

- -

- -

+ ij A(w)sinwt dw — i'[ B(w) cos wt dw

since both of the last two integrals are just zero, or, collecting terms, as

x(t) = Jw {A(w) — iB(w)}{coswt + isinwt}dw

= jm X(w) e dow. (4.13)

The two equations (4.10) and (4.13), which are repeated together below, are
called a Fourier transform pair. X(w) is the (complex) Fourier transform of x(r),

X) =+ | xoe“dt (4.10)
2n |-,
x(z)=rn X ()™ de (4.13)

which may be regained from X(w) by the inverse Fourier integral equation
(4.13). Authors differ over the position of the factor 1/2n which appears in these
equations. Some include the 1/27 in the inverse transform equation (4.13), while
others include a factor 1/,/2x in both (4.10) and (4.13). However the definition
of X(w) given here is the one popularly used in random vibration theory.

Example
Use (4.10) to determine the (complex) Fourier transform of the function
x(t) shown in Fig. 4.3, and verify that the result agrees with that obtained
in the previous example.
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From (4.10)

X(w) = —

(=}

e—ale-iwtd[
2n o
= l we—(a+iw)ldt
2n |,
_l_—_ ___l e—(a+im)x *
2n| o+ iw o
i 1
2n\a + iw
_1_ o — iw
2n\e? + w?
1 e« y_ 1 o
2nlo? + o? 2nle? + o?

= A(w) — iB(w) from the previous example



Chapter

Spectral density

We turn now to the frequency composition of a naturally occurring random
process. Because the time history x(t) of a sample function is not periodic, it
cannot be represented by a discrete Fourier series. Also, for a stationary process,
x(t) goes on for ever and the condition

jm [x(t)]dt < o0

is not satisfied, so that the classical theory of Fourier analysis cannot be applied
to a sample function. This difficulty can be overcome by analysing, not sample
functions of the process itself, but its autocorrelation function R, (7).

The logic behind this approach is that the autocorrelation function gives
information about the frequencies present in a random process indirectly. We
saw in the examples in Chapter 3 that R (t) was a maximum for values of t for
which x(t) and x{¢t + t) were in phase and a minimum for values of t for which
they were in antiphase. The frequencies present in a graph of R (1) against t
therefore reflect the frequency content of sample functions of the random
process x(t). During the course of Chapters 10 and 11 we shall be examining
closely how the frequency composition of sample functions of a random process
and the frequency composition of its autocorrelation function compare, but
for the present we shall concentrate only on the frequency analysis of R (t)
for the simple reason that we have no other choice if we are to use classical
Fourier methods. If the zero value of the random process x{t) is normalized
(or adjusted) so that the mean value of the process m = E[x] is zero, then,
provided that x(t) has no periodic components,

R(t—-o0)=0
and the condition

j R ()| dt < o

is satisfied. We can therefore apply the methods described in Chapter 4 to
calculate the Fourier transform of R (7).
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From (4.10) and (4.13), the Fourier transform of R (t), and its inverse, are
given by

l = —fwt
S (w) = 5 j_ . R (7)e dt (5.1)
and

R (1) = j S (w)e dw (5-2)
where S (w) is called the spectral density of the x process and is a function of
angular frequency w. The most important property of S,(w) becomes apparent
when we put © = 0 in equation (5.2). In this case

Rt =0)= r S (w)dw

which, from the fundamental definition of R (t) in (3.13), gives
E[x?] = J S, (w) dw. (5.3)

The mean square value of a stationary random process x is therefore given by
the area under a graph of spectral density S,(w) against w, Fig. 5.1. The units
of S,(w) are accordingly those of (mean square)/(unit of frequency) and a more
complete name for S,(w) is the mean square spectral density.

Sy(w)

Fig. 5.1 The area under a spectral density curve is equal to E[x?]

In Chapter 4 we showed that the complex Fourier transform can be expressed
in terms of its real and imaginary parts by (4.9). In this case we have

Siw) = A(w) — iB(w) (5.4)

where, from (4.5)
Alw) = wa R (t)coswrdt (5.5)
2r |-,
and

B(w) = -21—7['[—@ R (t)sinwrdt. (5.6)
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Since R, (1) is an even function of T while sin wt is an odd function, the product
R(t)sinwr is an odd function and so the integral from —co to 0 in (5.6) is
exactly equal and opposite to the integral from O to co. B(w) is therefore
zero and

Si{w) = A(w) (5.7)

which, from (5.5), is a real even function of w. In addition it can be shown?
that S,(w) is never negative, a fact which is supported by considering (5.3).
We would not expect the addition of frequency components S,(w)dw to reduce
the mean square value E[x?]. In summary, therefore, the mean square spectral
density of a stationary random process x(t) is a real, even and non-negative
function of w of the form illustrated in Fig. 5.1.

Example
Determine the mean square and autocorrelation function for the stationary
random process x{t) whose mean square spectral density is shown in
Fig. 5.2.

st((&))

—_— S

-y -, 0 Wy Wy w

Fig. 5.2 Spectral density of
a narrow band random

process
From (5.3),
Ex*] =] S(0)dw = 25w, - o)
N -
From (5.2),
R (1) = S ()e“ dw
- S.(w)coswtdw
o -

tSee. for instance, Davenport, Jr, et al. [22] Ch. 6.
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since S (w) is an even function of w. Hence

R (1) = zf 'S, cos wr dw

wy

= 2§, [l sin wr]wz
T w1

25, , . .
—r—(smwzr — sinw, 1)

igqcos(wl ; CL)z\t'sin(w2 _ w‘)r
T

/

2

which has the form shown in Fig. 5.3.

A, (1)

2Sp(wa-ty)

Fig. 5.3 Autocorrelation function for a narrow band random

process -

Narrow band and broad band processes

A process whose spectral density has the form shown in Fig 5.2 is, not
unnaturally, called a “narrow band” process because its spectral density
occupies only a narrow band of frequencies. The autocorrelation function then
has the form shown in Fig. 5.3 where the predominant frequency of R (1)
against t is the average value Hw, + w,). Correlation is a maximum when

A

S, (w)

nﬂﬂ[

Nin

U

U

wo

wo g

UUUU 7 | ‘

—twyg 0 wy

approx.

Fig. 5.4 Time history of a sample from a narrow band process
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7 = 0 and follows a cosine graph of decreasing amplitude as correlation at the
in-phase values of 7 is gradually lost with increasing time separation 1. The
time history of a sample of a typical narrow band process is illustrated in Fig. 5.4.

A broad band process is one whose spectral density covers a broad band of
frequencies and the time history is then made up of the superposition of the
whole band of frequencies as shown in Fig, 5.5. In the limit when the frequency

x(t)
S, (w)

) e Wy

Fig. 5.5 Time history of a sample from a broad band process

band extends from w, = 0 to w, = oc, the spectrum is called white. From (5.3)
the mean square value of a white noise processt must be infinite, so white
noise is only a theoretical concept, but in practical terms a spectrum is called
white if it is broad band noise whose bandwidth extends well past ail the
frequencies of interest.

The form of the autocorrelation function corresponding to white noise can
be derived by considering the result of the above example. When the lower
frequency limit w, = 0, R (1) becomes

4So  w.T . w,T

. sinw,t
R, (1) = —cos sin—— = 2§, e
T

2 2 T (58)

which has the form shown in Fig. 5.6(a). When w, — o0, adjacent cycles pack

R (<) R (t)=2nSp3(1)
285wy
TN
UU UV T 0 T
(2) (b)

Fig. 5.6 Illustrating how the autocorrelation function becomes a
delta function for white noise.
1 The original analogy was with white light (whose spectrum is approximately constant over the

range of visible frequencies) but the term “noise™ is derived from the study of electrical noise. A
broad band random process is now often described loosely as “roise™.
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together so tightly that they become indistinguishable from a single vertical spike
of infinite height, zero width, and finite area which we shall show has magnitude
2nS,, Fig. 5.6(b). This behaviour may be represented mathematically by using
Dirac’s delta function &(t), which is an example of a generalized function. As
mentioned already, delta (or impulse) functions play an important role in
generalized Fourier analysis and allow the scope of Fourier transforms to be
greatly extended (Lighthill [46]). The delta function §(r) is defined so thatit s zero
everywhere except at = 0, when it is infinite in such a way that

J " s)dt = 1

More generally, 6(t — T) is zero everywhere except at z = 7T, and has the
property that

on Nt~ T)f()dt=f(z=T) 5.9

where f(7) 1s any arbitrary continuous function of t. Using this “delta function”
notation, the autocorrelation function for a stationary random white noise
process with spectral density S, may be written

R (1) = 2nS, &(z). (5.10)
The truth of this statement can be seen by noting that, according to (5.10),
R_(7) is zero everywhere except at © = O where it is infinite, in agreement with
Fig. 5.6(b). The area under R (1) at T = 0 is 2nS, and we can now verify that
this is correct by calculating the Fourier transform of R (t) to regain the
spectral density S, (w), which, if all is well, should come out to be the constant
value S, we originally specified. From (5.1),

S(w) = %{Jw 2nS, 8(x)e ' de

and making use of (5.9), this does correctly reduce to

Se(w) = S,.

The autocorrelation function for white noise therefore involves a delta function
at the origin, indicating zero correlation for all values of the separation time
except at t = 0, where R (0) = co since the mean square value of theoretical
white noise is infinite.

In (5.10) the dimensions of S, are those of (x*) x (time), those of &(z) are,
from (5.9), 1/(time), and so the dimensions of the autocorrelation function
R (1) are correctly those of (x?).

Spectral density of a derived process

If we know the spectral density S,(w) of a stationary random process x(t), we
can use this to calculate the mean square value E[x?] according to (5.3).
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We can also use it to calculate the spectral density of processes which are
obtained by differentiating x, for instance the velocity process dx/dt = x and
the acceleration process d?x/dt? = %.

The calculation begins with the autocorrelation function

R (1) = E[x(t)x(t + 7)]
which may be written, for an ensemble average,

R (1) = Z A)x,(t + 7).

th~cx3

Consider differentiating R (1) with respect to . In order to do so we have to
differentiate each term of the form x,(t)x,(¢t + 1) in the summation, keeping ¢
constant. This gives

d d
c—,;{x,(t)x,(t + 17} = X(t) %t + 1)

_ d d(t + 1)
= X0 g+ g
= x ()Xt + 1)
and so we obtain
ad;(Rx(r)) = E[x(t)x(t + 1)} (5.11)

For a stationary process, ensemble averages are independent of time ¢, so
E[x()x(t + 1] = E[x(t — 0)X(r)] (5.12)
giving
d .
d—(R,(r)) = E[x(t ~ 7)x(1)].
T
Differentiating again with respect to 1, gives

d2
d2

(R(1)) = —E[x(t — 1)x(1)]
—R7) (5.13)

where R (1) is the autocorrelation function for the derived process x{t).
Also, from the Fourier integral (5.2),

R(1) = r S (w) " dw.

The r.h.s. of this equation is a definite integral with respect to w, with t held
constant, and with the limits of integration independent of 7. It is therefore
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legitimate to differentiate with respect to  under the integral sign to obtain

o«

—d—(R,(‘t)) = j iwS (w)e™ dw
drz

hadic o)

and

dZ - iwt

d—IZ(Rx(t)) = -—J‘— w? S (w)e dw. (5.19)
Combining (5.13) and (5.14), we now see that the autocorrelation function for
the derived process can be expressed as

-

R,.(r)=f w? S (w) e  dw. (5.15)
But since Ry(z) can also be written as the inverse transform of the spectral
density S;(w) according to (5.2), we alsc have

-0

R (™ = r SJw)e* dw (5.16)

By comparing (5.15) and (5.16), it is clear that
Sdw) = w?S(w), (5.17)

so that the spectral density of the derived process is just w? times the spectral
density of the original process. This is an important result because we can now
calculate the mean square velocity E[%?] from knowledge of S (w), since

@<

E[**] = “ Si{w)dw =_[ w?S (w)dw. (5.18)

- -

Similarly, the mean square acceleration E{%?] is given by

-~ o0

E[%*] = _r Sew)dw = J.@ w*S(w)dw. (5.19)

Cross-spectral density

We have seen how the spectral density of a random process is defined as the
Fourier transform of its autocorrelation function. In the same way, the cross-
spectral density of a pair of random processes is defined as the Fourier
transform of the corresponding cross-correlation function for the two processes.
Therefore if R, () and R,,(7) are the two cross-correlation functions, we have

1 (= ot
Slw) = ﬂf R, (v)e™*"dt

— @

and (5.20)

S, () = Elif R, (1)e " dt
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and their accompanying inverse transform relations which are

R, (7) = J Sylw) e dw

-

and (5.21)

R (1) = J‘m 3, {w)e do.

= 0

According to classical Fourier transform theory we need

f |Ry()]dT < o0
for the integrals to exist, and this means that x(¢) and y{t + ) must be uncor-
related when t© — o0 and, from (3.24), that either m, or m, (i.e. one of the mean

values) must be zero.
The cross-correlation functions are related by (3.21) and it follows that the

two cross-spectra are also related. Putting
R, (1) = R (-7
in the first of (5.20) gives

l [ —iwt
Splw) = -2-7—(.‘ B R, (—7)e " dt
and if we now substitute 1" = —1 we obtain
1 (=" Lot ’
S, () = 7 o R, (7)€" (—=dT)
_ L7 R (e ar (5.22)
-— 2n ] . yx e

which is the same as the second of (5.20) except that the sign of iw has been
changed. If, according to (4.8) and (4.9),

S,w) = Alw) - iBw)
and
S,ulw) = C) ~ iD()

where A(w). B(w), C(w) and D(w) are real functions of w, then by comparing
(5.22) and the second of (5.20), we must have

Clow) = A(w)
and
D(w) = — B(w)

since the definite integrals are independent of the variables of integration,
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whether 7 or 7. Hence S, (w) and S, (w) are the same except that the sign of
their imaginary parts is reversed. S, (w) is therefore the complex conjugate of
S,,(w), which is usually written

S)uw) = S¥(w)
and, conversely, (5.23)
Selw) = Si(w).

We shall see later how measurements of cross-spectra allow the character-
istics of dynamic systems to be identified and how amplitude ratios and phase
angles can be calculated as a function of frequency. In order to do this we must
first review the dynamic properties of deterministic (non-random) systems and
we turn to these in the next chapter.

Example
The white noise ergodic random process y(t) is the result of delaying a
similar process x(t) by time 7. (A sample of the x{¢) process may be thought
of as being tape recorded and then replayed T seconds later as y(t).) If the
spectral density of x(¢t) and y(t) is S,, determine the cross-correlation
functions R, (1) and R () and the cross-spectra S, (w) and S, (w).
From (3.20),

R (1) = E[x(t)y(t + 1)] = R,(~1).
In this case

A+ T) = x(t)

so that
Wty =x(t = T)
and
e+ t)=xt+t-T)
giving

R (1) = E[x(t)x(t + © — T)].

The r.hs. of this is just the autocorrelation function R (t — T) which
from (5.10) is given by 2nS, (tr — T), and so finally we have

R, (1) = 2nS,8(t — T) = R \(—7)
as shown in Fig. 5.7.

Since x(t) and y(t) (which is simply x(¢) delayed by T) are both white
noise processes, their cross-correlation functions are zero everywhere
except for the single value of ¢ for which x = y. Then

R (t=T)=R,(t=—-T)=R(r=0)
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R,y("') Ry’(‘r)
area area
27!30 27!30
0 T T -T 0 T

Fig. 5.7 Cross-correlation functions for delayed white noise

which is the delta function illustrated in Fig. 5.6(b). From the first of (5.20),
1 * —iot
S,lw) = ZJ‘_Q 278, 8(t ~ T)e™'**dr
— Soe—in

after using (5.9).
From the second of (5.20)

5, (@) = Elf?j 218, 8(c + T)e ™ dr

= SO ein

-

thus confirming (5.23).
Putting S, (w) = A(w) — iB{w) we see that

A(w) = Sycoswt
B(w) = Sy sinwt

and if we plot the magnitude of | S, (w)| and the angle § = tan™" B(w)/A(w)
these appear as shown in Fig 5.8.

o —1Blw)
O0=tan 3%;)

115, ()] = A2 () +B2(w)

K /|°

0 w

34 ]

Fig. 5.8 Cross-spectral density function for delayed white noise

Note on the units of spectral density

We have already noted that the units of spectral density are those of
(x?)/(unit of angular frequency), while those of cross-spectral density are the
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units of (x-y)/unit of angular frequency). However a potential pitfall occurs
when it is necessary to distinguish between:

(a) a frequency scale from — oo to +0;

(b) a frequency scale from 0 to c0; and

(c) frequencies expressed in Hz (c/s) instead of rad/s.
Perhaps the best way of avoiding any difficulty is to return to the basic formula
(5.3)

E[x*] = J.m S, (w)dw (5.3)

-

and consider the practical form of this which is

Ehﬂ={ W (f)df (5.24)

0
where f is frequency in Hz and W,(f) is the equivalent one-sided spectral
density function, Fig. 5.9(b). The frequency band w to w + dw rad/s in Fig.
5.9(a) corresponds to w/2n to (v + dw)/2n Hz in Fig. 5.9(b), so that for equal

(2) (6) W0
S,(w)

~w-dw - 0 w w+de w wdw f
2r 2n

Fig. 5.9 Illustrating the relationship between alternative spectral
density parameters

contributions to the mean square in this frequency band, the shaded areas in
both (a) and (b) must be the same. Hence

wldow

ZSx(w)dw = Wx(f’; E 7,;

and so the single-sided spectrum W f) is related to the double-sided spectrum
S, (w) by the formula

MP=3=%MM
2n

or by its equivalent (525)
WL f) = 4rnS(w = 2nf).

The same result also applies for the magnitude of the cross-spectral density
function.



Chapter 6

Excitation - response relations for
linear systems

We turn now to the response characteristics of physical systems. Before con-
sidering what happens when a system is subjected to random excitation, we
must deal first with various different methods for describing the response of a
general system to deterministic (non-random) excitation. The general system
may be a vibrating structure or machine, or a complete building, or a small
electric circuit. Whatever it is, we assume that there are a number of inpurs
x,(t), x5(t), x5(t), etc., which constitute the excitation and a number of outputs
y1(t), ya(t), ya(t), etc,, which constitute the response, Fig. 6.1. The x(t) and (t)
may be forces, pressures, displacements, velocities, accelerations, voltages,
currents, etc., or a mixture of all of these. We shall restrict ourselves to linear
systems for which each response variable y(t) is related to the excitation by a
linear differential equation of the form
d"y, "'y, dy

)
ar +a,,_ldt"_l +“'+a,d—l’+aoy,=

a,

d'x d'x d
={b—‘+b, ’+~--+b1§t—’+b0x,+

T dr “tdrtt
dsxz 45 ‘XZ dXZ (6.])
+ Cs—d‘t‘s— + CS_IF + o+ (.'IEI- + Xy +
d'x, d'x, dx,
+ d,W + d,A,dt,—_1 + o+ d,-d—[ + doxs +

The equations are linear because if y\(t) is the response to an excitation
x4 (1), x5(t), x5(t), etc, and yj(t) is the response to a separate excitation x(t),
x5(t), x5(t), etc, then the response to the combined excitation x\(t) + xi(t),
x5(t) + x5(1), x5(t) + x5(¢), etc, is just y\(t) + yi(t), i.e. the principle of linear
superposition applies. The coefficients a, b, ¢, d, etc., may in general be functions
of time, but we shall consider only cases when they are constant which means
that the vibrating system does not change its characteristics with time.

On account of the principle of superposition, our problem is greatly simpli-
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)'1(1)

Vibratory
system

Excitation Response

Fig. 6.1 Excitation and response parameters of a
physical system

fied because we can consider how each output variable responds to a single
input variable alone, and then just add together the separate responses to
many input variables in order to obtain the response to the combined excitation
at many points. Of course the assumption of linearity is a bold one, but since
vibrations usually only involve small displacements from equilibrium, it is
very often not too far from the truth. We can therefore simplify the system we
should consider to that shown in Fig. 6.2 in which only one input variable and
one output variable appears.

Vibratory system

x(t) y(t)
Excitation Response
(Input) (Output)

Fig. 6.2 For a linear system the response to each
input variable may be considered separately

Classical approach

If the equations of motion for the constant parameter linear system in Fig. 6.2
can be determined, then there is a known linear differential equation relating
y(t) and x(t) with the form

d"y dn—ly dy
a,,d[n+a,,_,W_—T+"‘+a,—d—t+aoy=
S e ©?
TR T fdr T

For given excitation x(t) and given initial conditions, this equation can be
solved by classical methods to give a complete solution for y{t). However such
an approach s not usually helpful for random vibration problems for two
reasons. First the differential equation (6.2) is seldom obtainable directly
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because there is inadequate data available and simple experimental methods
for finding the coefficients a and b are not available. Secondly, even if the
differential equation is known, a complete time history for y(t) can only be
calculated if we have a complete time history x(t), and for random vibration
problems this data is not of course available. In order to calculate average
values of the output variables it is more convenient to concentrate on
alternative ways of representing the relationship between ){t) and x(t).

Frequency response method

A completely different method of describing the dynamic characteristics of a
linear system is to determine the response to a sine wave input. With reference
to Fig. 6.2, if the input is a constant amplitude sine wave of fixed frequency

x(t) = x, sinwt (6.3)

then, from equation (6.2), the steady state output must also be a sine wave of
fixed amplitude, the same frequency w and phase difference ¢, so that

y(t) = yosin(wt — ¢). (6.4)

Incidentally we are assuming that, for no excitation, the system is dormant and
there is no response, ){t) = 0. Unstable systems, in which self-excited oscillations
can occur, are not considered.

Information about the amplitude ratio y,/x, and the phase angle ¢ defines
the transmission characteristics or transfer function of the system at the fixed
frequency w. By making measurements at a series of closely spaced frequencies,
amplitude ratio and phase angle can be plotted as a function of frequency,
and in theory if the frequency range extends from zero to infinity then the
dynamic characteristics of the system are completely defined.

Example
Determine the amplitude ratio and phase angle for the transmission of sine
wave excitation through the spring-damper system of Fig. 6.3(a). The
excitation is the force x(t) and the response is the displacement j{t).

Yo /x 0
displacement ‘1’
y(t)

A )
4
4 X .
a orce

c x(t)

77777777 4
fa) trolley with
z8ro mass

Fig. 6.3 Frequency response characteristics for a simple system
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For a linear spring of stiffness k and a linear viscous damper of coefficient
¢, the equation of motion is
cy + ky = x(t)
and so when x(t) is a constant amplitude sine wave (6.3), and (1) is the
response given by (6.4)
cyow cos{wt — @) + ky,sin{wt — ¢) = x4 sinwt

which gives, collecting terms

. . X .
Yo SIn wt {cwsmqﬁ + kcos¢p — —3} + yocoswt {cwcos¢p — ksing} = 0.
¥

0]

For this equation to be true, the terms in brackets must be separately zero,
so that the amplitude ratio

Yo 1

Py =7
and the phase angle

L cw
¢ =tan"'—.

Instead of thinking of amplitude ratio and phase angle as two separate
quantities, it has become customary in vibration theory to use a single complex
number to represent both quantities. This is called the (complex) frequency
response function H(w) which is defined so that its magnitude s equal to the
amplitude ratio and the ratio of its imaginary part to its real part is equal to the
tangent of the phase angle. If

H(w) = A(w) — iB(w) (6.5)

where A(w) and B(w) are real functions of w, then
|Hw)| = (4 + BY) = i—" (6.6)
0

and

Imaginary part _ B _ (€7
Real part A

Using complex exponential notation, we can now write, using (4.8), that if the
input is a sine wave of amplitude x,

x(t) = xosinwt = x,{theimaginary part of e“'} = x,Im(e*"), (6.8)
then the corresponding harmonic output will be

y(t) = xo Im{H(w)e™}. 69
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The proof that this is correct is easily obtained by substituting (6.5) into (6.9}
to give
Wt} = xo Im{A(w) — iB(w)}(coswt + isinwt)

xo{Alw)sinwt ~ B(w)coswt}

xo /(A% + Bz)sin(wt - tan“‘g)

= yosin(wt — )

after using (6.6) and (6.7).
In summary, therefore, if a constant amplitude harmonic input given by

x(t) = xq e’ (6.10)
is applied to a linear system, the corresponding output y(t) will be given by
) = H(w)xee™" (6.11)

where H(w) is the system’s complex frequency response function evaluated at
angular frequency . In interpreting (6.10) and (6.11) we mean either “the
real part” or “the imaginary part” of the right-hand side of the equations (but
not both) according to the convention agreed on. The magnitude of H(w)
gives the ratio of the amplitudes of y{t) and x(t) and its argument gives the phase
angle between y(t) and x(t). Notice that the quantity x, in (6.10) and (6.11)
need not necessarily be real; its magnitude gives the amplitude of x(t) while the
magnitude of H(w)x, gives the amplitude of y(t).

Example
Calculate the complex frequency response function for the system of
Fig. 6.3(a).
The equation of motion is

cy + ky = x.
Putting x = x,e'* (where either “the imaginary part of” or “the real part
of” is understood) and
y = H(w)x,e™"
gives
(ciw + k)H(w)eiwr — eiwt

or

i .
Hw) = Tt icw = A{w) — iBlw).

The amplitude ratio

Yo | F(e)] ‘
X
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and the phase angle ¢ is given by

Blw) o
Aw) kK
which checks with the previous example.

Notice that H(w) has dimensions (in tkis case those of displacement/
force) and that the output lags behind the input by angle ¢.

tan = (6.13)

Impulse response method

The frequency response function H(w) gives the steady state response of a
system to a sine wave input. By measuring H(w) for all frequencies we completely
define the dynamic characteristics of the system. An alternative approach is to
measure transient response, initiated by a suitable disturbance. If we measure
the transient response for all time, until static equilibrium has been regained
after the disturbance, then this is another method of defining completely a
system’s dynamic characteristics.

It is usual to consider the result of exciting the system by an input disturbance
which is short and sharp and is present for a very short (theoretically zero)
time interval. The transient response is then not complicated by removal of the
disturbance. Using the delta function notation described in Chapter 5, we can
represent such a disturbance by the equation

x(t) = 1(t) (6.14)

where I is a constant parameter with the dimensions (x) x (time). For the case
when x(¢) represents a force, (6.14) describes a hammer blow or impulse of
magnitude

r Xo)dt = 1 j “ S(t)dt = I'in (force) x (time) units.  (6.15)

-0 -

This terminology is carried over to the general case when x(t) may represent
any input parameter, whether a force or not, and the impulse response of a
system is defined as the system’s response to an “impulsive” input of the form
(6.14) where I has the proper dimensions. The excitation is described as a unit

y(t)=h(t)

Fig. 6.4 Typical impulse response function

impulse when I is numerically unity in (6.14). In response to such an impulsive
input, the initially dormant system suddenly springs to life and then gradually
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recovers its static equilibrium position as time passes. The response to a unit
impulse at t = 0 is represented by the (unit) impulse response function, h(t),
Fig. 6.4. Notice that h(t) = 0 for t < 0 because y(t) = 0 before the impulse
occurs.

Example
Determine the impulse response function for the system shown in Fig,
6.3(a).
Starting from the equation of motion
cy + ky = x,
h(t) is the solution y(t) when x(t) = é(t), 1.e.
ch + kh = §(1).
Fort > 0, 6(t) = 0 and so
ch + kh=0
whose solution is
h — Ce-h/t

where C is a constant to be determined from the conditions at ¢ = 0. In
order to find what happens when the hammer blow falls, we can make use
of the fact that 8(t) is zero everywhere except at t = 0. If t = 0— 1s a point
just to the left and t = 0+ a point just to the right of the origin, then

0+
J é(t)dt = 1

o-

and integrating both sides of the equation of motion from t = 0— to

t =0+ gives
o+ . 0+ 0+
c‘[ hd""kj hdt=J S(t)dr = L.
o- o- (1

To go further we need to empioy some physical reasoning about what
happens to the system when the impulse is applied. The massless trolley
responds to the impulse with a sudden movement and its velocity will be
infinite instantaneously. Because h{t) = j{t) is infinite at ¢t = 0, the integral
9% hdt across t = O will be finite, even though the integration time from
0— to 0+ approaches zero in the limit. However, h(t) is not infinite at
t =0, and so the value of the integral [3* h{t)dt must be zero in the
limit. We therefore obtain

0+

cj hdt =1
0-

it =0+)-0) =1

so that
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or
h(t =0+) = !
= =
It follows that the constant C is given by
c=1!
C
and the full solution for A(t) is
h(t) =0 for t<0
h(t) = %e"‘"‘ for >0

as sketched in Fig. 6.5. Notice that the units of h{t) are those of
(displacement)/(impulse) or, equivalently, of (velocity)/(force).

t

Fig. 6.5 Unit impulse response function
for the system shown in Fig. 6.3(a)

Relationship betwsen the frequency response and
impulse response functions

Since complete information about either the frequency response function or
the impulse response function fully defines the dynamic characteristics of a
system, it follows that we should be able to derive one from the other and vice
versa. The Fourier transform method of breaking an aperiodic function into its
frequency spectrum provides the necessary link.

As we are dealing with stable systems which are dormant before they are
excited and for which motion dies away after an impulse, we know that

'rn K1) dt < oo (6.16)

—c

and we may therefore take Fourier transforms of both the impulsive input
x(t) = 6(t) and the transient output ){t) = h{t). If we do this, we obtain

X() = 5 f " xted = L j " sryeiondr (©17)
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and

Y(w) = 1 yt)e ™ 'dr = Ll ht)ye i dt. (6.18)
2n ) . 2r |-,

The first of these equations may be simplified by expanding the complex
exponential to obtain

o x€X
X(w) = —J (t)coswtdr — iil— S(t)sinwt dt
and then using the property of a delta function (5.9) to show that the first
integral is unity and the second zero (since sinwt = 0 at ¢ = 0) to obtain

X(w) = l—- (6.19
2n

We have therefore obtained the Fourier transforms of an impulsive input
x(t) = &(t) in (6.19) and of the corresponding impulse response function
¥(t) = h(t) in (6.18).

Furthermore, these Fourier transforms are related by the frequency response
function H(w). The nature of this relationship can be seen by the following
argument.t We know that, when a linear system is subjected to steady state
harmonic excitation at frequency w, it responds with a steady harmonic output
at the same frequency. It therefore seems reasonable to expect that, for an
aperiodic input signal, frequency components X{w)dw in the frequency band
w to w + dw in the input will correspond with components Y(w)dw in the
same frequency band in the output. In this case, if we had a harmonic input
of the form

x(1) = X(w)dwe'™*

(where “the real part of” or “the imaginary part of” is understood) the
corresponding harmonic output would be given by

Wt) = Y(w)dwe'™.
But, from (6.10) and (6.11), we also know that
W) = Hw)X(w)dwe™*
and so, by comparing these two expressions for y{t), we obtain
Y(w) = Hw)X(w) (6.20)

which is a very important relation between the Fourier transforms of the input
and output, X(w) and Y(w), and the frequency response function H(w).

t The lines of a formal proof are indicated in problem 6.4.
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Finally, substituting for X(w) from (6.19) and for Y(w) from (6.18) into (6.20),
gives

1 * -iwt . ,_l‘
ZJ—«, h(t)e dt = H(w) >
or
Hw) = r K(t)e i dt (6.21)

expressing the result that the frequency response function H{(w) is the Fourier
transform of the impulse response function A(t). Actually, by comparing (6.21)
with the definition of a Fourier transform given in (4.10), it can be seen that
there is a factor 1/2r missing from (6.21). However as already mentioned in
Chapter 4, the position of this factor is optional so long as it appears in either
the Fourier transform equation or the inverse Fourier transform equation.
From (4.13), the inverse transform equation corresponding to (6.21) is

K1) = 2in r H(w) e do (6.22)

and the impulse response function h(t) is shown as a Fourier integral of the
frequency response function H(w).

Calculation of response to an arbitrary input

We turn now to how the frequency response and impulse response functions
can be used to calculate how a system responds to a prescribed excitation.
Suppose that a linear system has an arbitrary input x(t) which is defined, which
satisfies (4.7), and for which we wish to calculate the resulting output y(t).

As already described in the previous section, the frequency response function
can be used to relate the Fourier transforms of input and output, so that if

X(w) = 21—71 J‘:r x(t)e " dt
then
Y(w) = H(w)X(w)
and taking the inverse transform to find y{t) we obtain
W) = j@ H(w){ﬁ j; x(t)e“""dt}e“‘" do (6.23)

which is a formal solution for the output y(t). The integral with respect to w is,
in general, extremely difficult to evaluate, and so it is rarely possible to use
(6.23) to obtain a ncat closed expression for y(t). We do not therefore pursue



Calculation of response to an arbitrary input 63

this approach for calculating j{t) but turn to the impulse response method as a
more promising alternative.

The impulse response function h(t) gives the response at time t to a unit
impulse applied at time ¢t = 0, i.e. after a delay of duration ¢ It follows that
h(t — 1) is the response at time ¢ to a unit impulse or “hammer blow” at time 1,
i.e. after a delay of duration t — 7. Now think of an arbitrary input function x(t)
as being made up of a continuous series of small impulses. The “impulse”
corresponding to the input x(¢) between the time limits v and © + dt, Fig. 6.6,

Pas

0 T t+dT t

= time

I
[
[
[
[
[
L1l
+

Fig. 6.6 Breaking down an arbitrary input x(#) into a series of
“impulses”

has thé magnitude x(t)dr shown shaded. The response at time ¢ to this
“impulse” alone is just the fraction
x(t)dz
1

of the response to a unit impulse at ¢t = 7, which is h(t — 7). The shaded area in
Fig. 6.6 therefore contributes an amount

h(t — t)x(r)dt

to the total response at time r. Furthermore, since the principle of super-
position applies for a linear system, we may obtain the total response y{t) at ¢
by adding together all the separate responses to all the small “impulses™ which

make up the total time history of x(t) back tot = —oco. We therefore integrate
the response to x(t)dt back to T = — o0 to give
yt) = h(t — t)x(t)dt (6.24)

-
which is another formal expression for the response y(t) at time ¢ as a result

of an excitation whose value at time 7 is x(z) and which may exist from
= — o0 to the present time T = t.

Example
Calculate the response at time ¢t > O of the system shown in Fig. 6.3(a)

when it is subjected to a step input x(t) = xo at t = 0.
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From the previous example we already have

hit) = 0 for t<0
h(t) = %e"‘"‘ for t>0
so that
ht—1)=0 for T>t

|
h(t — 1) = —e M-k for 1<t
¢

The excitation function is
x(z) =0 for 1<0
x(1) = x4 for >0

so that, using (6.24),

- of

.03 =J h(t — T)x(r)dt = J l‘e"‘“'”/‘x0 dt for t>0

the lower limit of the integral being changed to 0 since x(z) = 0 for
7 < 0. Evaluating the integral gives

Wty = 'Z—U(l — e~k for t>0.

The response y(r) is obviously zero for ¢ < O before the step input has
occurred.

The superposition or convolution integral (6.24) is a most important input--
output relationship for a linear system. Provided that the system is passive
so that it only responds to past inputs and h{t) decays eventually to static
equilibrium, so that

Ji |h(t)| dt < oo,

then (6.24) applies for any input x(r) whose magnitude |x(t)| is in general
bounded by a finite level. Notice that x(t) does not need to satisfy (4.7) which is
necessary in the classical Fourier transform (frequency response) approach.
There are three alternative versions of (6.24) which can easily be derived
by physical reasoning. First we must recall that h(t — 1) is the response to a
unit impulse at
(t—1=0

that is at ¢t = 7. For (t — 1) - . there is no response, as there has been no
impulse applied. Hence, for 1 > ¢

At — 1) = 0.
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We may therefore extend the upper limit of the integral in (6.24) from © = ¢
to T = oo without changing the result, since h(t — 1) is zero in this interval.
The first alternative form of (6.24) is therefore

We) = J " B - ox(r)dr. (6.25)

Next consider changing the variable in (6.24) by putting

f=t—1
where 0 may be interpreted as the time delay between the occurrence of an
impulse and the instant when its result is being calculated. The limits of

integration T = — oo and © =t now become # = oo (notice that time ¢ is a
constant) and 0 = 0 and dt becomes —d#6, so that substituting in (6.24) gives

0
y(t) =-[ h(O)x(t ~ 6)(—do)
or changing over the limits of integration to dispense with the minus sign in
front of d6

yt) = J h(@)x(t — 6)de6. (6.26)
0

Finally, the third alternative form can be obtained either by putting 8 = (t — 1)

in {6.25) or by noting that h(6) = O for 0 < O, since there is no response before

the impulse occurs, and using (6.26), to obtain

yt) = j HO)x(t — 6)do. (6.27)
Collecting together these important alternative results, the response ){t)

of a passive linear system to an arbitrary input x(t) can be calculated by
evaluating one of the superposition integrals

M) = J " b = Ox(r)de (6.24)
. .

j = [ e = oy de (6.25)
or T

50 = [ WOt - 6)d6 (6.26)

Jo

or

W= | e — )48 (627)
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where h(t) is the response at time ¢ to a unit impulse x(t) = §(t) applied at
t=0.

Example
Use equation (6.26) to calculate the response of the system shown in
Fig. 6.3(a) to a step input x(t) = x, at t = 0.
From the earlier example

WOy = Le M for >0
C

so that, if we want the response at time ¢ = t, (say), then, from (6.26)
Wt,) = j %e"‘"" x(¢; — 6)do. {6.28)
0
In order to evaluate this integral we have to determine x(t, — 0) as a

function of 8 for ¢, constant. This must be calculated from the known
input function x(t) shown in Fig. 6.7(a).

(2) x(t) (b) x(14-9)
lXo ;<0
*o0
- y t, 0 )
L Y . (c) b x(t4—6)
0 t
)
6 X >0
!
0 1 6

Fig. 6.7 Result of changing the variable of integration from ¢ to (¢t — 6)

First we select the constant value t = t,. Then, since 0 is the delay
between the occurrence of an “impulse” and time t,, the variable 6 is
measured backwards along the time axis, as shown in Fig. 6.7(a). We can
now read off values of x(t, — 0) and plot two separate Figs. 6.7(b) and (c)
for the two cases t, <O and t, > 0.

The function x(t, — 0) that we need to substitute in (6.28) is theretore
different for the two cases and so we obtain two different analytical results:
one for the case t; < 0 and the other for the case t; > 0. These results are

M) =0 for t, <0

t
yt,) = J %e""""x0 do = %(1 — gkl for t, >0
0

in agreement with the previous example in which we applied (6.24) rather
than (6.26).
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Transmission of random vibration

We are now ready to consider how the characteristics of random signals are
changed by transmission through stable linear systems. We shall consider the
response )(t) to two separate random inputs x,(¢) and x,(t). The response to a
single input can then be obtained directly by putting either x, or x, zero, and
the response to more than two inputs can be inferred from the form of the
solution for two inputs.

The mental picture we need is of an infinity of experiments, all proceeding
simultaneously, and each with an identical linear system for which the impulse
response functions are h,(t) and h,(t) and the corresponding frequency response
functions are H,(w) and H,(w), Fig. 7.1. Each experiment is excited by sample
functions from the x,{t) and x,(t) random processes and the response is a sample

x4(t)
i!‘ W y(t)
"N hy(t).Hyfw) P
Xz(f) = s r
A ha(thHy(e)
3 Sample 3
X1(f)
L
WA y(t)
! ©N ) Hyte)
Xz(t) — t

ha(t),Hylw)
2 2 Sample 2

xq(1)

4 y(t)
EN byt
Xz(r)

- hz(t), Halw) t
t Sample 1

Fig. 7.1 Concept of ensemble averaging for a linear system subjected to
random excitation
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function from the j(t) random process. We want to know how the character-
istics of the output process y{t) depend on the characteristics of the two input
processes x,(t) and x,(t) and on the input-output characteristics of the system.
The functions h,(t) and H,(w) give the response ){t) due to an input x,(t) and
the functions h,(t) and H,(w) give the response y{t) due to an input x,(r).

Mean level

According to (6.27), the response ){t) of a typical sample experiment to the
inputs x,(t) and x,(¢) may be expressed as

an

¥r) = j hy(0)x,(t — 0)d6 + J hy(0)x,{t — 6)d6. (7.1)
-0 -

If we are now to calculate the ensemble average E[ ){t)] we have to determine
the average values of both of the integrals on the r.hs. of (7.1). To do this we
need to remember that an integral is just the limiting case of a summation and
that the average of a sum of numbers is the same as the sum of the average
numbers, for instance

E[x, + x, + xy + -] = E[x,] + E[x,] + E[x3] + -
or using the summation sign

1;[ x,] = 'i E[x,].

1

M=

Applying this result to (7.1) gives

E[/0)] = r

-0

hy(0)E[x,(t — 6)]d6 + r hy(0)E[ x,(t — 6)]d6.

=

Provided that both the random inputs are stationary, then their mean levels
E[x,] and E[x,] are independent of the time of ensemble averaging (t — 6),
and so we obtain

E[y0)] = E[x] [ mi(@)do + Elx,] j " hy(6)do

-

from which it is clear that E[)(t)] is also independent of time so that, finally,

E[y] = E[x] f h(6)d0 + E[x,] f " hat6) . (7.2
Most engineers tend to think in terms of frequency response rather than

impulse response, and we can express (7.2) in these terms by using the basic
result (6.21)

H(w) = r K(t)e™ it dr 6.21)
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which, for & = 0, becomes

H(w =0)= J h(t)dt (7.3)
and on substtution into (7.2) gives
E[y] = E[x,]H.(0) + E[x,]H,(0) (7.4)
where
constant level of
H\(0) =
constant level of x,
HL(0) = constant level of y

constant level of x,
or, in electrical engineering terms,

d.c. (direct current) level of y
H,(0) = ’

d.c. level of x,

d.c. level of y
H,(0) = ————.
20) d.c. level of x,

The mean levels of stationary random vibration are therefore transmitted just
as though they are constant non-random signals and the superimposed random
excursions have no effect on the relationships between mean levels.

Autocorrelation

The autocorrelation function for the output process j{t) is
E[y(t)y(t + 1)]. (7.3)
According to (7.1) we can write formal solutions for 3(t) and y(t + 1) and,

putting 0, and 0, instead of 6 to avoid confusion, these are

y(z)=J By @)%t - 6,1d0, +r’ ROt — 60d0,  (16)

hall=o} -

and

W +1)= J‘ hy(02)x,(t + T — 6,)d6, + J‘ hy(B)x,(t + T = 6,)d0,. (7.7)

- -

Substituting (7.6) and (7.7) into (7.5) gives

E[y{)t + )] = E[j

-

a x

hy(0,)%,(t — Ol)dO,J hy(0)x,(t + T — 6,)d0, +

- X
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@

+ J‘“’ hy(0)x,(t — 6,)d6, J. ha(02)x,(t + T — 6,)d6, +

-

+ J‘w hy(0,)x5(e — 91)d91f hi(B2)x,(t + © — 6,)dB, +
+ j“’ hy(6,)x,(t — 6,)d6, Jm hy(02)x,(t + T ~ 9z)d92]o
) (7.8

Since we are dealing with a stable system, the integrals in (7.8) converge and it
is legitimate to write each product of two integrals as a single double integral +
so that, for instance,

-

J hy(6,)x,(t — 9,)d91j hy(0)x,(t + T — 6,)dO, =

P (79)
= J .[ h(00)h,(8,:)x (1 — 0,)x,(t + T — 0,)dB, dO,.

When we come to average the expression (7.8), we have then to average these
double integrals to find, for example,

E[ j ) f " RO h(Ex(t — )%, + T — 6)d0, dez]

which is equal to

J J hi(6)h(0)E[x,(t — 8,)x,(t + T — 6,)]d6, d6,.
Provided that the input process x,(¢) is stationary, its autocorrelation function
is independent of absolute time ¢, and so

E[x,(t — 0)x,(t + T — 60,)] = R, (t — 0, + 0)).

The first term on the r.h.s, of (7.8) may therefore be written
j .[ hy(0,)h(6,)R, (t — 6, + 0,)dO,d6,

and is independent of time r. The same reasoning can be applied to the other
three terms in (7.8), and so, for stationary excitation, the output auto-
correlation function is independent of absolute time ¢ and can be expressed by

tFor a bref review of the properues of multiple integrals see, for instance, Kreyszig [45] Ch. 6.
The order of integration of a multiple integral can be changed provided that convergence is retained
when the integrand is replaced by its modulus. It can be shown that this condition is always met for
a stable system subjected to random inputs provided that the mean square values of the inputs are
finite (statstically the condition is met with probability one) (Davenport et al. [22] pp. 65-6 and
181-5).
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the following rather lengthy expression

Ry(T) = J J‘ hl(gl)hl(ez)Rx,(T - 92 + 01)d91 d92 +
+ f J hy(01)h3(0,)R, 1 ,(t — 6, + 0,)d0, dP, +
+ f j a0 (O)R (5 — B + 6,)d0, 46 +

¥ J J hy0)ha(6)R,(t — 6, + 6,)d6, d6, (7.10)

involving double convolutions of the input autocorrelation and cross-
correlation functions

The autocorrelation function for the output process R(1) is independent of
absolute time ¢t for stationary excitation and this is a general result for the
response of any constant parameter linear system. It turns out that all averages
of the output process are time invariant for stationary excitation, and the
output process is therefore itself stationary.

Spectral dansity

Although (7.10) is such a complicated expression, fortunately considerable
simplifications emerge if we take Fourier transforms of both sides to find
S,(w), the spectral density of the output process. From (5.1) the Fourier
transform of the first double integral on the r.h.s. of (7.10) is

I, = z_lnf dze"“‘"{f dglj 40, hy(0,)hy (O)R,. (x — 0, + 9,)}. (7.11)
Changing the order of integration this may be written
I, = ;—nj de, h,(OI)J dé, h,(6,) dre™ "R, (1 — 0, + 0,).

- a0

The last integral is with respect to T with 8, and 6, constant. We can therefore
legitimately write this as

eim(O:-G;)J d(’l.’ . 92 + Gl)e_iw('_0’+9')Rxl(T . 92 + 91)

which, from (5.1), is equal to

e =0 218, (w)
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so that (7.11) may be written

1 =J de, h;(&)J db, hy(6,) e 7S, ()

- o -0

=J 6, h,(0,)e " .[ d,h,(0,) e S, (o). (7.12)

- -

The two remaining integrals in (7.12) can now be related to the frequency
response function H(w) since, from {6.21),

H(w) = f hy(6;)e™ "% db,
and the complex conjugate of H,(w)
HY{w) = J‘ hy(6,)e"? db,.

Hence we obtain finally
I, = HY(w)H,(w) S, ()

for the Fourier transform of the first double integral on the r.h.s. of {7.10).

The same procedure may be applied to the rest of (7.10) and the final result of
taking the Fourier transforms of both sides of the equation is the following
expression for the spectral density of the output process

Sy(w) = Hf(w)Hl(w)Sx,(w) + HT(LU)HZ((U)SX'XI
+ HY(0)H (0)5;,,(0) + Hi(0)H(w)S, (@)

(w) +
(7.13)

This is a most important result. By considering more than two inputs, it is not
difficult to show that, for N inputs, the corresponding expression is

N N
S(w)y= Y Y HYwH|w)S, . () (7.14)
r=1s=1
when we define
Sx,x, = Sx,-

for the spectral density of the rth input.

Equation (7.14) is the central result of random vibration theory and its
simplicity justifies our faith in the Fourier transform and frequency response
approach.

In the case of response to a single input, (7.14) gives

5,(w) = H¥w)H{w)S(w) (7.15)

or, since the product of a complex number and its complex conjugate is equal
to the magnitude of the number squared,

5,() = |H@)|* S,(w). (7.16)
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For uncorrelated inputs for which the cross-spectral density terms are all zero,
(7.16) can be generalized to

N

Sfw) = Y |H(0)}*S,(w). (7.17)
r=1
Mean squarse response

Once the response spectral density has been determined, the mean square
response can be calculated directly from (5.3)

E[y*] = '[ " Siw)dw (53)
which, for a single input, becomes
E[y1] = f " H@)P 5() do (1.18)
and, for many uncorrelated inputs, is
E[y’] = i f " H@) S, ) do. (7.19)

For uncorrelated inputs, the mean square response is therefore the sum of the
mean square responses due to each input separately. However in general this is
not the case and, for correlated inputs, the mean square response is not just the
sum of the separate mean square responses. In these cases, (7.14) must be used
to find the response spectral density S (w) and then the integral in (5.3) evaluated.

Example 1
Determine the output spectral density S(w) for the single degree-of-
freedom oscillator shown in Fig. 7.2 when it is excited by a forcing function
x(t) whose spectral density S (w) = S,.
From (7.16),
Sy(w) = |H)]* S,
where H(w) is the complex frequency response function. To find H(w),
put x(t) = e and y(t) = H{w)e"* in the equation of motion
mjy + cy + ky = x(t)
to obtain

(—mw? + ciw + k)H(w) = 1

and

1

H [
(@) —mw?* + icw + k
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Displacement

y(t)
a . S, (w)
, c
7
7' 3] — force §
7] m —
4-—'\/\/\;\/\,—— x(t) So
- [eXeXe) 5 .
7 TT7ITI77, 7 w
(b
(a) )
IH (w)] S, (w)
I I\
—Wy 0 wy w
1 |
~Gy 0 wy A
(c) (d)

Fig. 7.2 Response spectral density S,(w) for a single degree-of-freedom
oscillator subjected to a white noise force input S (w) = S,.
Hence the output spectral density is

So
(k — mw?)? + w?

Slw) =

as sketched in Fig 7.2(d). The area under the spectral density curve is
equal to the mean square, which may be written

E[y'] = j:

A list of definite integrals of this form can be found in the literaturet and
the result is

i 2
Sodw.

—mw? + icw + k

7S,
E[y’] = k_co

which is independent of the magnitude of the mass m. This is a surprising
result as we would naturally expect m to affect the overall mean square
level of the output E[y*]. The explanation can be seen by considering
the height and width of the spectral peak in the right-hand half of Fig.
7.2(d). (Remember that the peak in the left-hand half of the figure is just
the mirror image of the peak in the right-hand half, since S)(w) is an even
function of w.)
The peak value occurs, for small damping, when

@ >~ m— N

tSee, for instance, James er al [38] pp. 333-9, from which a selection of results is given in
Appendix 1.
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and its height is therefore

S Som

S = 27 = ok
which is proportional to m. The “width” of the spectral peak needs
definition, but suppose that we arbitrarily define this as the difference in
frequency 2Aw between the two points on either side of wy whose height
1s half the peak height (the so-called “half-power” bandwidth). For small

damping
Aw < wy
and so
c
20w = —
m

which is inversely proportional to m. Hence we can see that increasing the
mass m increases the height of the spectrai peak, but at the same time
reduces its width. As we have seen, it turns out that these two opposite
effects exactly cancel out and the total area under the spectral density
curve, and therefore the mean square value, is independent of m.

Example 2
The massless trolley shown in Fig. 7.3 is connected to two abutments by
springs and viscous dashpots as shown. If the abutments move distances

x(t) y(t) xo(t)

fom s

4 X2
mm |

1

77777, 77777777 7
(a) ()

Fig. 7.3 Response spectral density for a system with two correlated inputs

x,(t) and x,(t) with spectral densities S, (w) = S,,(w) = S, (constant) but
x,(t + T) = x,(t), so that the cross-spectra are

Sx.x;(w) = S()e—in
and

S, (w) = SgeT

X2X1

determine the response spectral density S (w) and the mean square response
E[y].
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For equilibrium of the trolley
kixy = y) + cy(Xy = P) = kyly — x;3) + c,(y — X,)
so that the equation of motion is
(c;, + )y + (ky + ky)y = kyx; + %, + kyx; + ¢3%,.

To determine the frequency response functions, first put x, = €, x, = 0,
y = H,(w)e™* to find

k, +icw

H(w) = k, + k, + i(c; + cp)w

and then put x, = 0, x, = €', y = Hy(w)e™ to find

ky, + icow

Hy(w) = .
A0 = T T i, + G

Hence, according to (7.13).
k¥ + do?
So +
(ky + k)2 + (¢, + ) ’w?™°

(ky — ic, )k, + icy0)

Sy(w) =

+ ] - So —ioT
(ky + k)* + (e, + ))'w
(k, + ic,w)(k, — ic,w) ioT
(k, + ky)? + (c; + ¢)??™°
kz + Czwz
+ 22 : 735
(k) + k) + (ey + ) w

which, after collecting terms, becomes
K+ k2 + Aw? + co? + 2k k, + ¢c,0)coswT +
S(w) = S, + 2(k,c,0 — kyc w)sinwT
(ky + k;))* + (e, + ) w?

When the delay time T is zero, so that x,(t) = x,(t), then we see that
S(w) = S, and motion of the trolley is always equal to motion of the
abutments,

For large w (high frequencies)

2 4+ ¢2 4+ 2c,c,coswT
Sy(w)»sn{c‘ oz

(e + )
which is finite and so

EDﬂ:Jm%wNwaw

- o
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on account of the characteristics of white noise excitation which has an
infinite mean square value.

For the case when the two spring stifinesses and the two damper
coefficients are the same,

S
Sw) = 7°(1 + coswT)

which has the form shown in Fig. 7.3(b).

Cross-correlation

In the case of a system excited by many inputs, it is sometimes helpful to
determine the cross-correlation between the output and one of the inputs.
Beginning with the definition (3.20)

R, (1) = E[x,(t)(t + 1] (320)

for the case of two inputs, using (7.7)

R, (1) = EI:xl(t) ) h(0)x,(t + = — 0)d0 +

a

+ x,(1) J Ot + T — e)de].

Since x,(t) is not a function of 6, it may be moved under the integral signs and
the averaging process carried out to give

R, (0 = jal hy(O)E[x,(t)x,(t + T — 6)]dO +

-0

+ j ha(BYEDx, (0t + T — 6)] dO
-
or, in terms of the input autocorrelation and cross-correlation functions,

" hO)R.. . (t — 6)d0  (7.20)

-

R, (1) = r' hy(O)R,.( — 6)d0 +-[

- o

which expresses the cross-correlation between input x,(t) and output ){t) in
terms of the autocorrelation of x,(r), the cross-correlation between x,(t) and
the other input x,(r), and the impulse response functions between x, and y
and x, and y.

For the special case when x, is white noise so that, from (5.10)

R, (1t ~ 8) = 2nS,6(r — 0)
and x, and x, are uncorrelated so that

R (1t —6)=0
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then (7.20) gives

R, (1) = J " hy(0)21S,8(r — 0)do
— hy(1)21S, from (5.9). (7.21)
The cross-correlation function between a white noise input x,(t) and the output
y(t) is therefore the same as the impulse response at y for a unit impulse at x,
multiplied by the factor 2nS,. This is an interesting result which is sometimes
used to obtain the impulse response function experimentally.

Cross-spectral density

Taking the Fourier transform of both sides of (7.20) gives

S, () = %f dre--'w'H h(O)R, (t — 0)d0 +

-

+ J hy )R, (T — G)d()}.
Rearranging terms in the same way as for the previous calculation of spectral
density gives

Seplw) = i.r dth(G)e“”OJ | deR,(t — O)e O 4

-G -

+ _ZI_J"“ d()hz(G)e"“'ej' I dr R, , (1t — B)e =0,
T)-w —w@

The integrals with respect to t are with 6 constant, and so if (r — 8) is
replaced by ¢ (say) then dr becomes d¢. Using (5.1) and (5.20) to evaluate the
integrals with respect to ¢, and (6.21) to evaluate the integrals with respect to §
which then remain, we obtain

Senp(@) = H(@)S, (@) + H)(@)S; 1,(®). (7.22)

X1y
When there are N separate inputs, of which x,(t) is a typical one, (7.22)
becomes the summation

N
S.yw) = Y Hw)S, (v (7.23)
s=1
where, as for equation (7.14),
Sex, = S,
For uncorrelated inputs, we can see that
Siw) = H(w)S(w) (7.24)

where H(w) is the complex frequency response function relating the input
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x(t) to the output y(r), S,(w) is the spectral density of the input process, and
S,{w) is the cross-spectral density between the input and output. From the
properties of cross-spectra (5.23), it follows that

Six(w) = Sh(w) = H¥(w)S,(w) (7.25)

since S,(w) is of course always a real quantity.

The extension of these results to the case of more than one output variable
is left as an exercise for the reader — see problem 7.5 where the cross-spectral
density S, (w) between two output processes y(t) and y(t) is expressed in
terms of the input spectra and cross-spectra and the relevant frequency response
functions.

Probability distributions

Lastly in this chapter we consider how the probability distribution for the
response of a linear system depends on the probability distribution of the
excitation. We can say at once that there is no simple relationship. There is no
general method for obtaining the output probability distributions for a linear
system except for the special case when the input probability distributions are
Gaussian.

The fact that we can calculate the output probability distributions for a
linear system subjected to Gaussian excitation arises from the special properties
of Gaussian processes. Firstly there is a general theoremt which says that if
y, and y, are a pair of (jointly) Gaussian random variables, then if y is defined
so that

y=wn+y (7.26)

the new random variable y will also be Gaussian. Secondly, this result may be
applied to show that the response ){r) of a linear system will be a Gaussian
process if the excitation x(f) is Gaussian. Using the convolution integral (6.24)
we know that

-

yt) = f h(t — t)x(r)dt (7.27)

where h(t) is the impulse response function. It can be shown mathematicallyt
that the integral in (7.27) can be thought of as the limiting case of a linear sum
of random variables, of which (7.26) is the simplest example. Hence if x(t) is
a Gaussian process, then ){t) must be the same. Finally these results can be
extended to the case of more than one (jointly) Gaussian input to show that the
output processes after transmission through a linear system will also be (jointly)
Gaussian. The output of a linear system subjected to Gaussian inputs is
therefore Gaussian and the output probability distributions can be calculated
if the respective mean values, variances and covariances (2.13) are known.
Also, since a derivative can be expressed as the limiting case of the difference
{3t + At) — p{1)}/At between two random variables y{t + At) and y{z), if the
tSee, for instance, Davenport, Jr, et al. [22] sect. 8.3 and 8.4.
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process ){t) is Gaussian then so is its derivative y(t) (and so are higher derivatives
such as the acceleration i{r)).

Example

A linear system is subjected to stationary Gaussian excitation as a result
of which the response y(t) has a mean level m,, standard deviation ¢, and
an autocorrelation function R (7). Determine the probability density
function p(y,,y,) for the joint distribution of y at ¢, and y at r, where

t,=4 + 1
Referring to the definition of the second-order Gausstan probability
density in Chapter 2, from (2.13) the normalized covariance p, ,, is given by

2

Pyiy: = Ely, - myz)(yz m,)] = Ry(rlz ™ - p (say) (7.28)

a}' y

and (2.12) gives

1 2 _ o
. 1 . e— m{()’x"",} +{yz—m) = 2ply, —m)(y:—m)} ) (729)
2no, \/(l - p9)

When the time interval T — oo, R(t) —» m} and, from (7.28), p = 0. In
this case (7.29) becomes

pyy) =

1 _immy)? 1 _{y2=my)?
Pyny) =———e 200+ —=—e 250 =p(y)(p(ys)
J2ro, J2no,

and y, = y{(t,) and y, = ){(t,) are then statistically independent.

For non-Gaussian random processes, the theory becomes much more
complicated. It has been shown that the output probability distribution for the
response of an arbitrary linear system can be expressed in terms of a series
expansion whose terms involve the input statistics and the system’s
characteristicst but the calculations needed are difficult and time-consuming.
Fortunately, in many practical problems of random vibration it turns out the
excitation is Gaussian or nearly so and this becomes another “standard”
assumption - for engineering calculations the world is often assumed to be linear,
stationary, ergodic and Gaussian. Actually there is an important theorem of
probability theory, called the central limit theorem, which helps to explain why the
probability distributions of many naturally occurring processes should be
Gaussian.} Roughly speaking, the central limit theorem says that when a random
process results from the summation of infinitely many random elementary events,
then this process will tend to have Gaussian probability distributions. We
therefore have good reason to expect that, for instance, the noise generated by
falling rain, or by a turbulent fluid boundary layer, or by the random emission of
electrons in a thermionic device, will all have probability distributions which

tSee Ohta et al. [90].
1See, for instance, Meyer [48] Ch. 12
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approximate to Gaussian. Furthermore even when the excitation is non-
Gaussian, a system’s response may approximate to Gaussian if it is a narrow
band response derived from broad band excitation because the convolution
integral (7.27) may again be thought of as the limiting case of a linear sum of
approximately independent random variables. However, there should be one
word of caution. An assumed Gaussian probability distribution may give a poor
approximation at the tails of the distribution and predictions of maximum
excursion of a random process, based on such an assumed distribution, should be
treated with suspicion. The Gaussian distribution forecasts an occasional very
large excursion which for obvious engineering reasons may just not be possible in
practice.



Chapter 8

Statistics of narrow band
processes

In the previous chapter we considered general relations between the input and
the output of a linear system subjected to random excitation. The characteristics
of the excitation are modified by the response of the system which, in electrical
engineering terms, acts as a filter. In most vibration problems, the system has at
least one resonant frequency at which large amplitudes can be generated by
small inputs. At other frequencies transmission is reduced and, at very high
frequencies, the effective mass may be so high that the output is not measurable.
A typical frequency response function H(w) for such a resonant system is shown
in Fig. 8.1, which also shows how the characteristics of broad band noise are
changed by transmission through this system. Because the output spectrum is
confined to a narrow band of frequencies in the vicinity of the resonant
frequency, the response y(t) is a narrow band random process and the typical
time history of ){r) resembles a sine wave of varying amplitude and phase as
shown in Fig 8.1.

x(t)

:—h—)— Hlw)

IH ()]

0 w ] w 0 w

Fig. 8.1 Narrow band response of a resonant system excited by broad band noise

In order to make some simple calculations, suppose that the frequency
response function has very sharp cut-offs above and below the resonant
frequency so that the response spectral density S,(w) has the idealized form
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shown in Fig. 8.2(a). We have already worked out the corresponding auto-
correlation function (in the first example in Chapter 5) and this is

R(x) = 45, sin(Ac:) t/2)

(a) Sy (w) (b) Ry (1)
So I—Iso
Aw
T
| !
—~wg 0 Wy
Ply.y)=ply}-p(y)

(c) ply) (d)

" " ;

y

Fig. 8.2 Characteristics of a stationary, Gaussian, narrow band process

COS Wyt (8.1)

as shown in Fig. 8.2(b). If the excitation is Gaussian, we can find the probability
distributions for y and, for later reference, we shall need the first-order
probability density function p(y) and the second-order probability density
function p(y, ) for the joint probability of y and its derivative y. Both of these
functions are given by the standard expressions (1.11) and (2.12) and are known
provided that the statistics

m,,m;, 6,0, and p,,

are known.

First, consider the mean level of y, m,. If this were to be other than zero, the
spectral density for y would have to show a delta function at w = 0, because
otherwise there cannot be a finite contribution to E[y*] at w = 0. Since the
spectral density S,(w) shown in Fig. 8.2(a) does not have this delta function, the
mean level is zero, m, = 0.

Next, since the spectral density of the y process is given according to (5.17) by

Sy(w) = w?S,(w), (8.2)

the S,(w) function also cannot have a delta function at w = 0, so the mean
level of y is also zero, m, = 0.
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In order to calculate the variances o} and ay? we use (1.19) and (5.3) to find
ol =E[y’]= Jm S (w)dw = 2S,Aw (83)
-
and
ol = E[y*] = -[w w?S (w)dw = 2SowiAw (8.4)

for Aw « wq.
Lastly, from (2.13), the normalized covariance
El i
— [yy] (8.5)

yy
G0y

for which the correlation function E[yj] must be calculated. From (5.11) we
know that this can be expressed in terms of the derivative of the autocorrelation
function, in the form

E[yy] = E??Ry(’) (8.6)
t=0

and, if Ri(7) is expressed as the Fourier integral of the corresponding spectral
density, using (5.2), this gives

w
E[yy] = ij w S,(w)dow. (8.7)
Now, since S,(w) is a real even function of frequency w, the integrand wS,(w)
appearing in (8.7) is a real odd function of w. When integrated over the range
—c0 to co, the contribution from — oo to 0 is exactly equal but opposite in sign
to the contribution from 0 to cc. Hence the integral in (8.7) must be zero and
we obtain

E[y] =0 (8.8)

It is therefore a property of any stationary random process y{t) that y and its
derivative y are uncorrelated and so the normalized covariance p,; is always
zero.

We now have all the parameters we need and can substitute in (1.11) and (2.12)
to obtain the probability density functions

-yl

oY) = e 89)

JZro,

and

e 155 2 pp() (8 10)

p(y,y) =

2n 0,0,
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where o, and o, are given by (8.3) and (8.4). These functions are sketched in
Fig. 8.2 alongside the corresponding spectral density and autocorrelation curves.

Crossing analysis

Although the data in Fig. 8.2 says a lot about the narrow band process j{t) by
describing its frequency composition and its amplitude and velocity distribu-
tions, it is possible to go further and obtain important information about the
distribution of peak values, that is to say information about the amplitude of the
fluctuating sine wave that makes up the process. Suppose that we enquire how
many “cycles” of y(t) have amplitudes greater than the level y = a during the
time period 7, Fig. 8.3. For the sample shown there are three cycles. Another

____‘_li"_'_ ____________ —
|

o aad A antlLU e
SUREARWDRRR 10

—

o=

Fig. 8.3 Typical sample of a narrow band process

way of saying this is that there are three crossings with positive slope of the
level y = a in time T. Each of these positive slope crossings is marked with a
cross in the figure.

Now consider Fig. 8.3 as one sample function of an ensemble of functions
which make up the stationary random process {t). Let n’(T) denote the
number of positive slope crossingst of y = a in time T for a typical sample
and let the mean value for all the samples be N} (T) where

NI(T) = E[n}(T)]. .11

Since the process is stationary, if we take a second interval of duration T
immediately following the first we shall obtain the same result, and for the two
intervals together (total time 27) we shall therefore obtain

N (2T) = 2N} (T) (8.12)

t The notation used in this chapter follows Crandall et al. [18].



36 Statistics of narrow band processes

from which it follows that, for a stationary process, the average number of
crossings is proportional to the time interval 7. Hence

N} T)ec T
or

NJ(T)=v,T (8.13)

a

where v, is the average frequency of positive slope crossings of the level y = q.
We now consider how the frequency parameter v; can be deduced from the
underlying probability distributions for y{t).

Consider a small length of duration dt of a typical sample function, Fig. 8.4.
Since we are assuming that the narrow band process ){t) is a smooth function
of time, with no sudden ups and downs, if dt is small enough, the sample can
only cross y = a with positive slope if y < a at the beginning of the interval,
time t. Furthermore there is a minimum slope at time ¢ if the level y = a is to be

y(t) _~ Minimum slope
for a positive
crossing in dt

y=a

|
r t t+dt

Fig. 8.4 Conditions for a positive slope crossing
of y = a1n time interval dt
crossed in time dt depending on the value of y at time ¢. From Fig. 8.4 this is

a—y
dt

and so there will be a positive slope crossing of y = a in the next time interval
de if, at time ¢,

dy a-y

y<a and ar > (8.14)
Actually what we really mean is that there will be a high probability of a
crossing in time dt if these conditions are satisfied, but we will overlook this
fine statistical point by referring the reader to the original and classic papers on
the subject (Rice [58]).

In order to determine whether the conditions (8.14) are satisfied at any
arbitrary time t, we must find how the values of y and y are distributed by
considering their joint probability density p(y,y). Suppose that the level
y = a and time interval dt are specified. Then we are only interested in values
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of y < aand values of y = (dy/dt) > (a — y)/dt, which means the shaded wedge
of values of y and y shown in Fig. 8.5(a). The wedge angle « is chosen so that

tana = a—;—i’ = dt 8.15)

in order to satisfy (8.14). If the values of y and y lie within this shaded wedge,
then there will be a positive slope crossing of y = a in time dr. If they do not

Tp(y.i')

(a)
(b)

Fig. 8.5 Calculation of the probability that there will be a positive slope
crossing of y = a in time interval dt

lie in the shaded wedge, then there will not be a crossing. The probability that
they do lie in the shaded wedge can be calculated from the joint probability
density function p(y,y) and is just the shaded volume shown in Fig. 8.5(a), i.e.
the volume under the probability surface above the shaded wedge of acceptable
values of y and y. Hence

Positive slope crossing| . .
Prob of y = ain time dt ) - Jj piy9)dydy

over the shaded wedge in Fig. 8.5(a)
= J dﬁj dy p(y,y)- (8.16)
[¢] a-—ytana

When dt — 0, the angle of the wedge « = dt — 0 and in this case it is legitimate
to put

p(y,9) = ply = a,))
since at large values of y and y the probability density function approaches
zero fast enough. Hence (8.16) may be written

Positive slope crossing © fa .
b - _ .
Pro of y = ain time dt ) L dy J e dyply =a,5) (8.17)
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in which the integrand is no longer a function of y so that the first integral is
Just

J dyply = a,9) = ply = a.y) ytana

- ytanx

and hence, with tanx = dt,

Prob Positive §Iope crossin
of y = ain time d¢

g) = J Py = a.j)y dedy
0

= dlj pla.y) ydy (8.18)
0

when the term p(q, §) is understood to mean the joint probability density

p(y,y) evaluated at y = a.

Now we have said that the average number of positive slope crossings in
time T is v, T, according to (8.13). The average number of crossings in time dt
is therefore v, dt. Suppose that dt = 0-0l's and that the frequency v, = 2-0
crossings/s. In this case the average number of crossings in 0-01s would be
v, dt = 002 crossings. Next imagine that we were considering an ensemble of
500 samples. Each sample would either show one crossing in dt or no crossings,
as dt is assumed very small compared with the average period of the narrow
band process. The number of samples with a positive slope crossing must
therefore be 10 since 10/500 = 0-02. But 10/500 is also the probability that any
one sample chosen at random has a crossing in time dt. So we arrive at the
following result

Average no. of positive crossmgs) _ Prob(Posmve slope crossing (8.19)

of y = a in time dr of y = ain time dt

which is only true because dr is small and the process y{t) is smooth so that
there cannot be more than one crossing of y = a in time dt. Accepting (8.19)
and substituting from (8.13) and (8.18) gives

vy dt = dlj pla.y) ydy
0

from which dt cancels to give the following result for the frequency parameter

vs in terms of the joint probability density function p(y y)

vi = j pla,y) ydy. (8.20)
4]
This is a general result which applies for any probability distribution, but for
the special case of a Gaussian process we know, from (8.10), that
! -a2{2a,? 1 y2/2a42

play) = —=—e ™

J2ro, 2no,
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which, on substitution into (8.20), gives

+

v o= 1 e-a‘lZa,z * |
¢ S 2n o, o moy
The integral is one of the standard results (1.20) and its value is o,/,/27, so
that the final resuit is, for a Gaussian process,

e 2 jdy.

b= L% ematae, (8.21)

a
2ro,

A special case occurs if we take the level a = 0 because this gives a statistical
average frequency for crossing the level y = 0, Fig. 8.6, which may be thought

y(t)
l

Fig. 8.6 Positive slope crossings of the level y =0

of as a statistical average frequency for the process. Notice that v; is obtained
by averaging across the ensemble and so it is not the same as the average
frequency along the time axis unless the process is ergodic.

Example
Calculate the frequency of positive crossings of the level y = a for the
single degree-of-freedom oscillator shown in Fig. 7.2(a) when it is subjected
to Gaussian white noise of spectral density S, Fig. 7.2(b).
In example 1 of Chapter 7 we have worked out that the frequency
response function is

1

Ho) = ——
() —mw? + icw + k

@
2 _
g, =

-

as already calculated. The frequency response function relating j(t) to the
excitation x(t) is obtained by multiplying H(w) by iw to obtain

so that
l 2 ﬂSo

Sodw = —
o G ke

—mw? + icw + k

iw

Hw = ——iem—m————
() —mw? + icw + k
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ke
g,: =
-7

To evaluate this integral refer to the list of standard integrals in Appendix 1,

so that

to obtain
7S
0').) = —.
mc¢
Finally substituting in (8.21) gives
- 1 /ﬁe—M/(ZnSo/kr).

e T og \j m
The average frequency for the process is obtained by putting a = 0 to give

R Y L
KD T 2n\m 2=n

where wy, is the natural frequency of the oscillator in rad/s.

Distribution of peaks

Having obtained the frequency of crossings of y = a, it is not difficult to extend
this calculation to determine the probability distribution of peaks (Powell [56]).
Let p(a)da be the probability that the magnitude of a peak, chosen at random,

y(t)

2vas A/
i

UUUL UUUUUUU U Lr

Fig. 8.7 Identification of peaks in the band y=a to y = a+da

lies in the range @ to a + da, Fig. 8.7. The probability that any peak is greater
than a is therefore

a

Prob(Peak value exceeds j = a) = J pla)da. (8.22)
Now in time T we know that, on average, there will be vJ T cycles (since one
positive crossing of y = 0 occurs for each full cycle of the narrow band process)
of which only v; T will have peak values exceeding y = a. The proportion of
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cycles whose peak value exceeds y = a is therefore

v,

vG
and this must be the probability that any peak value, chosen at random,
exceeds y = a. Hence we obtain

o V;
f ppla)da = — (8.23)
a Vo
and this equation may be differentiated with respect to a to give
1 d
—pyla) = QEE("‘:’ (8.29)

which is a general result for the probability density function for the occurrence
of peaks. It applies for any narrow band process provided that this is a smooth
process with each cycle crossing the mean level y = 0 so that all the maxima
occur above y =0 and all the minima occur below y = 0. Equation (8.24)
applies for any probability distribution, but if y(¢) is Gaussian then there is a
simple and important result for p(a). Substituting (8.21) into (8.24) gives

— d —ailay?y __ a ~a?'2a,?
pp(a) - da(e ) - 05 4
or
pyla) = O%e-""w 0<a< % (8.25)

y

which is the well-known Rayleigh distribution, Fig. 8.8. The function p,(a)
has its maximum value at a = ¢, the standard deviation of the y process, and

p,ia)

Low density for small
and large peaks

i
0 o, a

Fig. 8.8 Rayleigh distribution of peaks for a
Gaussian narrow band process

it is clear from Fig. 8.8 that the majority of peaks have about this magnitude.
The probability of finding very small or very large peaks is small and the
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probability that any peak, chosen at random, exceeds a is, from {8.23),

Prob(Peak value exceeds a) = e ~2"/2%>", (8.26)

Example
Calculate the probability that any peak value of a Gaussian narrow band
process y(t) exceeds 3a, where g, is its standard deviation.
From (8.26), the required probability is

ey = e7%5 = (011

so on average only about | peak in a 100 exceeds the 3g, level.

Frequency of maxima

Our analysis of peaks, leading to the Rayleigh distribution for a Gaussian
process, is based on the assumption that the narrow band process ){t) resembles
a sine wave of varying amplitude and phase. We can investigate the validity of
this assumption by calculating the distribution of local maxima of pt) by
another approach. We know that y is at an extremum when dy/dt = 0 and that
this extremum is a maximum if, at the same time, d?y/dt?> = —ve. Therefore
the frequency of maxima of y{t) must be the frequency of negative zero crossings
of the derived process y{t) and, since there is one negative crossing for each
positive crossing, this is the same as the frequency of positive zero crossings of
Jt). Hence if u is the frequency of maxima of y{t), and v;_, is the frequency of
zero crossings of y(t), we have

by = Vo (8.27)

wherev;_, can be calculated from (8.21) by substituting g; for ¢, and g, for o,
and putting the level y = a = 0 to obtain
1 o
=——. 8.28
b= 5, (8.28)
This is a general expression for the frequency of maxima of the process y(t).
For a theoretical narrow band process whose spectral density is shown in
Fig. 8.2(a) and for which Aw « w,, we have, (8.4),

o} = E[y*] = J . w?S(w)dw ~ 2SswiAw

-

and similarly

ol = E[j*] = J w*S(w)dw =~ 2S,wgAw
in which case (8.28) gives
0
~¢ 8.29
M=o (8.29)
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for the frequency of maxima, compared with, from (8.21).

|
~
~

)

(=]

~

(8.50)

Voo =

1o

e

Q2
o
=

for the frequency of zero crossings of j{t). The frequency of maxima and the
frequency of zerc crossings are therefore the same and our assumption that
there is only one peak for each zero crossing is justified.

If the bandwidth of the narrow band process is not narrow enough to
assume Aw « w,, this conclusion is however modified. Suppose that the spectral

bS, ()

So So

~wy —wy 0 Wy wy W

Fig. 8.9 Spectral density of a theoretical band
limited process

density of j(z) has the form shown in Fig. 89. In this case the variances of j, v
and y are

o = E[}?] = S{wyde = 2Sylw, — )
o; = E[y?] = @’Sw)do = 3Sp(w3 — ®))
o = E[j7] = |  o*Sfo)do = iSwi - o))

and the frequency of maxima is now

lo, 1 3w — o))
b5t e w3
10y 7T 2 ‘)l)
compared with the frequency of zero crossings which is
LI { w3 Z_“.’f_} (8.32)
- 2na, 2y (Mo, — w,)

and these are clearly not the same.
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Example

Calculate the frequency of maxima and the frequency of zero crossings
for a Gaussian process whose spectrum is flat and covers an octave band-
width from ,,27 = 707 Hz (c/s) to w,/2n = 1414 Hz, Fig. 8.9, with a
centre frequency of 100 Hz.

Note that for an octave bandwidth the upper cut-off frequency is twice
the lower cut-off frequency.

Substituting numbers into (8.31) gives

u, = 115Hz
and into (8.32) gives
v .o = |08 Hz

approximately. There are thercfore about 65 per cent more local maxima
than there are zero crossings.

The reason for the difference is due to the fuct that y(r) can only be represented
by a sine wave of slowly varying amplitude and phase if its spectrum has the
form shown in Fig. 8.2(a) and includes only a very narrow band of frequencies
Aw. It has been shown (Crandall [21]) that for 2 more general narrow-band
spectrum, Fig. 8.10{a), the high frequency components present introduce
irregularities in the smooth form of the sine wave approximation and it is these
irregularities which cause the additional maxima. In many applications we are
concerned only with the large amplitude excursions of a narrow band process
and the Rayleigh distribution of peaks, which assumes only one maximum for
each zero crossing, is then a valuable guide to the probability of occurrence of
large peak values. The more general Weibull distribution of peaks, which is not
based on a Gaussian assumption for the underlying narrow-band process. is
described in Chapter 14.

4 S, (w) / AN

(a)

(b)

Fig. 8.10 Illustrating how local irregularities in a narrow band process give
more than one maximum per zero crossing.



Chapter S

Accuracy of measurements

So far we have been concerned with the basic mathematical theory of random
process analysis. We turn now to a more practical aspect of the subject:
experimental measurements. We shall concentrate almost entirely on measuring
the spectral density of a random process or the cross-spectral density between
two random processes. This emphasis on spectral measurements is justified by
the central role which spectra occupy in the theory of random vibrations. Their
importance comes from the simple form of the input-output relations for
spectral density for a linear system subjected to random excitation. In this
chapter ‘we shall describe the operation of an analogue spectrum analyser and
discuss at length the factors which affect the accuracy of any measurement of
spectral density. In Chapters 10, 11 and 12 we shall then turn to digital
methods of determining spectral density and cross-spectral density by analysing
recorded time histories of random processes by computer.

The fundamental experimental problem is that our measurements must be
made on one sample function of a theoretically infinite ensemble, or, at the
most, on only a few sample functions from the infinite ensemble. Furthermore,
we are only able to analyse a hmited length of any given sample function
because we cannot go on taking measurements for ever. The fact that we are
limited to a single sample and that we can only analyse a finite length of it means
that, automatically, we shall introduce errors into the measured spectrum.
Even assuming that the random process we are studying is ergodic, in which
any one sample function completely represents the infinity of functions which
make up the ensemble, we are still introducing errors when we only deal with a
finite length of a sample function. Remember that a sample average for an
ergodic process is only the same as an ensemble average when the sample
averaging time is infinite. Obviously this is not a practical proposition.

If we follow the mathematical definition of spectral density, we must begin
by measuring the autocorrelation for the process being studied and then devise
a way of calculating the Fourier transform of the autocorrelation function.
However 1n practice this is not the best way to proceed. It turns out that it is
easier to measure spectra by a procedure which does not involve first calculating
correlation functions. Although the experimental procedure follows a route
which is not mathematically rigorous, and therefore cannot be used to define
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the spectral density functions, we shall see that we can obtain approximationg
for the true spectra which are correct to any stated accuracy; furthermore the
measurements are considerably simpler and quicker than they would otherwise
be.

Analogue spectrum analysis

Most engineers will be familiar with an instrument called a frequency analyser.
The output of an accelerometer, or other vibration transducer, is fed into the
instrument which is essentially a variable frequency narrow-band filter with an
r.m.s. meter to display the filter output. Usually the filter centre frequency is
continuously variable and the experimenter adjusts this as he searches for the
predominant frequencies present in a vibration signal. An analogue spectrum
analyser is a similar instrument except that it has more accurate filters and
precisely calibrated filter bandwidths, Fig. 9.1(a). Suppose that the input x{¢) is

Components of r.m.s. meter

r TN
Input N s . A .
arrt?w band qua.rmg veraging Output
filter device device meter
x(1) y(t) y2(t) z(t)
(a) 1 [ H(w)
Ho | Ho
| Aw
|
!
|
(b) ! | .
~wq 0 wg ©

Fig. 9.1 Schematic of a spectrum analyser showing the theoretical filter
frequency response

a sample function of an ergodic (and therefore stationary) random process.
This signal is filtered by a filter whose theoretical frequency response is shown
in Fig. 9.1(b). The filter output y(t) 1s squared and then the time average z(t)
calculated where

1 (7,
:(”:?J vi(n)de. on

0

Since the averaging time T cannot be infinite, z(t) 1s itself a function of time,
and fluctuates about its true mean value (the ensemble average). However if T
1s long enough, the fluctuations are small and the mean level E[z] can be
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approximately determined from the analyser’s output meter. From (9.1) we
know that

V]

1 T
Elz] = 7 J E[y*]dt = E[y’] (92)
since y(t) is stationary, and, from (7.18),

By = [ HEP S
which for the filter frequency response shown in Fig. 9.1(b), with Aw « w,,
can be approximated by

E[y*] ~ 2H2 A S (w,)- 9.3)

Combining (9.2) and (9.3), the average output of the spectrum analyser is
proportional to the spectral density of the input process at the filter centre
frequency wy, or turning the formula round,

E[z]

Sx(wo) = m

(9.4)
The mean output level E[z] is therefore a direct measure of the input spectral
denstty.

We shall now investigate the accuracy of this measurement. Before plunging
into the details, which are quite complicated, it is probably already clear that
we are likely to improve the accuracy if we use an instrument with a long
averaging time, because then the output depends on an average (9.1) integrated
over a long period of time. Also, if we want to distinguish sharp peaks in the
curve of spectral density against frequency, we should use a sharp filter with a
very narrow bandwidth Aw. In the next section we shall find an expression
which relates the accuracy of measurement to both these quantities.

Variance of the measurement

From (9.4), the spectral density S,(®) can be determined if H,, Aw and E[:z]
are all known. We can determine the first two to any desired accuracy by using
precisely calibrated narrow-band filters, Fig. 9.1(b). However E[z] cannot be
precisely determined since it is an ensemble average and therefore not obtain-
able from measurements of finite length on a single sample. All we can do is to
try to make sure that z(t) never differs very much from its mean value E[z] so
that a spot value of z(t) is likely to be a close approximation for E[z]. The
variance of z(t) is a measure of the magnitude of its fluctuations about the
mean, and we define

o? = E[2}] — (E[2])? 9.5)

as the variance of the measurement, according to (1.19). We shall now seek to
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determine . Clearly this will depend on the characteristics of the y{(t) random
process, which is the output of the spectrum analyser’s narrow-band filter,
Fig. 9.1(a), since z(t) is a function of y(r), equation (9.1). We begin by
substituting for z in terms of y in (9.5). Using (9.2), the E[z] term can be
replaced by E[ y*] to obtain

¢? = E[2?] - (E[y*])? (9.6)

but the E[z*] term is more difficult. Returning to the definition of z(t), (9.1),
we can write

2= {i ryz(,)d,}z - {1 f Tyzm)dzl} {lryz(mdzz} 9.7
T, T/, T,

where the two different time variables t, and t, are introduced so that this
product of two integrals may be written as the equivalent double integral

2 _ [T T 2, )2
=0 , dt, \ de, y (t,)y*(t,)- (9.8)
Averaging equation (9.8) for the ensemble then gives
2 1 T T 2 2
E[z ] = F . dt, . dt, E[.V (t))y (tz)] (9.9)

which, substituting into (9.6), gives the following expression for the variance of
the measurement, o2,

T T
62={% j da, j dzzb[ﬁ(mﬂ(z»]}—(Ew]ﬁ 9.10
)] o

Although at present in an unpalatable form, this is a most important result
and it is worth spending some time to reduce it to simpler terms.

In order to use (9.10), we first relate the fourth order averaget E[ y*(t,)y*(t,)]
to the autocorrelation function for the y process R(r). This is easy to do if y{1)
is a Gaussian process. Fortunately this is likely to be a fair approximation
since, y(t) 1s the output from a narrow band filter and so, as explained in
Chapter 7, we may expect its probability distribution to approach a Gaussian
distribution when the input to the filter is broad band noise. For a Gaussian
process with zero mean, the fourth order average E[ y, ), y3y,] can be expressed
in terms of second order averages by the following equation}

E[yiy2y3ya] = E[y1y2) E[ysy:] + E[y2y3) E[yay,] + E[yxya]'E[ygu]l)
1

which, for y; = y, and y, = y,, simplifies to

E[yiy3] = 2AE[y, . + (E[y*])? (912

t The terminology is an extension of that introduced in Ch. 2. A fourth order average is the
statistical average value of the product of four random variables.
1 See, for example, Middleton [49] p. 343.
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if E[y?] = E[y3] = E{y*]. If now we put y, = yt,) and y, = )(t,) we obtain
E[y*(t))y*(t2)] = AE[ M) p(t)]D? + (E[¥*])? (9-13)
in which, since y{t) is a stationary process,
E[y{t)y(t)] = Rt — 1))
and so, finally, for a Gaussian process,
E[y*(t,)y*(t))] = 2RX(t, — t;) + (E[y*])% (9.14)

Substituting (9.14) into (9.10) gives the following expression for the variance
of the measurement, ¢*:

2 T T
= —ﬁj' dtlj de, R2(t, — 1)) (9.15)
0 0

For a stationary input, the autocorrelation function depends only on the time
difference t = t, — t,, so changing one of the variables t, to t + t, (where t,
is a constant for the integration with respect to 1) we obtain

J dtlfT ! dt R2(1). {9.16)

Since the integrand Rf(r) is a function of only one of the two variables of
integration, we can integrate immediately with respect to the other variable.
However the limits of integration require some thought. The range of values of
tand t; covered by the double integral is shown in Fig. 9.2(a). Integrating with
respect to t; with t constant, i.e. along the shaded strip in Fig. 9.2(a), gives

RYNT —|z|)  for —-T<t<T

and then, integrating with respect to the other variable over its full range from

— T to + T, we obtain
2 (7 [7]
ol = ?J\‘ka(r)(l - 2lae 9.17)

In order to evaluate this integral, we must introduce an expression for the
autocorrelation function R (r). Since ){t) is the output of a narrow band filter,
Fig. 9.1(a), its autocorrelation function will have the form (8.1), which may
be written

sin(Aw t/2)
Ry(r) = RJO){W COS wgT. (918)
We now want to substitute (9.18) into (9.17) and then evaluate the integral to
obtain the variance o’. Fortunately we are only looking for the order of
magnitude of ¢, rather than an exact value, and it is sufficient to integrate only
approximately. First we note that (9.18) includes the quotient

sin(Aw t/2)
(Aw 1/2)
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which, when squared and plotted as a function of t, has the form shown ip
Fig. 9.2(b). This may be approximated quite closely by the straight line function

_ 7| 2n
{1 Gwaay o <z,

0 for Jt| > =
)

shown in Fig 9.2 (c). With this assumption, (9.17) becomes, after substituting

for R(3),
2 2r/Aw |1.'| |'t|
2. % 2 _ 2 _
o TJ—Z:/A«; R,(O){l (27r/Aw)} cos woil T dr.

Secondly, we shall assume that the averaging time T of the r.m.s. meter in Fig.
9.1 is long, so that

R

T z—z (9.19)

in which case we can make a further simplification of the integrand to obtain

2 2rnmw RZ(O){I & }cos2 de
0 >~ — - WeT .
EPV (2n/Aw) o

This integral is represented by the shaded area shown in Fig. 9.2(d). Provided
that the bandwidth Aw is small compared with the centre frequency of the
filter w,, then there will be many cycles of cos®w,t inside the triangular envelope
of the figure, and, in this case, the shaded area is equal to half the total area
enclosed by the dotted triangle in Fig 9.2(d). Hence the integral is given
approximately by

2ny 1
RYO)- | =] =
50 (Aw) 2
and so, finally, we arrive at the approximate result

2n
2 2
0% ~ Th R;(0)

or, putting the symbol B to denote bandwidth in Hz, so that
B=— (9.20)

then

02 ~ —R¥(0). (9.21)
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(3)

T
(c)
-2% 0 P13 T
Aw Aw
5 eos 2wt
Aw
(d)
27 T

Aw

Fig. 9.2 Illustrating the steps in an approximate calculation
of vanance for the output of a spectrum analyser

This is the simplified version of (9.1C) we have been looking for. It gives the
variance of the output of a spectrum analyser. Since the correct output should
se, from (9.5).

E(z] = E[}*] = R{O)=m  (say)



102 Accuracy of measurements

where m denotes the mean output of the analyser, (9.21) may be written
finally as

(9.22)

2
m

g-

and it is clear that, if the standard deviation of the measurement is to be small,
we must have

BT » 1 (9.23)

(which confirms the approximation (9.19) used in evaluating the integrals).

We are now in a position to appreciate the basic dilemma which arises when
measuring spectral density. For high resolution, the filter bandwidth of the
analyser, B, must be small, while for good statistical reliability B must be
large compared with 1/T. This can only be achieved if the averaging time T
is long, which means that the sample function x(t) must last for a long time and
that the experimenter must be prepared to wait a sufficiently long time to
achieve an accurate result.

Example

Determine the standard deviation of the measurement of spectral density
by an analyser with a }-octave bandwidth and (a) a 1 s averaging time and
(b) a 10 s averaging time when the centre frequency is (i) 10 Hz, (i) 100 Hz
and (it1) 1000 Hz.

We must first calculate the bandwidth in the three cases. Let f; be the
lower cut-off frequency. Then for a }-octave filter the upper cut-off
frequency is

J2 f, =126 f,.
Also, if the centre frequency is f,
é _ 1:26 f,
fl fO
so that
fo = 112,
and the bandwidth is
026 f, = 0-23 f,.

Hence the filter bandwidths are (i) 2-3 Hz, (1) 23 Hz and (i) 230 Hz
approximately.

The ratio of standard deviation to mean output, /m, can now be
tabulated by putting numbers into (9.22).
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(a) Averaging time (b) Averaging time

T=1s T=10s
Case (i) o _ A 9 _o
/o = 10 Hz m—066 m-021
Case (ii) o _ 9 _ A
Jr = 100 Hz = =021 2 =007
Case (iii) g g .
£, = 1000 Hz m = 007 m = 002

This means that, when an experimenter makes a spot measurement of
spectral density, his result is subject to an error on account of the
fluctuations of the output meter. The standard deviation of the measure-
ment (and therefore of the error) is expressed above as a ratio of the mean
output level m.

Before leaving this subject it should be mentioned that the output of a
spectral analyser will also be susceptible to a steady state or bias error when the
filter bandwidth covers a range of frequencies in which the spectral density is
changing rapidly with frequency. The mean output of the analyser is, from (7.18),

2
E[y*] = Zj ' HIS (w)dw

wo—Aw(2

wo+ Aw,

and our assumption in (9.3) that this may be written
E[y*] ~ 2H}S (0w¢) Aw

is of course not accurate if S (w) is changing fast with frequency in the band
Aw. The only practical solution to this problem is to achieve greater resolution
by employing an analyser with narrower band filters (provided that it is possible
to use a long enough averaging time to keep the variance of the measurement
acceptable).

Analysis of finite length records

We have seen how the standard deviation of a single measurement of spectral
density is affected by the bandwidth B and averaging time T of an analogue
spectrum analyser and, to a good approximation, the ratio of the standard
deviation ¢ to its mean value m is independent of the variance of the input
signal and depends only on B and T, according to the fundamental result (9.22).
If the instrument’s averaging time is T, its output at any instant is based only on
the input values for the immediately preceding time interval T, equation (5.1).
The basic problem is that it is just not possible to calculate a precise estimate
of spectral density when only a limited length of data is available for analysis.
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Now, with an analogue spectrum analyser, operating on a continuous random
process, we can go on taking instantaneous measurements of spectral density
and, by watching the movement of the instrument’s output meter, quickly
appreciate the variability of the output. Usually an analogue instrument has
two or more alternative averaging times and several different filter bandwidths,
and, by altering the settings of the instrument, it is soon possible to judge how the
instrument has to be adjusted to give reasonable accuracy with an acceptable
bandwidth, and therefore adequate resolution of close spectral peaks. However
analogue spectrum analysis takes time, since many separate readings have to
be taken to cover a wide range of frequencies; also the maximum resolution
obtainable from analogue filters is limited. Digital data analysis methods are
therefore extensively used and virtually all random data analysis except for
so-called “quick-look” spectrum analysis is now carried out digitally. The
sample function x(t) is first digitized by an analogue-to-digital converter and
then a digital computer is used to make calculations on the digitized data. In
the following chapters we shall be concerned with the computer algorithms
(or logical procedures) which are used to calculate spectral density values from
the data fed into a computer. However, even for a computer calculation which
involves no approximations or inaccuracies, there is the same fundamental
problem that we have just met for analogue spectrum analysis. Since there is a
limit to the number of data points that can be fed into a computer, there is a
limit to the length of the sample function that can be analysed. This restricted
length of sample causes the same loss of precision as that occurring in an
analogue instrument with a finite averaging time. It turns out that accuracy
still depends on record length T and bandwidth B, except that the bandwidth
1s no longer that of an analogue filter, Fig. 9.1, but has to be interpreted in a
different way. We shall now consider the general problem of analysing a record
of finite length and introduce the concept of a spectrul window which is used to
define the equivalent bandwidth B, of a digital calculation.

Suppose that {x(t)} is a stationary random process consisting of an ensemble
of sample functions.t Since the process is stationary, each sample function
theoretically goes on for ever. However suppose that records are only available
for the period t = Otot = T, Fig 9.3. In this case the autocorrelation function

R (1) = E[x(t)x(t + 1)]

can only be determined for |t] < 7. We cannot therefore calculate the corres-
ponding spectral density S,(w) from its fundamental definition (5.1)

S (w) = SI*J"C R (t)e '""dt (5.1)

Fas

since we do not know R,(7) for |t] > T. The best we can do is to approximate

t The brackets {} are used to designate the ensemble of sample functions x(¢) if this is not
otherwise clear.
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S.(w) by truncating the integral in (5.1) to give the approximation

T

S (w) = % R{r)e * dr. (9 24)
T)-T

Fig. 9.3 Finite length records of duration T from the stationary
random process {x(f)}

Although, as already mentioned, the calculation procedure carried out in a
computer may not actually involve finding the autocorrelation function R (1),
nevertheless the basic difficulty which arises is the inherent loss of accuracy
resuiting from an approximation equivalent to (9.24).

To illustrate how the approximate spectrum (9.24) is likely to differ from
its true value calculated from (5.1), suppose that

x(t) = asin(wet + ¢)

where the amplitude « and the frequency w, are constant, and the phase angle ¢
is constant for each sample function, but varies randomly from sample to
sample with all values between 0 and 27 being equally likely. In this case

R{7) = E[x{(t)x(t + 1}] = JZK a’sin(wet + ¢)sinfwet + wet + ¢)p(d)dd

0
which, putting p(¢) = 1/27, gives

a?
R (1) = > COSWgT.

Now suppose that the records x(r) are only defined for t = 0 to t = T, so that
we only know R,(7) for |t[ < T, and consider calculating the approximation
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for S,{w) given by (9.24). Substituting for R (1) in (9.24) gives
1 (7 a?
S (w) ~ ZJ‘—T 5 cos wore '“Tde

T

=—| a’cosw,tcoswrdr
2 J,

since €os T is an even function of t. This may in turn be written as
(12 T
Sw) = o {cos(w — we)t + cos(er + wy)t}ds
s Jo

which can be integrated easily to give

a? {sin(w - wy)T N sinfw + wo)T}

S, (w) ~ —

rpes (9.25)

w — g o + w,

Notice that the terms on the r.hs. of (9.25) have a form similar to those in
equation (5.8), which has been shown to become a delta function, and so the
approximation for S,(w) given by (9.25) tends to two delta functions in the
limit when the length of the record. T. becomes infinite.

rS,(w)

R (T)

-Wq Wo
Selw)
area2 delta function
2 " area 22
4 4
j
-y 0 Wq w

Fig. 9.4 Fourier transform of a finite length of a cosine wave compared with
the transform of an infinite length

In Fig 9.4(a) the approximate result from (9.25) for T finite is shown
compared with, in Fig. 9.4(b), the exact result when T — oc. The conclusion
we can draw from this is that the result of analysing only a finite length of record
is to “smear” out a sharp spectral line over a band of frequencies of width
Aw) = 27/T approximately. In order to resolve two nearby spectral peaks, the
length of record, T, must be long enough for their frequency difference to be
large compared with 1/T Hz.t However accurate the analogue-to-digital con-

tUntts of time are assumed to be seconds unless otherwise stated.
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version and however large the computer, close spectral peaks can only be
distinguished if the record length T is long enough.

A further limitation on the accuracy of numerical calculations can be seen
by considering the fluctuations of S(¢) on either side of w = w, in Fig. 9.4{a).
These fluctuations remain as the length of the record increases although their
frequency increases as shown in Fig 9.5(a) (which is drawn for positive fre-
quencies only). One way of removing them, or at least of reducing their

) S(w) wiQ)
1
(a) (b) B
q 8.
0 Q
4 Stw)
| % (c)
0
o] T we W@

Fig. 9.5 Smoothing with a rectangular spectral window

magnitude, is to smooth the spectrum so that instead of plotting S(w) we plot
a smoothed spectrum S(w) given by

S(w) = J ) W(Q — w)S(Q)dQ (9.26)

where Q is a dummy frequency variable and W(€) is a weighting function which
satisfies

J w(Q)dQ = 1. (9.27)
Suppose, for example, that W(Q) is the rectangular function shown in Fig.
9.5(b). In this case the smoothed form of the spectrum defined by (9.25) is
sketched in Fig. 9.5(c). Since positive and negative half cycles of S(w) tend to
cancel each other out, the smoothed spectrum has the approximate form
shown and, on account of (9.27), the shaded areas in Figs. 9.5(a) and (c) are
approximately equal.

The function W(Q) is called a spectral window functiont and the shape of a
graph of W(Q) against Q is said to be the “shape of the window”. Many
different shapes have been suggested, but the effective width of the window is

+The term “window™ was introduced by Blackman and Tukey [5] and is now accepted jargon.



110 Accuracy of measurements

The ratio of the standard deviation ¢ to the mean m of a 32 random process is

therefore
c 2
e \/ . (9.37)

where k is the number of statistical degrees-of-freedom in yZ (not to be confused
with the kinematic degrees-of-freedom of a dynamic system: although the
terminology is the same, the meaning is completely different). We see that if there
is a large number of statistical degrees-of-freedom the ratio a/m is small so that
there will then be a high confidence that a sample measurement lies close to
the true mean. If x is small, confidence will be correspondingly low.

The probability density function p(x2) for % is given in books on probability
theoryt and its form depends on the number of degrees-of-freedom «. In Fig.
9.6, plx2) is sketched for values of k = 1, 2, 4 and 10. When x becomes very large

0-3

0-2

01

<

Shaded area !
too narrow
to show

Fig. 9.6 Chi-square probability density functions for 1, 2, 4 and 10 degrees-
of freedom

the probability density function becomes indistinguishable from a Gaussian
function, as predicted by the Central Limit Theorem From statistical tables}
of y we can determine the “tails™ of each distribution in which there is a 10 per

tSee, for instance, Parzan [54] and also problem 9.3.
1 See Appendix 4.
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cent (say) probability of finding x2 and these areas are shown shaded in Fig. 9.6.
This information about the width of the distributions may then all be combined
on a single graph of ¥? against x, Fig. 9.7. According to (9.31) the mean value
m is equal to k and so the mean of the distribution is represented by the straight
line shown. Since, from (9.37), ¢/m diminishes as k increases, the limits of the
distribution converge towards the mean value as k increases. Two limits are
shown in Fig. 9.7 for the middle 80 per cent and 99 per cent of the distribution;

2 3

X,
100}—- 1
25.19
5.99
10— —_ —

80 per cent of

the distribution
4.87 lies between

the inner limits

S,
&
000 99 per cent of
& 2.16 the distribution
lies between
[ the outer limits
1
1 / / 10 100

Degrees-of-freedom, K

Fig. 9.7 Dependence of the 2 distribution on the number
of statistical degrees-of-freedom x (see Appendix 4).

for the latter, § per cent of samples will lie above the upper 99 per cent limit and
1 per cent of samples below the lower 99 per cent limit.

We are now ready to apply this information to obtain approximate confidence
limits for a measurement of spectral density, z. As already explained, we shall
assume that the distribution of z follows a chi-square law. This distribution
is completely defined by specifying its mean value m and standard deviation o.
The equivalent number of degrees of freedom « is then determined by (9.37).
According to (9.29), if B, is the effective bandwidth and T is the record length or
averaging time of the spectral measurement, then

o1
m ~ /(B,T)
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and so the approximate number of degrees of freedom of y? can be obtained

from (5.37), by putting
2__ 1
K J(BT)

x = 2B,T (9.38)

to give

Suppose that the measured value is S, and the number of degrees-of-freedom
k = 10. From Fig. 9.7, for x = 10, 80 per cent of the values of 2 lie between
%2 = 487 and y2 = 1599 with the mean value E[x2] = 10. Suppose that the
true mean of the spectral density measurement, which is unknown, is m. We
cannot of course determine m exactly, but we can determine the 80 per cent
confidence limits for m. Eighty per cent of all values of S, will lie within the band
4-87 < So < 1599

10 m 10

or, turning this upside down, within the band

10 om0
487 S, 1599
which is the same thing. Hence we can say that the 80 per cent confidence
limits for the true mean of the measurement are

205S, > m > 0-6255,.

What this really means is that, if the true mean value m lies within these limits,
then the measured value S, will lie within the middle 80 per cent of the
distribution about the true mean.
From Fig. 9.7, the 99 per cent confidence limits are given by

216 - So < 2519

10 m 10
that is by

4635, > m > 03975,

from which it will be clear that, in order to achieve really reliable results, the
number of statistical degrees-of-freedom of a measurement must be much
greater than 10.



Chapter 10

Digital spectral analysis |I:
Discrete Fourier transforms

We have already mentioned that most experimental measurements of random
processes are carried out digitally. A typical function x(t) of the process to be
measured is fed through an analogue-to-digital converter. This samples x(r)
at a series of regularly spaced times, Fig. 10.1. If the sampling interval is A

 x(t)

LA
o |

x, =x(t=rA)

rA

Fig. 10.1 Sampling a continuous function of time at regular intervals

(constant) then the discrete value of x(t) at time t = rA is written x, and the
sequence {x,}, r=..., — 1,0, 1, 2 3,..., is called a discrete time series. Since
the discrete series has been derived from a continuous function of time, it has
become customary to refer to the latter as a continuous time series. The words
“time series” are therefore used either to refer to a sequence of discrete numbers
x, ordered in time, or to refer to the original continuous time sample x(t) from
which the discrete series has been obtained. The objectives of time series analysis
are to determine the statistical characteristics of the original function x{t) by
manipulating the series of discrete numbers x,. The main interest is the frequency
composition of x(¢) and in this chapter we are concerned with estimating the
spectrum of a random process x(t) by analysing the discrete time series obtained
by sampling a finite length of a sample function.

In order to estimate spectra from measured data, the obvious method is to
estimate the appropriate correlation function first and then to Fourier trans-
form this function to obtain the required spectrum. Until the late 1960s, this
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approach was the basis of practical calculation procedures which followed the
formal mathematical route by which spectra are defined as Fourier transforms
of correlation functions. The assumptions and approximations involved were
studied in detail and there is an extensive literaturet on the “classical” method.
However the position was changed by the advent of the fast Fourier transform
{or FFT for short). This is a remarkably efficignt way of calculating the
Fourier transform of a time series. Instead of estimating spectra by first
determining correlation functions and then calculating their Fourier trans-
forms, it is now quicker and more accurate to calculate spectral estimates
directly from the original time series by a method which we shall describe in
detail. We begin by returning to the Fourier analysis of a periodic (non-random)
function of time x(t).

Discrete Fourier transforms

We saw in Chapter 4 that, if x(t) is a periodic function with period T, Fig. 4.1,
then it is always possible to write

X(t) = ag + zk; (ak coszi‘Tk—' + bysin QT‘T"" (10.1)
where
1 (T 2nkt
k;z,(o = ?L x(t) S—T—dt
b, = lJT x(t)sin@k—'tdt. (102
x21 T Jo T

This “recipe” agrees with equations (4.1) and (4.2) except that the definitions
of the Fourier coefficients have been slightly altered and the range of the
integrals in (10.2) runs from 0 to T instead of from — 7/2 to T/2 (which makes
no difference since x(r) has period T). If we use complex notation, equations
(10.2) can be combined into a single equation by defining

X, = a, — ib, (10.3)
and putting
g~ i2mT) — cos——zgfd - isin—zrg(t
to give
T
= J_J‘ x(t)e"i‘z""'/T’dt. (]04)
k=0 T 0

Now consider what happens if the continuous time series x(t) is not known
and only equally spaced samples are available. Suppose that these are

1 See, for instance, Blackman et al. [5]; Bendat et al. [2] Jenkins et al. [39].
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represented by the discrete series {x,}, r =0,1,2,...,(N — 1), where t = rA,
Fig. 10.1, and A = T/N. In this case, the integral in (10.4) may be replaced
approximately by the summation

1 N-1 .

Xe=1m7 ) x,e {GDea A (10.5)

T r=0
This amounts to assuming that the total area under the curve shown in Fig.
10.2 is given by the sum of all the shaded strips. Substituting T = NA into
(10.5) then gives

1 N-1

X=X xemimmm (10.6)
r=0

which may be regarded as an approximate formula for calculating the
coefficients of the Fourier series (10.1).

b x(t)cos @

for a typical value of &

%\‘;{

7
%‘X\%‘ (t=rd)

Fig. 10.2 Approximation involved in calculating Fourier coefficients from
a discrete rather than a continuous series

Although (10.6) does not provide enough information to allow the continuous
time series x(t) to be obtained, it is a most important fact that it does allow all
the discrete values of the series {x,} to be regained exactly. Any typical value
x, of the series {x,} is given by the inverse formula

N-1

x, = Z Xk c«ankr/N)' (10.7)
k=0

The truth of this statement may be verified by putting r = s in (10.6) (to avoid
muddling terms later) and then substituting this into the r.h.s. of (10.7), to obtain

N-1 . N-1 1 N-1 . .
Xk e.(z nkr/N) — Z N Z X e—x(anx/N) ex(ZRb/N)
s=0

k=0 k=0
N-1N-1 1

= Y =xe
k=0 s=0 N

—i(2nk/N)(s—r)
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Interchanging the order of summation makes this
Nil Nil 2RkIN l
- e-i2rkNs=n{ — o
5=0 {k=0 N

and, since k, s, r and N are all integers, the exponentials all sum to zero unless
s = r, so that the term in {} is given by either

N-1
{ Z e--(an/N)(S")} =0 for SFr

k=0
or
N-1
{ y e"‘“"’”""”} =N for s=r
k=0
and hence

Nil Nil - uznkiys—n | 1
e~ i2n s—r) —Xx, = X,
s=0 {k=0 } N
thus verifying (10.7).
We have now arrived at the formal definition of the discrete Fourier transform
(or DFT for short) of the series {x,},r = 0,1,2,..., (N — 1), given by
N-1
Xo= § %™ k=012, (N - 1) (10.8)
r=0

and the inverse discrete Fourier transform (IDFT) given by
N-1
x, = Y X,eim r=0,1.2....,(N = 1). (10.9)
k=0

The range of the Fourier components X, is limited to k=0 to (N — 1)
(corresponding to harmonics of frequency w, = 2rnk/T = 2nk/NA) in order
to maintain the symmetry of the transform pair (10.8) and (10.9). We shall
see shortly that harmonic components with frequencies in excess of a certain
limiting value fixed by the sampling interval A, Fig. 10.1, can in any case not be
identified by analysing sampled data, so no information is lost by restricting
the allowable range of the integer k. Although we have introduced the DFT
by considering the properties of continuous Fourier series, it is important to
realize that the discrete Fourier transform (10.8) has the exact inverse defined
by (10.9) and that the properties of DFT’s are exact properties rather than
approximate properties based on the corresponding results for continuous
Fourier transforms.

Fourier transforms of periodic functions

In Chapter 4 we discussed the continuous Fourier transform pair

X(w) = LJm x(t)e i dt (10 10)
21 |- o



Fourier transforms of periodic functions 117

x(t) = { X(w)e™ dow (1011
and explained that classical Fourier transform theory is restricted to a function
x(t) which satisfies (4.7), which in this case becomes

{ [x(t)jdt < cc.
However by allowing generalized functions to be used, this restriction may be
lifted. Suppose that x(t) is a periodic function of time represented by the
Fourier series (10.1), and, for simplicity, consider only the kth harmonic,

2nk 2nk )

x(t) = 2(a,(cos 7:’t + bksinTt (10.12)

The Fourier transform of this x{¢) can be shown to be

27k K
X(o) = (a — ibk)é(w - —% + (g + ibk)é(w + 2%) (10.13)

where §(w) is the Dirac delta function, first introduced in Chapter 5. d(w) has
the property of being zero everywhere except at «w» = 0 where 1t is infinite in
such a way that

Jm Sew)dw = 1.

Similarly &(w — (2rk/T)) is zero everywhere except at w = 2nk/T where it

satisfies
J 6(w - #)dw =L (10.14)

The best way to verify (10.13) is to use the inverse transform (10.11). If we
substitute the assumed transform (10.13) into (10.11) and make use of (10.14)
when evaluating the integral, then it is easy to show that (10.12) is regained.

The real and imaginary parts of the Fourier transform of a harmonic wave
(10.12) can therefore be represented by a pair of delta functions (10.13) and, by
extending the analysis to many harmonics, we can see that the real and
imaginary parts of the Fourier transforms of a periodic Fourier series x(t),
(10.1), can be represented by the infinite “combs” of delta functions shown in
Fig 10.3. If the period of x(t) is T, then the spectral lines (delta functions) are
spaced 2n/T rad/s apart.t

The same result can also be expressed mathematically by extending (10.13)
to a summation covering all harmonics. If for this purpose we put, from (10.3),

X, = a, — ib, (10.3)

and define (10.15)

X—k=X:=ak+ibk

tUnits of time are again assumed to be seconds.
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a,
_7f
T

Re{X(m)} area area \Im{ X((:J)}
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Fig. 10.3 Real and imaginary parts of the Fourier transform X(w) of a
periodic function

il 2wkt . 2mkt
x(t)=ay+2Y (akcosl— + bksxn—n—)

"|74 pt &
~|3—s

T T

then (10.13) may be generalized to

X@= % Xké(w - @J (10.16)
k= - T
which is an important equation that we shall need again later.
In summary, we have seen that the DFT of a discrete time series {x,},
r=0,1,2,..,(N — 1), yields a set of complex coefficients

X, = a, — ib,

which can be interpreted in two ways. If {x,} is thought of as having been

derived by sampling a single cycle of a continuous periodic function x(t), the

components of {X,} are an approximation for:

(1) the coefficients of a Fourier series expansion of x(t); and

(it) the areas of the teeth of combs of delta functions which are the real and
imaginary parts of the Fourier transform of x(t) (and which are, as we have
seen, the same thing as (i)).

Provided that x(t) is a continuous function (no sudden discontinuities) the

approximation may be made as close as we like by making the sampling

interval A smaller and smaller. We can therefore relate the DFT of a discrete

time series to the Fourier transform of the underlying continuous function, and

this is important in understanding how the DFT is used to calculate spectral

density estimates from sampled data. We shall return to this subject shortly,

but first we consider some fundamental properties of DFT’s.

Aliasing

We have seen that the DFT of the series {x,}, r=0,1,2, ..., (N — 1), is
defined by

_1% e i2rke/N) 10.8)
5= L5 (
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for k=0,1,2,...,(N — 1). Suppose that we try calculating values of X, for
the case when k is greater than (N — 1). Let

k=N+1 {(say).

Then
1A 2nr/N)N
= —H2nr/N)(N +1)
Xy = N x, e
r=0
1 N-1
- x_ e~ i2nrliN) o = i2nr
r
N r=0

which, since e~ 2™ is always equal to 1 whatever the value of r, gives
Xner = X, (10.17)

The coefficients X, therefore just repeat themselves for k > (N — 1), so that if
we plot the magnitudes | X,| along a frequency axis w, = 2nk/NA, the graph

Aliases of the

b |X I true spectrurn

-2n L 0 27‘ Angular frequency
A | —. W, = 2Tk
2(1)0 k= NA

Fig. 10.4 Periodicity of Fourier coeflicients calculated by the DFT

repeats itself periodically as shown in Fig. 10.4. Furthermore, it is also easy to see
from (10.8) that, provided terms in the {x,} series are real,

X, =X} (the complex conjugate of X)) (10.18)

in agreement with (10.15). Hence
|X_,| = |X,|

and Fig 10.4 is therefore symmetrical about the zero frequency position. The
unique part of the graph occupies the frequency range |w| < n/A rad/s. Higher
frequencies just show spurious Fourier coefficients which are repetitions of
those which apply at frequencies below n/A rad/s. We can therefore see that the
coefficients X, calculated by the DFT are only correct Fourier coefficients for
frequencies up to

2nk

o = n
YT NA A
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that is for k in the range k = 0, 1. 2,..., N/2. Moreover if there are frequencies
above n/A rad/s present in the original signal, these introduce a distortion of
the graph called aliasing, Fig. 10.5. The high frequency components contribute

1X,|
Calculated True spectrum Overlapping
spectrum alias spectra
RN F‘D\ /z \.\ T,

’, \ | ] / \ s\
\ l i b 4 \ /
il S
! S

~——— o L AT T T—-———‘ mm——-

0 T 2r Angular frequency

a4 A W, = 2Tk

o = 2Tk

NA

Fig. 10.5 Aliasing distortion when signal bandwidth exceeds 7/4 rad/s.

to the {x,} series and falsely distort the Fourier coefficients calculated by the
DFT for frequencies below n/A rad/s. If w, is the maximum frequency com-
ponent present in x(t), then aliasing can be avoided by ensuring that the
sampling interval A is small enough that

n>(t)
A 0

or, if fo = we/2m, by ensuring that
1
A > fo-

The frequency 1/2A Hz is called the Nyquist frequency (or sometimes the
Solding frequency) and is the maximum frequency that can be detected from
data sampled at time spacing A (seconds).

The phenomenon of aliasing is most important when analysing practical
data. The sampling frequency 1/2A must be high enough to cover the full
frequency range of the continuous time series. Otherwise the spectrum from
equally spaced samples will differ from the true spectrum because of aliasing.
In some cases the only way to be certain that this condition is met may be to
filter the time series to remove intentionally all frequency components higher
than 1/2A before beginning the analysis.

Calculation of spectral estimates

We are now ready to see how the DFT may be used to calculate an estimate for
the spectral density of a random process. In this chapter we shall be concerned
only with the basic “recipe” for the calculation. Chapter 11 deals with how to
interpret the recipe and the assumptions and approximations inherent in it,
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and then, in Chapter 12, we shall come eventually to the FFT algorithm, by
which the recipe can be implemented efficiently on a computer.

Since spectra are defined as Fourier transforms of their corresponding
correlation functions, we begin with correlation functions. However, once the
calculation recipe has been derived, it is not necessary to calculate correlation
functions in order to determine spectra and spectral estimates can be obtained
directly from the original time series. We want to find the (auto) spectral
density S, (w) defined by

S, (@) = % J  Rofennde (5.1)
and the cross-spectral density S, (w) defined by
I * —iwt
S.lw) = o . R, (r)e dz. (5.20)

If we consider only the cross-spectral density in the following, then the auto-
spectral density can be easily obtained by just putting y = x in the resulting
formulae.

Suppose that we have sample functions x(t) and y(t) from two random
processes, each in the form of a continuous record which lasts from ¢t = 0 to
t = T. In what follows it is necessary to assume that we are analysing deter-
ministic (non-random) periodic records of which x(r) and y(t) constitute a single
cycle. Of course this is not really the case, but we shall leave a discussion of the
significance of the assumption until Chapter 11. From these records we can
generate the discrete time series {x,} and {y,}, r=0,1,2,3,...,(N = 1), by
using an analogue-to-digital converter with a sampling time A = T/N. We can
then calculate the DFT's {X,} and {Y} of the discrete time series {x,} and
{y,} given, according to (10.8), by

1 N-1 .
Xk — _ﬁ 2 x'e—l(erkr/N)

[N k=0,1,2...,(N=1). (10.19
Yk — Nr:zo yre—x(Zrzkr/N)

Now consider calculating the cross-correlation function between x(t) and
y(t) from the sampled data {x,} and {y,}. Clearly we can only estimate this for
time lags t which are integral multiples of the sampling interval A and, if we
write R, as an estimate for the correlation function when t = rA, then we can
define

N-1
R, -1 Y X Vees r=01,2..,(N-1 (10.20)
Ns=0

where, since y(t) is assumed to be periodic,

Ys+r = Vs+r-nN when s+r2=N.
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Since the sequence {R,} is periodic, it cannot faithfully represent the (ensemble
averaged) correlation function for the random processes of which x(t) and
y(t) are sample functions. In any case, {R,} is calculated from a single pair of
sample functions and there will be statistical differences between these and the
other functions in the ensembles. To deal with this problem, we define a periodic
or circular correlation function R/(t), which is peculiar to the pair of records
being analysed, and is chosen so as to fit the R, values calculated from (10.20)
so that

R, = R(1 = rA). (10.21)

In Chapter 11 we shall pursue the differences between R.(17) and the true
ensemble averaged correlation function, but for the moment we shall just
assume that we can work with the circular function R (t). From (10.16), we know
that the Fourier transform of this periodic function may be written

2nk n n
Sdw) = Zk:Ské(w - T) for “AT<e<jz (10.22)
where S, is the DFT of the discrete series {R,} defined by
1 N-1 .
Sc =~ 2. Reiram (10.23)
N r=0

and we understand from (10.18) that S_, = S¥, the complex conjugate of §,.
Notice that we have introduced the subscript ¢ to S(w) in (10.22) in order to
remember that this represents the spectrum of a circular correlation function
rather than of the true linear correlation function. The frequency range of
(10.22) is limited by the Nyquist frequency and it is assumed that the sampling
interval is small enough that aliasing does not occur.

We shall now show that the terms S, in (10.23) are related to X, and Y, by
the simple equation

Se = X*Y,. (10.24)

To prove (10.24), we start with the definition of S, as the DFT of the discrete
series {R,}, equation (10.23), and substitute for R, from (10.20), to obtain

l N-1 1 N-1 (2 ke /Ny
S, = — 2 e " i(2nkr
X N rgo {N sgo Xs)’;n}

which, rearranging terms, may be written
1 N-1N-1
S = — X, €
. Nz r=0 s=ZO :
Consider those terms with the variable integer r which are involved in the
summation over r. These may be grouped together as shown below

i( 2mks/N) —i(2nk(s +r)/N)

ys+re

N-1

S, = 1 T x, el I Nil yshe—.'(znunrnlv)} (10.25)
N s=0 N r=0
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If we define a new variable t = (s + r) then the terms in brackets become
(N-1)+s
Z y, e~ 42mkM
t
t=s

which, since we are assuming that the sequence {y,} is periodic with period N
so that yy., = y,, is just Y,. The remaining terms outside the {} bracket in
(10.25) are those in the first equation (10.19) except that the sign of the exponent
is reversed. They are therefore equal to the complex conjugate of X,, denoted
by X¥. The final form

S =X f Y,
then follows from (10.25) to prove the result already stated in (10.24).
We can now summarize progress so far. The calculation procedure involves:

(i) Generating discrete time series {x,} and {y,}, r =0,1,2,...,(N — 1), by
sampling the continuous records at time interval A = T/N.

(ii) Calculating the discrete Fourier transforms (DFT's) of {x,} and {y,}
according to the formulae

e—:’(anr/N)

. (10.19)
X( — N’Z yre—x(anr/N)

wherek =0,1,2,...,(N — 1).
(i) Calculating the discrete series {S,,.}, {S;,.}, {S,x} and {S,,.} from {X.}
and { X} by forming the products

an = XX, Sxyk = X:Yk
S, = Y1X, = VI, (10.26)
The appropriate spectrum is then given by
SAw) = zk:S,‘é(w — &IT—k for —% <w< —g (10.22)

Since this is the spectrum corresponding to a circular correlation function
represented by the series {R,}, it is not the spectrum we are looking for,
but, as we shall see shortly, it is closely related to the true spectrum.

(iv) If, in addition to calculating spectra, the corresponding (circular) correla-
tion functions are required, these can be determined by calculating the
inverse discrete Fourier transforms (IDFT’s) of the spectra to generate
the discrete series {R,, }, {R,,.}, {R,,} and {R,, } according to (10.9)

N—-1
R, = Y Sel?m™ {10.27)

k=0
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wherer =0, 1,2,...,(N — 1), and
R, = R (1 = rA) (10.21)
where A is the sampling interval.
In the next chapter we shall relate the coefficients S, to the true spectrum
S,,(w), investigate the assumptions and errors present in the calculation, and

discuss techniques of smoothing the spectral estimates to improve their
statistical reliability.



Chapter 11

Digital spectral analysis 11:
Windows and smoothing

The procedure described in Chapter 10 for calculating spectral estimates from
discrete time series is based on the definition (10 20) of the correlation function
R, given by

1 N-1

Ro== % Xyurr  r=012. . (N=1 (10.20)
N s=0

where it is implicitly assumed {in the definition of the DFT) that the sequences
{x,} and {y,} are periodic so that

Xeen = X
and (11.1)
Yson = )

Because of this implied periodicity. R, differs from the true correlation function
it is meant to represent. The reason for the difference is illustrated in Fig. 11.1

A where s =

s
789 01 23456
[ T R
10 11 12 13 14 15 16

(—)
Spurious terms

e \]|L S T
LT

due to “wrap aroung”

Fig. 11.1 Effect of “wrap around™ on the calculation of correlation
functions
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for the case N = 10, r = 4. In calculating the summation in equation (10.20),
the first six terms x,y,,, are correct data values for calculating R(t = 4A) but
the remaining four terms only arise because the [y} sequence repeats itself
If we write out the summation required by (10.20) we obtain, from Fig. 11.1

1
R, = E{x0y4 + X1ys + Xa¥6 + X3y + Xays + Xs}’9} +
(11.2)

1
+ E{XG})O + X7y; + xgy, t+ X9,V3}~

The first term in {} brackets is an estimate for R(t = 44) but the second term
in { } brackets has nothing to do with R(r = 4A) at all and is instead an estimate
for R(t = —6A). Both terms are biased estimates for R(t) since the denominator
would obviously have to be 6 (not 10) in the first case and 4 (not 10) in the
second case if we were to find correct mean values in each case. It is therefore
apparent that there are some subtle approximations involved in the calculations
described in the last chapter, and we shall now investigate the nature of these
in some detail.

Relationship between linear and circular correlation
We can begin by considering the general form of equation (11.2), by writing
(10.20) in two parts as
N=1-r 1 N-1
R, =— , = X Veure 11.3
F=N ;0 XY+ Ns=;_, y (11.3)

Since the sequence {y,} is assumed to be periodic, we know that

Vitr = Vstr-n
and so this may in turn be written as
l N-1-r 1 N-1
Rr = N Z XsVs+r + N Z Xsys~(N—r)' (114)
s=0 s=N-r

We shall now relate the two summations in (11.4) to estimates of the
{continuous) linear correlation function R(7) defined by the sample average
T

1
R(t) = R, (1) = ?'[ x(th(t + 1)dt (11.5)
hm'l'(-)mc
for ergodic processes. If continuous records of x(t) and y(t) are available for
time T only, then an approximation for R(t) is
1

R(D) = =t TJ:—tx(t)y(t + 1)de (11.6)
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for 0 € © < T since the available integration length depends on the lag t and
clearly we can make no calculations at all for ¢ greater than the record
length T. For negative lag times, the expression corresponding to (11.6) is

T
R(—r)=T—1_;J x(t)y{t — 1)de (11.7)

forO<t<T

Now consider the case when the continuous signals x(t) and y{t) are not
available and we only have finite sequences {x,} and {y.},s = 0,1,2,...,(N = 1),
obtained by sampling the continuous records at regular sampling intervals A,
where AN = T. The discrete forms of (11.6) and (11.7) are then, where © = rA,

1 N-1-r

Xy.e, for  r=01,2..,(N=1) (118)

§ N-—r $=0
and
R 1 N-1
Ro,= =% xy for  r=012..,(N—-1). (119
—r=

These are consistent estimates of the true correlation functions, since by taking
the ensemble average
1 N-1-r

E[Rr] = N —r ZO E[xsyx-Q-r]
1 N-1-r
=V sgo R(t = rh)
= R(t = rA)

and similarly
E[R_,] = R(t = —rA)

so that the ensemble average of each estimate converges to the true value of
R(7) (for the values of 7 for which R(7) is defined).

Next consider what happens when we substitute from (11.8) and (11.9) into
the definition of the periodic or circular correlation function R, defined by (11.4).
We obtain the result

N-r . N—-(N-r) -
R, =< N )R,+( (N )}R_(N_,, r=0,12..,(N-1) (11.10)
so that R, can be expressed as the sum of two terms which turn out to be
biased (or weighted) estimates of the true or linear correlation function
R(t = rA). If we plot the two parts of R, against an abscissa of lag time rA, then,
for the case N = 10, these might appear as shown in Figs. 11.2(a) and (b).
Since the discrete series {x,} and {y,} are periodic in s according to (11.1), if
we extend the abscissa in Fig. 11.2 outside the ranges =0tos = (N — 1) =9,
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the two functions

N -1l N —(N—7)) 5
v R, and N R_oiv-n

will repeat themselves periodically as shown. If we now join the function

from the period with r negative to the function

(!\! v r) |
———|R,
‘]v

from the next period with r positive, we can obtain the function represented
by the solid heavy line in Fig 11.2(c).

Time delay rA where r =

!34?67
RRRRRY
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Fig. 11.2 Interpretation of the circular correlation function R, defined
by (10.20) as the superposttion of biased estimates h ; R where R,
15 defined by (11.8).

By substituting specific values of r, a httle thought will show that the
equation for points on the solid line, which we will call »,. can be written as

N o= rl -
= ’,,,,,,'MR’ for —N < = N (111
N

r
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In the same way, the two parts of R, from every pair of successive periods can
be joined together, as shown by the dotted curves in Fig, 11.2(c), and we therefore
conclude that the circular correlation function, represented by the periodic
series {R,}, may be interpreted as the superposition of infinitely many biased
estimates

ur=(ﬂ%‘ﬂ)ﬁ, o<|rl <N

of the true linear correlation function R(z = rA), each spaced equal distances
T = NA apart along the lag time axis, Fig. 11.2(c).t
We shall now assume that the discrete time series {1,} has been derived from

a continuous time series (1), where
u, = ult = rA) 0<|7|< T

r

Our next step is then to investigate how the DFT of the periodic series {R,}
is related to the (continuous) Fourier transform of ().

Fourier transform of a train of aperiodic functions
Consider the general problem of Fourier analysing a train of overlapping
identical functions of time u(t), each of which satisfies (4.7), and each of which is

u(t+r) g u(T) u(T=T) etc. o(T=T) u(T-2T)
=

Fig. 11.3 Generation of a periodic function R (t) by the super-
position of a train of aperiodic functions u(t), w(z—7T), etc.. at
spacing T.

spaced time T apart, Fig 11.3. Let R(7) represent the summation of these
functions at any particular instant of time t (the subscript ¢ indicating that
this is the circular correlation function and should be distinguished from the

t An alternative derivation of this result, which may be helpful, is indicated in the first part of
problem 11.5.
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true (linear) correlation function R(t}). Then we can write

RO=ut)+ulr~T)+ur+ T)+ur —2T) + u(t + 2T) + -~
P (11.12)
Y u(t — mT).

m= -

i

Now if R{7) is sampled N times in the interval 0 to T to generate the sequence
{R,}, the DFT of {R,} is
N-1
So=~'Y ReimhM . o012 (N 1) (106)
N Zo
and we know from Chapter 10 that the Fourier transform of R(t) can be
expressed as

n 7
——< —=.

A<@< A (10.22)
Hence, provided that the sampling interval A is small enough that the Nyquist
frequency n/A rad’s exceeds the maximum frequency of significant Fourier
components, then the continuous Fourier transform of R (1) can be accurately
represented by “combs” of delta functions, the area of each tooth of which is
given by the appropriate component of the coefficients of the DFT of {R,}.
More generally, if we define S, = a, — ib, and S_, = S}, where g, and b, are
the coefficients of an infinite Fourier series expansion of (11.12), then

S(w) = i Ské(w—z—;}—( (11.13)

S{w) =Y ska(w - 2%")
k

k= —x
for all w.

But how does the Fourier transform of R.(t) compare with the continuous
Fourier transform of the constituent function u(t), which is what we really
want to know?

Taking Fourier transforms of both sides of (11.12), we obtain

Siw) = 3 2—‘7; ut — mT)e " de

m=-a -

and defining a new variable v = © ~ mT, this may be written as

S(w) = ,,:Z-:a e""”"‘Tz—an:; u(tr')e e dr’
= Yy e T (w) (11.14)

where U(w) is the Fourier transform of (), which is the one we want. At first
sight (11.14) looks rather awkward, but fortunately it can be expressed in the
following alternative form

(11.15)

Siw) = %U(w) 5 6(w - 3@)
ki -

T
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In order to prove this result, consider

as a periodic function of w which can be represented by an infinite trigono-
metric series of the form (10.1) with w replacing ¢. If we calculate the appropriate
Fourier coefficients a,, and b,, according to (10.2) and substitute into (10.1),
then it is not difficult to show thatt

& 2nk T & ;
Sl — === ~iewmT 11.16
k;_:m (w T) anzz_we ( )
which 1s the result needed to go from (11.14) to (11.15).

By comparing (11.15) with (11.13), we have now determined how the
continuous spectrum U(w) we require is related to the coefficients S,, since

2—nU(a)) Z 5(&)—%): Y S,‘é(w—z—@l—(
T o T

11.17)
k=~ T (

and so, by integrating over a small frequency band near w, = 2rk/7, we obtain

%U(w,‘) _ (11.18)

Equation (11.18) is an important result, expressing the continuous Fourier
transform U(w) of the single aperiodic function u(z) in terms of the coefficients
S,. Strictly these are the coefficients of an infinite Fourier series expansion of
R(t), but, as we have seen, they are approximated by the terms of the DFT of
the periodic sequence {R,}.

Basic lag and spectral windows

We are now ready to combine the results of the last two sections to interpret
the meaning of the spectral estimates S, calculated by the procedure described
in Chapter 10.

First, we have found that, when we calculate S, according to the recipe
(10.24)

S = XEY,, (10.24)

we are actually calculating the DFT of a periodic sequence

R = (“1; r)R, ¥ (N — (15 — ’));i_w_,, r=0,1,2...,(N=-1 (1110

where R_ is an estimate of the (linear) correlation function defined by (11.8).

t A rigorous proof is given in Lighthill {46] sect. 5.4.
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Second, the {R,} sequence may be interpreted as an infinite train of overlapping
sequences
N -

4, = — R, 0<|r|<N (1111

at regular spacing N. Third, the coefficients S, obtained by taking the DFT of
{R,} give discrete values of the Fourier transform U(w) of the continuous
aperiodic function «(1) {from which the {u,} sequence is derived) according to
the formula

2
%U(w,‘) =S, (11.18)

where w, = 2nk/T.

Now imagine that we have an infinite ensemble of experimental records to
analyse. We can then carry out the analysis many times for different records,
and average our results. Suppose that we begin by averaging both sides of
(11.11). Since the equation is true for each record separately, the average value
of the Lh.s. must remain equal to the average value of the r.hss, and therefore

N —|r N
fw] = ery o< <.
But we have already shown that R, is a consistent estimate for R(t = rA), so
that

E[R,] = R(z = rb)
and therefore

E[u] = N [_VlrlR(r =rd)  O<|r|<N.

Also we have assumed that the discrete series {u,} has been derived from a
continuous function of time w(t), so that

u, = u(t = rd)

and hence we can put

Elu(z = r)] = K;VMR(I =) 0<|r| <N

This result is true for all values of r within the range 0 to +N, and holds
however small (or large) the sampling interval A. If we put r = 7/A and
N = T/A we can therefore conclude that

E{u(r)] = T—_Tlﬂk(r) 0<izff<sT (11.19)
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Next consider the result of averaging equation (11.18). This gives, after
reversing the order of the two sides,

E(S] = ZE[U@)] (1120

where E[S,] represents the average value of the coefficient S, (which would
be obtained if we carried out the analysis many times and then averaged the
results). E[ U(w,)] represents the average value of U(w,) which we know is the
Fourier transform of (1) so that

U(w,) = if u(t)e et dr
2 - o
and, after taking the ensemble average,
E[U(w)] = %{ J E[u(r)]e e dr.

Combining this result with (11.20), we see that

E[S] = g—;{%{ J.j Efu(t)] e e dr}

which, using (11.19), gives

({1 (T T—|« —ia
E[S,] =7{E{f . T' IR(r)e "”“dr}.

This is the final result we need. By introducing the symbol S{w) to denote the
term in brackets, we can express it more conveniently in the following standard
form:

E(S] = ZT—"S(wk) (11.21)
where
G, l T T - ITI =ikt
S(wy) = ﬂj‘-r T R(7)e dr. (11.22)

From these two important equations we conclude that the calculation pro-
cedure described in Chapter 10 yields a series of coefficients S, which are
estimates of (21/T)S(w,) where S$(w,) is the weighted spectral density defined
by (11.22). The weighting arises on account of the factor (T — |t|)/T in (11.22)
which is described as the basic lag window through which R(7) is “viewed” by
the calculation procedure.

We shall now consider how the weighted spectrum $(w) compares with
the true spectrum S(w). To keep this part of the analysis general, we consider
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any symmetrical lag window w(t), restricted only in that we shall specfy
wi(t) = w(—1)
w(t =0) =1 (11.23)
and
Jm |w(t)| dv < <c.
For this lag window the corresponding weighted spectrum S(w) is defined by

Ste) = 5- © WoRE) e dr (11.24)

-«

compared with the true spectrum which is defined by

-

S(w) = o J R(t)e™"" dr. (5.1)
2n .
If we introduce a new quantity W{w) which is the Fourier transform of w(r)
defined by
_ L
2n |-

then we can express w(t) as the inverse transform of W({w) according to

Wiw) w(t)e  ‘dr, (11.29)

Wt) = j W(w) ¢ do. (11 26)

We shall now use the latter to substitute for w(t) in (11.24). To avoid confusing
the two w’s, we first put w = w, in (11.26), and then obtain

S(w) = il;‘r {Jx W(wl)e”‘“‘dw,}R(r)e“‘“dr,

- =0

Since the separate integrals converge they can be rewritten as

g((l)) = J.‘r d(i)1 ”/(wl){z_l{: J.w dr R(t)e—,‘(u—wnr}

- o

which, using the definition of S(w) given by (5.1), can in turn be written as

S(w) = J © dw, W(w,)Slo — o). (1127)

—

Finally, if we change the variable of integration to Q = (w — w,), we obtain

S(w) = J - (—dQW(w — Q)S(Q)
or -
S(0) = J © Wiw - 989 do (11.28)

-
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so that the estimated spectrum S(w) turns out to be a smoothed version of the
true spectrum S(w). Smoothing has the same form as that already discussed in
Chapter 9 (see equation (9.26)). Since w(t) has been chosen to be an even
function of 7, then W(w) will be an even function of w (see Chapter 5) and so an
alternative version of (11.28) is

Slw) = r WQ — )SQ)dQ (11.29)

which is identical with (9.26). This is a most important result. It is true for any
even function w{t) whose Fourier transform is W(w). The only extra restriction
is that, if the spectral weighting function W(w) is to be normalized so that

'[ W(w)dw =1 (11.30)
in agreement with (9.27), then from (11.26) we must have w(t = 0) =1 as
already specified in (11.23).

For the calculation procedure described in Chapter 10 we have seen that a
certain lag window is automatically introduced and is inherent in the pro-
cedure adopted. From (11.21), this is given by

|f|}
1 -= for O0<|t|<T
w(t)={{ T

0 elsewhere (11.31)

where T is the length of the records being analysed. It is called a triangular lag
window for obvious reasons, Fig 11.4{a). The basic spectral window W(w)
corresponding to this w(t) is given by

! ’ |T| —iwt
W(w)—ﬂj_r{l—?}e dt

T
=1J {1 —l}coswtdr
7 o T

T [sin(wT/2)\?
21\ wT)2

= (11.32)

and the shape of this function is shown, approximately to scale, in Fig. 11.4(b).

The position is therefore now as follows. We have set up a procedure in
Chapter 10 for using the DFT to calculate a series of spectral coefficients S,
(10.19) by the so-called “direct method”. Estimates of the smoothed spectrum

S(w) are given at frequencies w, = 2nk/T by, from (11.21),

s T
S(wy) = %S,( (11.33)
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and the smoothed spectrum S(w) is related to the true spectrum S(w) by

S(w) = J " W@ - 0)SQ)dQ (11.29)

where the window function W{w) is given by (11.32) and shown in Fig. 11.4(b).

(a) (b) b W(w)
I
wiT)
10
T
-7 ol T
e w
—4r ~2r
T T
218, |
Legend = record length (seconds)

T
T = correlation function lag time (seconds)
w = angular frequency (radians/second)
w = lag window function (dimensionless)
YW = spactral window function (seconds)

B, = effective bandwidth of spectral window
(cycles/second)

Fig. 11.4 Basic lag and spectral windows for spectral analysis by the direct
method (see chapter 10)

Ideally W(w) would be a rectangular window of the form shown in Fig. 9.5(b)
because we would then know that S(w) was a simple average value of the true
spectrum S(w) in the immediate vicinity of w. In fact the triangular lag window
w{t) inherent in our calculation procedure yields a spectral window which
weights adjacent values differently. However spectral components at frequencies
further than 2n/T rad/s from the centre frequency contribute very little to the
smoothed value S(w), (see Fig. 11.4(b)) and the width of the window can be
made narrower by increasing the record length T, so that the non-uniform
weighting implied by (11.32) is not usually a problem. A much more serious
problem is the accuracy of the spectral estimates we have obtained, and we turn
to this question next.
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Smoothing spectral estimates

In Chapter 9 the accuracy of a spectral measurement was shown to depend on
the effective bandwidth of the measurement B, (Hz) and the record length T (s).
If ¢ is the standard deviation of a measurement of (auto) spectral density
whose mean value is m, then we know from Chapter 9 that

o |

g
m~ J(BT)

(9.29)

provided that the spectrum is changing slowly over frequency intervals of
order 1/T. In the case of a measurement of the cross-spectral density between
two processes x(t) and y(t), the same formula can still be used and now
indicates an approximate upper bound on ¢.T However in this case mis no longer
the mean value of the measurement (which may be zero) but instead is given by

m= J(mm)

where m, and m, denote the mean values of the auto-spectral densities of the
x{t) and y(t) processes. Also, since cross-spectral density is in general a complex
quantity, the standard deviation ¢ now applies to measured values of the real
and imaginary parts taken separately. Notice that, although the cross-spectral
density between two uncorrelated processes is zero, estimates of this quantity
will be scattered about zero with variance depending on the auto-spectral
densities of x(t) and j(t).

In order to apply (9.29) we need the bandwidth of the spectral window W(w)
since we are forced to calculate spot values of S(w) which are the result of
smoothing the true spectrum S(w) by W(w). From (9.28), the effective band-
width of a spectral window is defined by

1
B, = = Wiw)do (11.34)
and in the literature values of B, have been exactly calculated for a variety of
spectral windows including (11.32). It turns out { that

1
B ~—H 11.35
= He (1139

is a satisfactory approximation for most practical calculations (see Fig. 11.4(b)).
In this case, from (11.35)

B, T~1 (11.36)
so that, from (9.29),

(11.37)

1

3iaQ

t Bendat et al. [3] p. 188. See also Jenkins ez al. [39] p. 378.
1 See, for instance, Blackman et al. [5]
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and the standard deviation of the measurement is equal to the mean value,
which means that accuracy is very poor. If the distribution of measured values
of $(w) can be represented approximately by a chi-square distribution, as
suggested in Chapter 9, then. from (9.37), the number of statistical degrees-of-
freedom k in z2 will be only 2. Furthermore increasing the record length T, so
that more data is analysed, does not make any difference. This is a surprising
result, because it is natural to expect that if we analyse more data we shall
achieve greater accuracy. However the reason is simple. As T becomes longer,
the spectral bandwidth decreases, and the product (bandwidth) x (record
length) remains the same. Although we analyse more data, the width of the
spectral window decreases proportionately, so we achieve better resolution but
only the same accuracy.

In order to improve the accuracy of our results the only thing to do is to
average adjacent estimates of the smoothed spectrum S(wk). According to (11.33),
we use (T/2n)S, as our first estimate for S(w,) at frequency ©, = 2nk/T.
A convenient and simple recipe for improving this estimate is to calculate the
arithmetic average of several adjacent estimates. For instance if S(w,) is the
result of averaging three adjacent values of S(w,) then

S(wy) = 3{S(we- ) + S(w) + S(y.1)} (11.38)

and, in the general case, if 2n + | adjacent values are averaged, we obtain

S =5 3 Sopen): (11.39

m=—n

The spectral window through which S(w,) “views” the true spectrum S(w)
can be obtained quite simply by substituting from (11.29) into (11.39) to obtain

S(w,) = 2—5% 3 WQ - o,.,)SQ)dQ

® ( n (11.40)
= —_ W(Q — wy. ) S(Q)dQ
L{ZH L 3 wa-enlse
The weighting function in {} brackets is just the linear superposition of
(2n + 1) basic spectral windows W(Q) spaced Aw, = 2n/T apart along the
frequency axis, and divided by (2n + 1) to keep the total window area
normalized to unity. For the case (2n + 1) = 3, equation (11.38), the shape of
the resulting spectral window is sketched in Fig. 11.5.

The equivalent bandwidth is now (2n + 1) 2n/T instead of 27/T so

n=

corresponding to (4n +2) statistical degrees-of-freedom for a chi-square
distribution. Once again statistical accuracy can only be obtained at the
expense of frequency resolution.
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b 2w )
20+t w W=,

=-n

I for n=1, W, =0
3 (seconds) k

61 Angular frequency
T w (rad/s)

Fig. 11.5 Equivalent spectral window after averaging three adjacent spectral
estimates according to equation (11.38)

Extending record length by adding zeros

The raison d’étre behind the calculation procedure set out in Chapter 10 and
analysed in this chapter, is the fast Fourier transform (FFT). As already
mentioned, this is a highly efficient computer algorithm for calculating discrete
Fourier transforms, and we shall discuss how it works in the next chapter.
One feature of most FFT algorithms is that the length N of the sequence of
data points to be analysed (for instance the length N of the sequence {x,},
r=20,12...,(N — 1)) must be a power of 2, i.e. N = 2" where n is a positive
integer. In many practical applications, where N is large, this will not be the
case because the length of available records and the choice of a suitable
sampling interval A will not work out to give N = 2" Rather than aban-
doning part of the data to reduce N to the nearest lower power of 2, it is
better to add zeros to the data to increase N to at least the next higher power
of 2. As well as permitting computer library programs for the FFT to be used.
this also brings certain other advantages which we shall now investigate briefly.

Suppose that each sequence to be analysed has N data points and L
additional zeros, so the length of the sequence is now (N + L). Consider
calculating the cross-correlation function

+

1 N+L-1

R, = X
r N + L 5 sys+r

(10.20)

for the example illustrated in Fig 11.6 where N = 10 and L = 6. For the case
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Time t=sA where s=

© (@ 4 (8 (@ (10) (12)
-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
i rtrrrr ettt e e

[ [ I B

-

t=sA

u - —n

Fig. 11.6 Calculation of correlation function from data extended
by additional zeros

r = 4 shown, there is no overlap from one period of the sequence to the next
period and

l6s=0
=(N—');§, r=4N=10L+N=16 (1141
N+ L
where, from (11.8),
. 1 N—-1-r
R =<— Z:O XeVsor- (11.42)

There will be no overlap for other values of rupto r =6, but for r = 7, 8, 9
there will be overlap and

N—-r\_ N-(N+L—r))-
R = R +|—————=—R_yip-s =789 11.43
, (N+L)'+( N1 L (N+L~r) (r ) ( )

corresponding to (11.10). For r = 10 to 15 there will again be no overlap,
so that

N—-—(N+L-rj\_.
R,=(-—N+—L———)R_(N+L-,) (r=10,11,12,13,14,15).  (11.44)

The circular correlation function R, may therefore be interpreted, following
Fig 11.2, as a train of overlapping correlation functions

N —|r\4

——IR,, —-N<r<N,
(N + L) " r

each spaced (N + L) points apart, Fig. 11.7. If we now follow the same line of

reasoning as already described for the case of no additional zeros, we conclude

that the coefficients S, calculated by determining the DFT of R, give
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Time delay rA where r =

-16 -14 12

-10-8 -6 -4 -2 0 2 4 6 8 10 12 14 16
T T T O S A A A

| B A

UL
\ N=|rlya
(% T )R, for-N<rsN

Fig. 11.7 Graph of circular correlation function R, plotted against
lag time r4 for the case N = 10 data points, L = 6 added zeros (see
Fig. 11.6). R _can be interpreted as the superposition of biased estimates

[;\Illlzl R, (equation (11.8)) each running from —N <r < N and

spaced (L + N) points apart

approximate values of the continuous Fourier transform $(w) according to the
formula

. T
~ L 1.4
S(en) = -8, (11.45)

where the record length T, = (N + L)A. However in this case S(w) is related to
the true spectrum S(w) by, corresponding to (11.29),

S(w) = Ni ; [j W(Q — )S@Q)dQ (11.46)

where, if T = NA, then from (11.32),

sin(wT/2)\?

w —T(
© =T

(11.47)
so that the effective bandwidth of the basic spectral window remains
approximately 1/T Hz.

The frequency spacing between adjacent spectral estimates S, is now closer
than before (27/T, = 2n/(L + N)A rad/s apart) although the bandwidth of
the basic spectral window (2n/T = 2r/NA rad/s) is not affected by the number
L of additional zeros. When adjacent spectral estimates are averaged to improve
statistical reliability according to (11.39), the resulting equivalent spectral
window is now the result of superimposing the required number of basic
spectral windows spaced 2n/T; apart and therefore overlapping more than
shown in Fig 11.5 (which are 2a/T apart). Since the overlap is more, the
“ripple” along the top edge of the window is reduced and the “fall-off” at each
side of the window is slightly improved.}

tSee, for instance, Cooley et al. [10].
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The total effective bandwidth of the (2n + 1) overlapping spectral windows
is now approximately

(2n + ])?I'l rad/s

L
since the windows are 2r/T, apart (for this purpose we neglect the difference
between 2n/T; and 2n/T for the two outside halves of the windows at the two
edges of the composite window). The record length of data is still T and so

[N 1 _ 1
m~ J(B,T)  J((2n + DT/T))

which, from (9.37), implies that the number of degrees-of-freedom for a chi-
square distribution would be

(11.48)

T
k= (4n + 2)?’_4

In order to separate completely the two overlapping parts of the linear
correlation function in Fig 11.7, the number of additional zeros L must be
sufficient that

L>2N-1 (11.49)

If the correlation functions are required. these can be computed as described
in Chapter 10, by taking the IDFT of the corresponding S, sequences and.
provided enough zeros have been added to satisfy (11.49), we then know that
the discrete values R, so obtained are the result of carrying out the summations

l N=-1-r

= Xy, r=012. (N—=1. 11.50
TNTD L X, ) ( ) ( )

Summary

At this point the reader will hardly be surprised to hear that digital spectral
analysis has become a highly developed field and that there are many specialist
publications in the literaturet dealing with different variations of the basic
procedure. However for many practical applications the procedure outlined in
Chapter 10 will prove adequate and we can now summarize all the essential
steps in determining spectra by digital analysis.

1. Estimate the frequency range of interest and the maximum frequency of
significant spectral components in the signals to be analysed. If necessary
filter the signals to remove excessive high frequency components.

tIn addition to [10] there are many important papers by Cooley, Lewss and Welch. These
include [11] and [14]. See also other references quoted in the next section and those on the fast
Fourier transform in Ch. 12.
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. Choose an appropriate sampling interval A (s) so that the Nyquist frequency

1/2A (Hz) exceeds the maximum frequency present and is at least (say)
twice the frequency of interest.

. Decide the required accuracy g/m.

Estimate the required frequency resolution and hence specify the maximum
effective bandwidth of the calculation B, (Hz).t

. Calculate the required record length T (excluding any added zeros) from

the formula

o1

g
m~ JBT)

Determine the number of data points N = T/A which must be obtained
by sampling each record.

. Find the number of added zeros L needed to increase the length (N + L)

of each sequence of data points to the nearest power of 2.

. Determine the number (2n + 1) of adjacent spectral estimates which must

be averaged (with equal weighting) to give the required bandwidth
according to the formula (from (11.48))

N
(2n + 1)(m) = B,T.

. Execute the calculation procedure set out in the last section of Chapter 10

including an extra step to adjust the data sequences to zero mean (to avoid
difficulties with the spectral density becoming very large at zero frequency}
as follows:
(i) Generate the discrete time series {&,} and {v,},r = 0. 1,2, ....{N — 1),
by sampling the records at time interval A = T/N.
(i1) Calculate the mean values
1! 1
u=— u and )= — .
N r=0 ’ N r=0 "
(iii) Generate the new sequences {x,} and {y,},r =0,1,2,..,(N + L — 1),
where

=u —u for r=012...,(N=-1)

L, =0 for r=NN+1),..,(N+L~-1)
and

y,=v,—10 for r=0,1,2...,(N-1)

y, =0 for r=N(N+1),...,(N+L-1).

Both {x,} and {y,} now have zero mean values and have been extended
by L additional zeros.

t See the example calculation following this section.



144 Digital spectral analysis I1: Windows and smoothing

(iv) Calculate the DFT's of the series {x,} and {y,} according to the
formulae

| N+L-1
X, = Z x_ e~ i2nkr/N+L)
r

—u(2nkr/N+L)

4

Yre

l N+L-1
N+ L LS
wherek =0,1,2,...,(N + L — ).

(v) Calculate the required series of spectral coefficients {S,} by forming
the appropriate products
Sx.xkle?Xk Sxyk___X:Yk
Syxk = Y:Xk Syyk = Y:Yk ’
k=012..,(N+L—-1).
(vi) If needed, the corresponding (circular) correlation functions R, can be
obtained by taking the IDFT of {S,} according to

r

N+L-1
R = Z Sk ei{anr/N+L]
)
k=0

r=012,..,(N+L—-1).

10. Calculate estimates of the continuous spectrum from the formula (11 45)
- T,
S(w) = 58

(where w, = 2nk/T; rad/s and T, = (N + L)A). The range of & is now
adjusted to run from

N+L) (VD)
2 2

where S_, = S¥. The reason for this is to restrict the range of w to

—n/A < w < n/A since n/A is the Nyquist frequency and w, = n/A when

k = (N + L)/2. This change does not involve losing any information since

values of S, in the range (N + L)/2 < k < (N + L) just repeat values in

the range 0 < k < (N + L)/2 (see equations (10.17) and (10.18)).

11. Modify these estimates to correct for the added zeros by multiplying by a
correction factor (N + L)/N, equation (11.46), to give

N N + L
o= 5

wherek =0, +1, +2...., +(N + L)/2

12. Carry out final smoothing by calculating the average of adjacent spectral
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estimates according to (11.39), which becomes

R 1 no
S(w,) = =] Z S(Wysm)
where
o, = ﬂ _ 2nk
T T, (L+ NA

k=0, £1, £2, ..., +(N + L).2. Values of $'(w,.,) for |k+m| >
(N + L);2 are assumed to be zero. The result is a set of ordinates for a
smoothed graph of S(w) against w over the [requency range —n/A < w <
n/A (rad/s).

xample
Choose a suitable record length and sampling interval for digital (auto)
spectral analysis of a continuous time series in which the maximum
significant frequency component is 500 Hz (c/s) and it is necessary to
achieve a resolution of 1 Hz in the frequency range of interest which is
100 to 200 Hz.
The Nyquist frequency 1/2A = 500 Hz, so that

A = 0001s.
Suppose that we want to achieve sufficient accuracy that
a.!1
m 3
Then, from (9.29),
]
T ey

where B, is the effective bandwidth and T is the record length. In order to
resolve a frequency difference of | Hz, the effective bandwidth should
certainly not exceed 1 Hz and preferably should be less. Suppose that
we put

B, ~ 1 Hz.

Then the required record length is

T=>=18s.

o= \O

We shall therefore need N = T,A = 18000 data points and have to add
L = 14768 zeros to make

(N +L)=2'3

as required by most FFT algorithms.
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Spectral estimates will be spaced /T, Hz apart where

N+ L 32768
T, = ———T ="—=——-(18) = 33s(approx.).
L N = 5000 ¥ (approx.)
If we average (2n + 1) adjacent estimates, the bandwidth of the averaged
estimate is approximately

I
—H
(2n + l)33 z

and if this is to equal 0-5 Hz approx. we obtain (2n + 1) = 16 approx., and
so n = 8 (nearest higher integer value).

Hence we conclude that 18s of data requires analysis at a sampling
interval of 0-001s, that the total record length must be increased to
approximately 33 s by adding zeros to give 2'3 data points, and that final
smoothing should involve averaging every 17 adjacent spectral estimates.
The graph of the required spectrum will then have ordinates spaced
1/33 = 0-03 Hz approx. apart, each value will be the result of smoothing
over 0-5 Hz. and the frequency range will run from —500 Hz to +500 Hz.

The units of the resulting spectral estimates will be those of (mean
squarej/(rad/s) and, to convert to (mean square)/(Hz) for positive frequen-
cies only, must be multiplied by 47 as explained in Chapter S.

Practical considerations

Before leaving this subject. we should mention some practical “tricks-of-the-
trade” for improving the accuracy of spectral estimates. The first involves using
a tapered data window to smooth the data at each end of the record before it is
analysed (which has the cffect of sharpening the spectral window): the second
is a method of correcting for slow trends in the recorded data; and the third is a
method for shaping the spectrum before analysis called prewhitening.

Before carrying out DFT calculations it may be desirable to modify the data
first by weighting the middle of the record more heavily than the two ends. The
procedure is to multiply the series {x,} by a weighting function {d,} which is

dft)

q(t)=3 (1-cos 125t ytor 0 < 1 < 1o

)

107 (t- %)
1 i r

d(r)=-12-(1+°°5

: 97 < <7
7, ¢ 97, for /O\t\
0(!)—1'0 for 710 St\ 710 !

o
~
~
~

|
I
10

-
o

Fig. 11.8 Cosine taper data window after Bingham er al. {4], where
d, = dt = r4)
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zero at r = Oand r = N and rises smoothly to a maximum in between. A cosine
data taper function is often used and an example of this is shown in Fig. 11.8.

We can think of this operation as smoothing the discontinuity at the two
ends of the record. Remember that, when using the DFT, we are effectively
calculating the Fourier coefficients of a periodic function of which x(t),
0 <t < T isa single cycle. The data window smooths discontinuities at the
“joints” of the periodic function.

A considerable amount has been written about data windows, and there are
contrary views about whether to use a tapered window or not, and, if so, what
shape this should have (Sloane [65]: Otnes er al. [52]). As shown in problem
1.5, the basic spectral window of Fig. 11.4 is modified by non-uniform data
weighting before analysis, and the application of a tapered data window
slightly improves the shape of the resulting spectral window. It does so at the
expense of a slightly increased effective bandwidth and of a slight reduction
in the statistical accuracy of the resulting spectral estimates. However the
spectral window W(w) can be significantly improved in the sense that, when w
is large, W(w) — 0 faster when a data window has been used than without one
(Cooley et al. [ 10]). Although the basic spectral window, Fig. 11.4, can always be
“sharpened” and made to decay towards zero faster by increasing the record
length T, a judiciously chosen data window may be valuable when only a
limited- length of record is available for analysis.

The advantages of different window shapes have been discussed in the
literature (Durrani et al. [25], Harris [83]) but it appears that, if the purpose is to
obtain a spectral window whose “tails” decay rapidly to zero, then the Bingham
window shown in Fig. 11.8 may be perfectly adequate. It is shown in problem 1 1.5
that, il the input data x, is modified by a weighting function d, before analysis, the
resulting spectral estimates must be divided by

N-1

1S 2
N r=ZO d’

to correct for the loss of amplitude caused by the data taper.

We have seen that it is necessary to normalize the time series being analysed
so that it has zero mean in order to avoid difficulties with a large spike in the
spectrum at w ~ 0. On account of the blurring effect of the finite spectral
window, this spike would falsely distort the nearby spectral estimates and so
lead to errors. If there is a slow drift on the sample time series being analysed,
due perhaps to instrumentation errors which have nothing to do with the
process being studied, this also distorts the spectrum falsely in the region of
zero frequency. Methods for compensating for such slow trends in the data
involve calculating averages over a part length of the sample record at its
beginning and over the same length part at its end (usually ¥ of the record is
suggested) and then assuming that the average varies linearly from one end of
the record to the other end, and normalizing the raw data accordingly to
subtract out this linearly varying mean. The reader will find more details in
specialist texts on spectral analysis, but this is essentially a semi-empirical
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correction and perhaps the best advice for someone needing good accuracy at
very low frequencies is to remove all sources of spurious drift before taking
measurements rather than hoping that drift will be linear and relying on a
correction to the data after measurements have been taken.

The process of “prewhitening” involves operating on raw data before spectral
analysis in such a way that the processed data has an approximately flat
spectrum. Normalizing to zero mean and correcting for slow trends are two
examples of this. Such initial processing of data before analysis is carried out
for two reasons. One is that, because large peaks in the spectrum are reduced,
spectral “leakage” due to the imperfect shape of the spectral window is reduced.
The other arises because the standard error of a measurement, g, is proportional
to the mean value of this measurement, m (see equation (9.29)). The variance
of a large spectral estimate is therefore proportionally more than the variance
of a small estimate. By whitening the spectrum before analysis, the estimated
spectrum can be given uniform accuracy at all frequencies.

In order to carry out prewhitening, it is necessary to estimate first the
spectrum of the unprocessed data, and then, having determined the location
and magnitude of the spectral peaks, to devise digital filters to “whiten” the raw
data and then “recolour” the estimated spectrum. This is itsell a specialist
subject and the reader is again referred to the specialist texts.t Again we should
perhaps note that a more straightforward way of improving accuracy is to
analyse a longer record length, provided of course that this is available or can
be obtained.

A source of error in digital calculations that we have not previously con-
sidered is the quantization error which occurs in the process of analogue to

x(t)
' — r
’ be
Nearest discrete e
quantization level €
. - €
) ’ [
’ €
€
€
0 rA | time t
t

Fig. 11.9 Quantization of an analogue signal
digital conversion of a time series. This arises when a discrete value x, is
rounded off to the nearest quantization level, of which there can only be a

finite number, Fig 11.9. Typically an A to D converter might have a digital

} See, for instance, Gold et al. {29].
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output with a word length of 9 binary digits (bits). One bit would be used to
indicate the sign of x,, whether positive or negative, and 8 bits to represent its
quantitative value. The maximum discrete value available is then

(L), =27 +20+2% +2%+2% +22 42" +20=255

and, if the spacing between discrete levels is g, Fig. 11.9, the full range of the
signal is 255¢. The maximum error due to rounding is +3¢ and the quantizing
error of a full scale reading is hence limited to +(0-5/255)100 = +0-2 per cent.

A complete error analysis for A to D conversion would consider equipment
errors (involving the stability of the quantization levels and the transient
response of the equipment to rapid changes of input) as well as quantization
errors arising due to round-off. However with modern equipment, errors
introduced in the conversion from analogue to digital form are generally
negligible compared with the experimental accuracy of the original analogue
signal.t

}See, for instance, Hoeschele, Jr. [36] and Watts [67].



Chapter 12

The fast Fourier transform

Basic theory

The fast Fourier transform (or FFT for short) is a computer algorithm for
calculating discrete Fourier transforms (DFT's). We have seen that the DFT
of a finite sequence {x,}, r = 0, 1, 2, ..., (N — 1), is a new finite sequence {X,}
defined as

X, ,LV i eTimM = 0,1,2,...,(N — 1). (103)

If we were working out values of X, by a direct approach we should have to
make N multiplications of the form (x,) x (e™“*™"™) for each of N values of
X, and so the total work of calculating the full sequence X, would require N2
multiplications. As we shall see shortly, the FFT reduces this work to a number
of operations of the order Nlog, N. If N = 2'5, as required in the example
calculation in Chapter 11, N* =~ I-1 x 10° whereas Nlog, N = 49 x 10°
which is only about 1/20C0th of the number of operations. The FFT therefore
offers an enormous reduction in computer processing time. Moreover there is
the added bonus of an increase in accuracy. Since fewer operations have to be
performed by the computer, round-off errors due to the truncation of products
by the limited word size (limited number of avatlable digits) of the computer
are reduced, and accuracy is accordingly increased.

The FFT works by partitioning the full sequence {x,} into a number of
shorter sequences. Instead of calculating the DFT of the original sequence,
only the DFT’s of the shorter sequences are worked out. The FFT then
combines these together in an ingenious way to yield the full DFT of {x,}
This sounds complicated but actually the logic is surprisingly simple.

Suppose that {x,},r = 0,1.2,....(N — 1) is the sequence shown in Fig. 12.1(a)
where N is an even number and that this is partitioned into two shorter sequences
{y,} and {z,} as shown in Fig 12.1(h) where

}” = x2'

r=0,12..,(N2-=1). (12.1)

Z, = X2, 41
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(a) x X2 xs
Xo{-\ .
X‘ /
1 |

Y1=X3 z

05"
yo=xo m Z3=xq
=X
| A P

Fig. 12.1 Partitioning the sequences {x,} into two half sequences {y,} and {z,}

The DFT’s of these two short sequences are Y, and Z, where, from (10.8),

1 NI2-1 —:l’i’-
Y, = /) Y ye'wm
r=0
| M2 - k=012_..,(N2-1). (12.2)
Z = N2 z, e~
r=0

Now return to the DFT of the original sequence {x,} and consider rearranging
the summation into two separate sums similar to those occurring in (12.2). We
first separate the odd and the even terms in the {x,} sequence to obtain

N-1

N/2-1 _ 2z Ni2-1 2 !z,:”)k
=3 X2, € N + Z X2r+1€ N N
r=0 r=0

Then, substituting from (12.1),

1 (M2 amk Do M2TU
Xy =— Z ye'va + e Z z, €7 ')

N r=0 r=0
from which we can see by comparison with (12.2) that
X, = 3{Y, + e WM Z,} (12.3)

for k=0,1,2,..,(N/2 - 1)

The DFT of the original sequence can therefore be obtained directly from the
DFT’s of the two half-sequences Y, and Z, according to the recipe (12.3). This
equation is the heart of the FFT method. If the original number of samples N
in the sequence {x,} is a power of 2, then the half-sequences {y,} and {z,} may
themselves be partitioned into quarter-sequences, and so on, until eventually
the last sub-sequences have only one term each.
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The “recipe” (12.3) only applies for values of k between 0 and N/2 — |, i,
it only applies for half the coefficients of the {X,} series. But we need X, for k
running the whole way from 0 to (N — 1). There is therefore an additiong)
half to the recipe for N/2 < k < (N — 1) which takes advantage of the facy
that, as explained in Chapter 10, Y, and Z, are periodic in k and repeat
themselves with period N/2 so that

Y;‘—N/z = Y;z
and (12.4)
Zk—N/Z = Z,.

The full computational recipe for calculating the values of X, from Y, and Z, is

X, = HY, + e Z3 for k=0,1L2...,(N2-1
. ’ (12.5)
Xo=${Yopy + €7 Z, 0} for k= N2 (N2 + 1), (N - 1)

or, if we only permit k to run from 0 to N/2, then an alternative equivalent
recipe is

k=0,1,2,...,(N/2 - 1) (12.6)

which, making use of the fact that e™™ = —1, can be simplified to
X =3{¥ +e7 2V Z,}
Xewra = MY, — e i2nkim 7, ) k=0,12,...,(N/2— 1) (12.7)

Finally, if we define a new complex variable W where
W = e 2™ (12.8)
we can obtain the so-called computational “butterfly”
X, =Y.+ Wz}
Xesn = H % — WZ,) k=0,1.2,....(N2-1) (12.9)

which occurs in most FFT computer programs.

Sample calculation

In order to illustrate the FFT “in action™ we can consider a simple case in
which the original sequence x, has only a few terms, and work through the
whole calculation. For instance, suppose that {x,} has only four terms. This
can be partitioned into sub-sequences as shown in Fig. 12.2 until the “one-
quarter” sequences have only a single term each. If we consider the basic
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Sample calculation
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definition (10.8) of a DFT, it is evident that, if there is only one term in the
sequence {x,}, then
1 N-1 . ,
X, = N x, e 2N — o for N=1r=0andk =0 (12.10)
r=0

so that the DFT of a single term sequence is equal to the term itself We
therefore automatically know the DFT's of the “one-quarter” sequences and
have only to combine these in two stages to find the DFT of the original
sequence, as illustrated in the lower half of Fig. 12.2. If, with the notation in the
figure, the DFT’s of the four quarter series are

{T} = xo, {Ud =x, {(W}=x1, (W} =x;

then we can use (12.9) to combine {T,} and {U,} to give {Y,} and similarly to
combine { ¥} and { W} to give {Z,}. Since, in thiscase N/2 = |, W = ¢~ {2vM _

e” " = —1, and so, from (12.9)

Yo = #{xo + x,} Zy = Hx, + x5}
Yy = 4{xo — x5} and Z, = Yx, —x,) (12.11)
For the second application of (12.9), N/2 = 2, and W = e 2"V = ™72 = _
so that
Xo =13ixo + x5 + x; + x3}
X, = %{Xo - x; — i(x; — Xa)}
X, = 4xo + x; = (x, + x3)} (12.12)
Xy =4{xo — x; + ilx, = x3)}.

By referring to the definition of { X, } given by (10.8), it is easy to check that this
is the result that would have been obtained by just substituting the four values
of {x,} into (10.8).

These steps of progressively combining the single term DFT’s to generate
all the terms of the DFT of the original sequence are conveniently shown by

X0 X, x4 X3 DFT's of single
term sequences

DFT's of two
term sequences

4Xg 4x, 4x, 4X3 DFT of four
term sequence

Fig. 12.3 Butterfly signal flow graphs illustrate successive steps
in the FFT algorithm
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«putterfly” diagrams, Fig. 12.3. The upper two “butterflies” represent equations
(12.11) and show how {Y} and {Z,} are generated from the four single-term
DFT’s x¢, X5, X; and x3. A dot on the butterfly represents a variable and the
arrows terminating at this dot indicate which other variables contribute to its
value. The contributions are all additive unless a multiplier (such as —1 to
indicate subtraction) appears close to the appropriate arrowhead. The lower
two overlapping butterflies in Fig. 12.3 show how the DFT {X,} of the original
sequence is generated from {Y,} and {Z,} according to (12.12).

This application of signal flow graphs. as they are called, is most helpful in
indicating the logical steps in an FFT algorithm written to accommodate an
initial data sequence of arbitrary length and we shall therefore now pursue this
approach in more detail.

Programming flow charts

Consider the case when N = 2" and the initial data sequence has been
successively partitioned into sub-sequences to give N single term sequences.
To save dividing by 2 at every stage of the calculation, as required by the recipe
{12.9), we can divide by N at the beginning. Assume that this has been done
and let the resulting single terms (in their new order) be called ay, a,, a;, ..., ay.
Incidentally, we begin with a, rather than a, because it is not customary to use
zero subscripts in computer programming languages. In Fig 12.4, the top row of
separate butterflies indicates how these terms are combined in pairs, according
t0 (12.9), to give the DFT's of corresponding two-term sequences. Rather than
calling these DFT’s { Y}, {Z,}, etc, as in Fig. 12.3, we really do not need to
invent any new names and can just write these values into the same registers
(or computer pigeon holes) from which the original values were taken, since the
original values are no longer needed for further computation. We thereby
economize on computer storage space. As long as we understand that the new
values a,, a,, a,, .. ., ay are now components of the two-term DFT’s, the meaning
of the top line of Fig. 12.4 should still be clear.

In the second line of the figure, each butterfly involves alternate terms in the
ay, a,, as, ..., ay sequence and the multiplier W, = e "2 appears on appropri-
ate arrows as required by (12.9). In the third line, the butterflies are 22 terms
wide and the multiplier W; = e~ ™* appears in ascending powers up to W3.
In the fourth line, the butterflies are 2° terms wide and W, = e~ ™® appears
in powers up to W], and so on.

A logical path through the calculation is to proceed sequentially from one
row of butterflies to the next. For row m, data points are taken in groups of 27
and each butterfly has a width of k = (2™ = 2™~ . The multiplier (or “twiddle
factor™ as it is sometimes called) is now W, = e™"™* and it occurs in powers up
to W% 1 One approach is to calculate values of

_ o .. mr
Wr = e "k = cos =~ — isin—

k k
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and then to store these values in the computer memory for use when needed.
However this involves a large number of sine and cosine evaluations and uses a
considerable amount of storage space. An alternative approach is to calculate
only one value of the twiddle factor (for » = 0) at each stage of the calculation
and then generate the others by continuously multiplying the initial value W,
by itself to yield W2, W), etc. This means that the initial value must be
accurate enough that, when raised to its highest power, there is still adequate
accuracy. Typical programming systems permit function evaluations (including
sine and cosine) to at least eight significant figures. For the last step of a
calculation on a sequence of length 2" the highest power of W, = W, is
(k—1)=(2"""' = 1). For n = 1S this is approximately 1-6 x 10* and so W%*~1
is still likely to have adequate accuracy for sequences of medium length.

A programming flow chart to carry out the calculation described above is
shown in Fig 12.5. The flow convention is from top to bottom of the chart
unless otherwise indicated. The logical operations shown are followed in order,
and an arrow pointing to the left means that the expression on the right is
computed and its value is allotted to the quantity on the left. The calculation
begins with step m = 1 corresponding to the top row of butterflies in Fig. 12.4.
Inthiscase U = 1,j = 1,k = I, W= ~1and [ = |, so that the computer allots
the value of a, to t, and the butterfly calculation gives

old a; — old a,

I

new value of a,
new value of a, = old a;, + old a,

or, if we use a prime ' to denote the new values,

d, =a, —a

ay, =a, +a,

in agreement with the first line of Fig. 12.4. The dummy parameter ¢ in the flow
chart has to be introduced, because otherwise the old value of a, would be lost
when the first line of the butterfly is calculated and would not be available to
compute the second line. Continuing down the chart, ! is increased from 1 to 3,
and we go round the inside foop (1) to find ¢ = a, and so

a'4=a3—a4

ay + a,

’

as

and so on, along the top line of butterflies of Fig. 12.4. When the end of the row
1s reached, the value of [ exceeds 2*. We then stop going round loop (1) and move
downwards again. The variable j is incremented from 1 to 2, which exceeds
2m~! = 29 = | and so m is incremented to 2, to move round loop (3) to the
second row of butterflies. Here U and j are reset to 1, k becomes 2 and
W = e ™2 Proceeding down the chart again, t = @y and the first butterfly
of the second row is

ay =a, — ay
a1+a‘

a
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whereupon [ is increased from 1 to 5 and we go round loop (1) to obtaip
t = a, and then

a; =as — a;

as = as + a,

in agreement with the second row of Fig. 12.4. After going to the end of this row,
by repeated iterations round loop (1), we again proceed downwards to obtain
U = e ™? and j = 2 which takes us round loop (2) to put | = j = 2 and so
obtaint = a,e”™? and hence

-t
dy, = a, — aze”™?

'

d, = a, + a4e-—n(/2

and so on round loop (1) until the whole of the second row of butterflies in
Fig. 12.4 has been completed. The calculation then moves to the third row of
butterflies, by moving round loop (3) again, and so on until the whole calculation
has been completed. This flow chart is identical with that of a Fortran program
published by Cooley, Lewis and Welch [13] (reproduced in modified form in
Appendix 2) and perhaps the most remarkable feature of this program is its
brevity. Other programs are available through computer program libraries
and these cater for very large sequences when a computer’s high speed store
has to be supplemented by magnetic tape or disc storage and for two-
dimensional and three-dimensional data sequences to which the DFT concept
can be extended (Singleton [64]). However for many applications the FFT
program in Appendix 2 will be entirely adequate.

One feature which we have not so far discussed is the procedure for
partitioning the N-term starting sequence into N single term sequences prior
to beginning the calculation illustrated in Fig. 12.5. From Fig. 12.2, it is clear
that the order of the original sequence is changed during the partitioning
procedure and. corresponding to a starting sequence X, X;. X,, X3 we should
enter a; = Xo/4, 1, = x,/4, ay = x,/4, uy = x4 into our FFT computer flow
chart (remember that we divided by N before starting. to replace dividing by 2
at every stage of the butterfly calculations). Similarly, by successively parti-
tioning an cight-term sequence xq. Xx;. X, ..., X; we should enter terms in the
order o, = x¢/8, a, = x4;8, ay = x,/8, a, = x,/8 a5 = x,/8, g = x5/8.
a; = x3/8 and ag = x5/8. It would not be difficult to prepare a computer
program which followed through the partittoning process, first dividing the
original sequence into two half-sequences then dividing each half-sequence
into two quarter-sequences and so on. However this would require exira
storage in the computer because. for an N-term sequence, we should need N 2
extra registers to store the first hulf-sequence while the second half-sequence
was being assembled in order. Since sufficient extra high-speed storage might
not be available, it is desirable 1o carry out the initial “shuffling” process “in
place”, 1e. without using additional storage. and an elegant solution to this
problem has been found and is a feature of most FFT computer algorithimns.
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Notes
Sequence entered in
Read starting sequence bit - reversed order after
1. 9. 33.. . 3y dividing each term by ¥
|
L m - 1 ] Sequence length
T N=2"
o U =— 1 Calculation proceeds
o i -1 in n steps
k- 2m~1
hi
W -— o'%
T For step m butterflies
___.pl !~ I are k= 277" wide
l and data is organised
in blocks 2 wide
> te—a,,, xU (See Fig 12-4)
=3 -t
y— a3 +1t Loop (1) takes the
@ M calculation from
T block to block on
L {~— ¢ +2™ 1 the same butterfly
No Loop (2) takes the
calcutation from one
yes butterfly to the next
in each block
U=-—UxW ( )
J o -—j + 1
No Loop (3) takes the
calculation from
yes one row of butterflies
L o + 1 J to the next row
No is
m>n
yes

Print final sequence
31.3,.33.. .8y

Fig. 12.5 Programming flow chart for a simple FFT algorithm
(After Cooley et al. [13])
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If we consider, for example, a 16-term sequence in which the initial order of
termsis 1,2, 3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16 then, after partitioning, the
shuffled order is 1, 9, 5, 13, 3, 11, 7, 15, 2, 10, 6, 14, 4, 12, 8, 16. Apart from the
first and last terms, all the terms have changed places in pairs. For instance 2
and 9 have changed places, 3 and 5 have changed places, and so on. If therefore
we know how to choose the pairs, reordering the sequence becomes a relatively
simple matter.

A very clever method of finding pairs has been developed. It involves setting
up, in the computer, two counters, one of which counts normally in the
original sequence order 1, 2, 3, 4, ... and the other of which counts in the
partitioned sequence order 1,9, 5, 13, .... If these two counters are synchronized,
then corresponding numbers identify each pair of terms which have to be
transposed to re-order the starting sequence correctly.

Once again this is something which sounds frighteningly complicated when
put into words, but in fact is not nearly as difficult as it sounds. The main
problem is to devise a counter which counts in the re-ordered sequence
1,9,5,13,... and even this turns out to be easier than might be expected. Suppose
that we take the re-ordered sequence

1,9,5,13,3,11,7,15,2,10,6,14,4,12,8, 16
and write down the differences between adjacent numbers. These are:
8 —4,8 —10,8 —4,8 —13,8, —4,8 — 10,8, —4,8.

Evidently the difference 8 turns up regularly and, if we look carefully, we can see
that, if j is any number in the sequence, then if j < &, the next number will
always be (j + 8). Also we can check that, if 8 < j < 12, then j always moves to
(-4, if 12<j< 14, j moves to (j — 10), and if 14 < < 15, j moves to
U - 13).

In Fig. 12.6 we show the result of partitioning a sequence of 32 terms and we
can deduce from this a general “recipe” for calculating ascending terms in the
re-ordered sequence. If the sequence length is N = 27 then ifj is any term in the
re-ordered sequence, the next term will be

N .. _N
p— < —
j+2 if J<5
N N N N N
/ (Z‘E) A )
’+I_V_E_I_V_ [fﬂ+_<' I_V+£\’ /_\'
It T T2 2 ISTTE TR
.................. (12.13)
N N
Y I T A BT AT
| TR
. N .
<J <(7+~--+4+2+1 =(N-—-1)
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It is not difficult to incorporate this logic into a computer flow chart as showp
in Fig. 12.7(a) and from it to draw the flow chart of a counter which wil] count
in the re-ordered sequence, Fig. 12.7(b). In the latter, a single decision poin¢ (1)
(represented by a diamond-shaped box) included in loop (1) does the job of g
the separate decision points (1), (i1), {i11), etc, of Fig. 12.7(a). When decision
point (1) is reached from the box above, it asks the question is j < Nj2
corresponding to decision (i) of the left-hand figure. If the answer to thi;
question is no, loop (1) is traversed, and decision point (1) then asks the question
is j — N/2 < N/4 which corresponds to decision point (ii) of the other figure,
and so on. The programming flow chart of Fig. 12.7(b) has an additional loop 2
to re-enter the program with each new number and so generate all the numbers
in the re-ordered sequence in turn. Each number is fed out from the program
as it is generated at the exit point shown.

This system is usually called a bit-reversed counter because, if they are
expressed as binary numbers, terms in the re-ordered sequence can be obtained
from corresponding terms in the original sequence (if this begins with zero) by
Jjust reversing the order of bits (or binary digits). For instance, for an eight-terﬁ
sequence the numbers 0, 1, 2, 3, 4, 5, 6, 7 become 0, 4, 2, 6, 1, 5, 3, 7. Number
1 = (001) in binary notation has become 4 = (100). Number 2 = (010) remains
2. Number 3 = (011) becomes 6 = (110), and so on. A counter running in the
order of the re-ordered sequence is therefore running in reversed binary digit
order.

We now have a counter which generates the re-ordered (or bit-reversed)
sequence j = 1,9, 5, 13, ... (for a 16-point sequence) and this can be combined
with a normal counter counting [ = 1, 2, 3,4, ... in order to identify correspond-
ing terms in each pair which must change places. We have then only to make the
transposition

a, 2 q; (12.14)

in order to correctly re-order the starting sequence a,, a,, as, G, ... Prior to
executing the butterfly calculations already described. A flow chart of the
complete calculation is given in Fig. 12.8, which can be seen to carry out the
transposition of terms required by (12.14). The only feature that this includes
which we have not already mentioned is a by-pass loop which by-passes (12.14)
when [ > j. If this were omitted the calculation would transpose the same
terms a second time and so undo the re-ordering already completed. For
instance, for a 16-point sequence, at the second term a, is exchanged with ag in
the re-ordering procedure. When we reach the ninth term, it would clearly be
wrong to exchange a, with @, again as this would just put the sequence back in
its original order. The by-pass loop for I > jin Fig. 12.8 prevents this happening.

Practical value of the FFT

We have spent a considerable amount of time discussing the theory of the FFT
and how it is implemented in computer programs and the reason for going into
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Read starting sequence
81,3293, ... 3y

A —
| Values of
| a,anday
| exchanged
| -see (12:14)
\
_______ =
/ \
' |
' !
' |
| !
| !
| !
| |
No | |
g ! |
is | . .
_ { =i+ 1 = J-— j+k |
I=N-1 [ Yes |
| No 1
Yes I !
‘ . |
| j-i—k l
] k !
k-t
| 2 ]
! I !
‘\‘ ___________________ /‘
‘; Bit - reversed counter
Print re - ordered sequence
49.82.33,.... ay
Fig. 12.8 Flow chart for re-ordering the initial data sequence a,, a,, a;, - . . .

ay, prior to entering the FFT algorithm in Fig. 12.5 (After Cooley et al. [13])
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such detail is the important role which the FFT plays in spectral analysis.
since 1965, when the FFT was brought onto the scene,t it has profoundly
changed our approach to digital spectral analysis. Instead of calculating spectra
py first calculating discrete estimates of the appropriate correlation function
and then finding the DFT of the correlation function, it is now quicker to
calculate the DFT of the original discrete time series directly and then to
manipulate this transformed sequence to yield the required spectral estimates
as explained in Chapters 10 and 11. The reason for this different approach is
just that it is quicker to calculate the DFT of a discrete series by the FFT and
follow the procedure of Chapter 10 than it is to calculate the sums of products
needed to estimate correlation functions.

A precise statement about how much faster the FFT is than other calculations
depends on the specific FFT computer algorithm used. More complicated logic
than that shown in Fig. 12.5 can effect additional time savings by taking
advantage of the symmetries of the calculation. For instance multiplications
by W° and W™ = —1 can be replaced by simple additions and subtractions.
Similarly multiplications by W™? = —i and W>™? = i can be removed from
the main loop of the program, and so on. However, neglecting these possible
additional savings, we can see from Fig. 12.4 that, if we follow the flow chart of
Fig. 12.5, there will have to be N/2 complex multiplications in each line of
butterflies and N complex additions (including subtractions). Since there are
n = log, N rows of butterflies, there will therefore have to be ;N log, N complex
multiplications and Nlog, N complex additions to compute the DFT of a
sequence of N terms. To compute the same DFT by the direct method (of
substituting into (10.8)) would require, by comparison, N? complex multi-
plications and N(N — 1) complex additions. Similarly, to compute the
correlation function

N-1
R=LY xy., r=0L2..N-1 (10.13)
N.s:o

also requires a number of operations of the order of N2 If we compare N? and
Nlog, N for large values of N we can begin to appreciate the real impact of the
FFT on digital spectral analysis. Table 12.1 shows the ratio N?/N log, N for a
range of values of the sequence length N and it is clear that simply enormous
reductions in computer time can be achieved by using the FFT to analyse long
data sequences.

Alternative algorithms

In this chapter we have considered only the so-called radix-2 FFT for which the
sequence length N must be a power of 2 so that the original sequence can be
partitioned into two half-sequences of equal length, and so on. When N is not a
power of 2, but has other factors, the same basic ideas still apply with suitable

tCooley et al. [9]. See also Cooley et al. | 12].
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2
Sequence length N log,N Ratio{ N }

Nlog,N

4 2 2

16 4 4
64 6 107

256 8 32
1024 10 102:4
4096 12 341-3
16384 14 11703

65536 16 4096
262144 18 145636
1048576 20 524288

Table 12.1 Computational efficiency of the FFT illus-
trated by comparing the order N? of operations of
multiplication and addition for the direct method of
calculating DFT’s with the order of operations N log, N
for the FFT.

modifications to the butterfly formulae.t For instance if N = 15, the original
sequence could be partitioned into three sub-sequences of five terms each or
five sub-sequences of three terms each and appropriate formulae devised to
relate the DFT’s of the partitioned sequences to the DFT of the original
sequence. However, although these more general FFT algorithms are interesting
variations of the radix-2 FFT, computer programming is simpler for the
N = 2" case and the possibility of artificially lengthening a sequence by adding
zeros (see Chapter 11) means that the restricted choice of values of N = 2" is
adequate for most spectral analysis applications.

Finally we should mention that there is still another variation of the basic
FFT method in which the original time sequence is divided into sub-sequences
each of which involves groups of adjacent terms (rather than alternate terms.
or one term every three, etc.).] For example if N has a factor 2, then one sub-
sequence would be the first N/2 terms and the other sub-sequence the second
N/2 terms. In this case the even and odd numbered terms of the DFT of the full
sequence can be expressed in terms of the DFT’s of two half-sequences generated
from the partitioned sub-sequences. This method is described as decimation
in frequency, since alternate terms of the DFT (or frequency sequence) are
computed from each half-sequence, while the method we have spent so much
time studying is called decimation in time, since the DFT is calculated from
half-sequences which involve alternate terms from the original time sequence.
While decimation in frequency FFT algorithms are interesting in themselves,
once again they do not appear to offer significant practical advantages over
the basic radix-2 FFT using decimation in time.

tSee problem 12 2.
1 See. for instance. Gold er ol [29] Ch. 6, and problem 12.4



Chapter 13

Pseudo random processes

All our work so far has been concerned with random processes which occur
naturally. There are however two main areas in which artificial or pseudo
random processes are used. One of these is the area of environmental testing in
which naturally occurring random environments have to be simulated in the
laboratory; the other is the area of system identification in which the response
to an intentionally applied random input is used to predict the dynamic
characteristics of a system.

The need for environmental testing arises when it is necessary to verify how a
new component or device performs in a vibrating environment before putting
it into service. In principle, a random signal generator is used to drive a
vibration table and the spectrum and probability distribution of the signal
generator are adjusted so that the required random vibration environment
exists for test components mounted on the table.

The need for measuring the dynamic characteristics of a system by monitoring
its response to a random input signal arises from the idea that, if these
characteristics are known, the operating conditions of the system can be
optimized so that it runs at peak performance. We have already seen in Chapter 7
that, if x(t) is the input and y{t) the output of a linear system whose complex
frequency response function is H(w), then

S,,lw) = Hw)S(w) (7.24)

where S, (w) is the spectral density of x(t) and S, () is the cross-spectral density
of x(t) and p(t). The fundamental concept of system identification by random
signal testing is that, if the spectrum and cross-spectrum of a system subjected
to broad band noise can be measured, then the system’s frequency response over
the same frequency band can be deduced from (7.24). If a random test signal is
applied to a system, for instance a chemical plant, while it is in normal
operation, then it is possible to monitor continuously the dynamic properties
of the system and adjust its operating conditions by an “on-line” or “real time”
computer control system to maintain peak performance.

Both environmental testing and system identification applications require
the generation of an artificial random signal. One method of doing this is to
amplify the random emission of electrons in a natural noise source such as a
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thyratron or a zener diode but the disadvantage of a natural source is that the
statistical characteristics of the signal generated are hard to control and hold
stable, particularly in the low frequency range of most mechanical equipment.
An alternative method of generating artificial low-frequency noise is based op
the operation of a digital waveform generator which produces a binary signa|
by switching randomly between two output levels. We shall now consider the
properties of a random binary process and how a binary signal of this type can
serve as the basis for generating continuous random signals with approximately
Gaussian probability distributions.

Random binary process

Consider an artificial random process obtained as follows. A coin is tossed at
regular intervals At. If the coin falls “head” upwards x(t) is +a for the next
interval At; if it is “tails” x(t) is —a for the next interval. A sample function of the
x(t) process is then as shown in Fig. 13.1(a). It is convenient to think of many of
these coin tossing experiments going on simultaneously, each one constituting
a different sample function of the ensemble {x(z)}, which then appears as shown
in Fig. 13.1(b). We define the “phase” of a sample ¢ as the time from t = 0 to
the next toss of the coin, and ¢ is assumed to be randomly distributed between
samples with the uniform probability distribution shown in Fig 13.1(c). {x(t)}
is then an ergodic process and we can calculate statistical averages either by
averaging across the ensemble or by averaging with respect to time along a
single sample. We shall now calculate the autocorrelation function for {x(1)}
by ensemble averaging: the same result may be obtained by averaging along a
single sample, and this is left as an exercise for the reader.
The autocorrelation function R (z) for this process is given by

R(7) = E[x()x(t + 7)] = Jm fw Xx1X, plx,.x,)dx, dx, (13.1)

where x, 1s the value of x at time t. x, is the value of x at time ¢ + 7 and
plx,.x,) is the joint probability density function for x, and x, (see Chapter 2).
So far we have not said what p(x,, x,) Is, but it can be worked out from the data
already given. First, suppose that t = 0, so that x, = x,. In this case x, and x,
are either both +a or both —a, and the joint probability density surface has the
form of two delta functions, each of volume §. at x, = x, = sandx, = x, = —a,
Fig. 13.2(a). Next, consider the case when t > At. In this case there will be no
correlation between x; and x, because x, will be the result of a different toss
from x,. The joint probability density surface is then four delta functions, each of
volume %, at the locations (a. a). (a. —a). (—a.a) and {—a. —a) as shown in Fig.
13.2(b). Now suppose that t < Ar. The values x; and x, will be correlated (in
this case the same) for some samples and uncorrelated for other samples. Since
the process is stationary, we may take ¢ = 0 for convenience, and then x, and x,
will be correlated if ¢ > 1 (since the next coin will not then have been tossed at
time ¢t + t = 1) and uncorrelated if ¢ < 1. For the probability density p(¢)
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Fig. 13.1 Random binary process
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volumel + L(1~ L
3 80xrra) B(xy +a) e+l Ar)

plxy. x3) Plxy, xy)

with volume %

380, -2)8(x;-2)

i L LI Y S o
with volume 3 Xy vol ¢ ‘(1 At) X,

(a) =0 (b) v >At (c)0<t<AL

Fig. 13.2 Joint probability density functions p(x,,x;) = p(x(s), x(t+1)) for a
random binary process with clock frequency 1/4t

shown in Fig. 13.1(c), the probability that ¢ > 7 is the shaded area which is

At — 1 T
At At

and the probability that ¢ < 7 is the unshaded area under p{¢) which is

0 <t< A

T

— 0< <A
Ar (VS )

The probability that x, = x, = a is therefore
Prob(x, = x, = a) = § Prob(r < ¢) + ; Prob(zt > ¢)

—l]_L _{,_li
2 At|  4|At
1 1 T
=5 +41 - = f 0< <AL
4+4(| Al or T
Similarly, for 0 < t < At
P b( = ——a) —1+11_L “37)
rob(x, = x, = =i+ v 2
1 1 T
Prob(x, = a.x, = —a)~5_3(| - %
and
Prob (x, = = )—l_1|_i
ro (Xl_ a,Xz—a —4 4 At

as shown in Fig, 13.2(c).
Substituting the delta function probability densities from Fig 13.2 into
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equation (13.1) and integrating gives
S LI | I | QRS LN Y P
R,(t)—a{2+2(l At} a 3 21 A
(13.3)

N
2

|

At

az( ! for 0<

and
R(1)=0 for > At

and so the shape of the autocorrelation function for the x(t) process is as

shown in Fig. 13.3(a).

Re(T)
(a)
a2
~At ol At T
{b)
—An AT @
At t

Fig. 13.3 Autocorrelation and spectral den-
sity for a random binary process with clock

frequency 1/4¢

The corresponding spectral density 1s

S (w) = 7—;[ R (t)e v dt

which in this case becomes

Sdw) =

(5.1

1, T
- a‘[l — —]coswrdr
o At
a*f 1

jadll SIS

" ((uz At" cos wAt)
a* g(sin wAr/2)2

7 2\ wAr2
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which is shown in Fig. 13.3(b). It is usual to express this spectrum as a single.
sided function of frequency in Hz, W,(f), where if f, = /At is the “clock
frequency” then, using (5.25),

2a2(sin nf/fo)z‘ (134

W =5

This function is plotted to linear and log scales in Figs. 13.4(a) and (b). Up to a
frequency of about § f, = 1/2At Hz, the spectrum is approximately flat. Provided
that the clock frequency (i.e. the frequency of tossing coins) is sufficiently fast,

W, (f) 242 log Wy(f)
fo

(a) (b)

- L I
0 1t 1o 21, f 0014, 014,

/’3{ log f

No‘\—

Fig. 13.4 Spectrum for a random binary process with clock frequency
fo = 1/4t.

then this random binary process has a spectrum corresponding to broad band
noise and it can be used as a suitable input signal for low frequency system
identification studies. Because the input only switches between two constant
levels +a and — a, there are no occasional large excursions to interfere with the
steady state operation of a large plant, and a binary signal is therefore
especially suitable for on-line process control applications.

Pseudo random binary signals

The concept of generating a random signal by tossing a coin is a helpful way of
understanding the properties of a random binary process, but it is obviously
not a practical means of producing such a signal. However one way of doing
this would be to prepare a binary sequence in advance by tossing a coin and
recording the results and then making a punched paper tape or other recording
of this signal. To avoid difficulties with starting and stopping. the two ends of
the recording can be joined together to make a loop which runs continuously.
The signal then becomes periodic and repeats itself with period NAt (say).
Such a signal is described as a pseudo random binary signal or p.r.b.s. for short
and is in fact the type of output produced by binary noise generators by different
means which we shall describe briefly later.
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The spectrum of a pseudo random binary process can be calculated by first
determining the autocorrelation function R,(r) and then transforming it as we
have just done for a non-repetitive binary process. In this case we shall assume
that the random process x(t) consists of an ensemble of sample functions
obtained by running many different binary recordings simultaneously. Each
tape loop is assumed to be of the same length, with period NAt, and the record-
ings are started at different randomly distributed times and then allowed to run
continuously. Provided that the mean value E[x] is zero, which means that the
sequence must have the same number of “heads” as “tails”, then the ensemble
autocorrelation function will be the same as Fig. 13.3(a) except that it will
repeat itself with period NAt as shown in Fig. 13.5(a).

(a)

Ry (t)
-NAt -At 0 At Nat 284t o
| Siw)=2 S, (w) £ 8(u-22)
) NAt X Koeco WAt
(6)
RN
f\
1 \ __ Areas under deita
functions o S, (w)
which is the dotted
7 \ envelope
A .
PSS, e o ) TS of of ul N
- gr: 0 2_:‘5 w
At At
N4
QAr

Fig. 13.5 Autocorrelation function and spectral density for a
pseudo random binary process with clock frequency 1/4t and
length of sequence N

Therefore we can write

R()= 3 Ryt - mNAY) (13.5)

where R(7) is the autocorrelation’ function for the p.r.b.s. and R, (7) is the

tNote that there will be small (random) differences between the sample autocorrelation functions
and the ensemble autocorrelation function. See problem 13.3 for analysis of an ensemble consisting
of the same binary tape loops.
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autocorrelation function for the original truly random binary signal. Taking
Fourier transforms of both sides of (13.5) gives

S(w) = 0 .[ Ri(r)e~* dr
2n

- 3 %f R,(t — mNAt)e~ " dr (13.6)
and changing the time variable to
7 =1 — mNAt
this becomes
sw= e [ Rmere

since the integration is over t with m, N and At constant. Substituting from (5.1)
then gives

S()= 5 emomveis ) (13.7)

m= — @

where S, (w) is the spectral density function (13.4) for truly random binary noise.
This equation has the same form as equation (11.14) and, as we have already
shown, may be written as the equivalent alternative summation (see Chapter 11),

, 2n & 2rk

Si(w) = NAT S,‘(co)kzz‘OO 6((0 NAt) (13.8)
which corresponds to {11.15). The spectrum of the p.r.bs. is therefore not a
continuous function, but a comb of delta functions of varying height, each
spaced Aw = 2n/NAt apart and each with area 2n/NAt times the ordinate of
S, (w) at the same frequency. This spectrum is shown in Fig. 13.5(b). Each delta
function indicates a discrete frequency component in the p.r.b.s. but it can be
seen from (13.8) that the area under each “spike” of Fig. 13.5(b) is approximately
equal to the area under the continuous spectrum S{w) of Fig. 13.3(h) over a fre-
quency band Aw = 2n/NAt whose centre frequency corresponds to this
“spike”. Provided that the sequence length N is long enough, the spacing
between adjacent spikes, 2n/NAt rad/s, is much less than the clock frequency
2r/Ar rad/s. Although only discrete frequencies occur, they are then so closely
spaced that the characteristics of broad band noise are approximately pre-
served for frequencies less than about half the clock frequency ( f,/2 Hz = njAt
radys).

The spectrum of a pseudo random binary signal is therefore an approxi-
mation for broad band noise provided that its clock frequency is fast enough
and its sequence length long enough. However its amplitude distribution is
just a two-level function which is very different from the Gaussian distribution
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common in naturally occurring environments and which must be simulated
in environmental testing.

Random multi-levei process

In order to generate an approximately Gaussian random signal from a binary
signal it is possible to take practical advantage of the central limit theorem
(already briefly discussed in Chapter 7). For our present purpose, this may be
stated in the following form. If a random variable y is the result of summing
many statistically independent variables x,, x,, x3, ..., etc., so that

y=2rx (13.9)
r=1

then the probability distribution for y tends to become Gaussian as the number
n of independent variables approaches infinity. This result applies regardless
of the probability distributions of the x variables so long as y has finite mean
and variance.t

Consider, for example, what happens when we define y as the sum of two
coin tossing experiments in which the outcome of each may be either +aor —a.
There are four equally likely possibilities for y: (@ + a), (a — a), (—a + a),
(—a — a) so that the probability of y = 2ais &, of y=01is 4, and of y = —2a
is 1. The probability density function for y is therefore just three delta functions
of areas §, 4 and § as shown in Fig. 13.6(b). If we go one stage further and define y
as the sum of three coin tossing experiments, there are eight equally likely
possible outcomes: y = 3a, @, a, a, —a, —a, —a, —3a and the corresponding
probability density function has the form shown in Fig. 13.6(c). In general when
the results of n separate coin tossing experiments are summed, there are 2”
equally likely possible outcomes and y can hold any of the values y = naq,
(n— 2)a (n—4)a, ..., (—n + 2)a, —na The probability that y = (—n + 2r)a
is {n!/ri(n — r)'} (1/2" (where by 0! we understand unity) and the possible values
of y are said to follow a binomial distribution. When n is large, the discrete
values extend over a long length of the y axis in Fig. 13.6, but if the scale is
compressed, then the case of large n looks as shown in Fig. 13.6(d). In the limit
when n — oo, the variance of y is 6} = na® and becomes infinite, but if we
reduce a as n — co so that ¢ remains finite, then y becomes continuously
variable and it can be shown that the binomial distribution becomes in-
distinguishable from a Gaussian distribution as required by the central limit
theorem.1

Noise generators can in principle take advantage of this result by summing
the results of the equivalent of n independent coin tossing experiments to
generate a multi-level random signal ranging from —na to +na, in steps

tSee, for instance, Davenport, Jr., et al. [22] Ch. 5.
1 See, for example, Feller [27].
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(a) (b)
p(x) p(y) where yY=Xy+x,
Y 1
area /2 1 /28 (x-2) area 74 23 1/‘
) 0 a2 x -24 0 22
(c)

P(y) where y=xy+x,+x3

% %

" "

—3a -8 0 a 3y
(d) | p(y) where y=2‘x,
4 P\\
/
N
/
/] T\
-11’FTT/] ITTTﬁ-v
* L Y
21‘212:I

Fig 13.6 Binomial probability distributions for multi-level random se-
quences. (Note change of vertical scale for (d))
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Fig 13.7 Multi-level random signal obtained by summing
the result +a or —a of each of n independent coin tossing
experiments
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of 2a, Fig. 13.7. This has an amplitude distribution which is approximately
Gaussian when n is large and, after filtering to remove the sharp edges of the
steps, can be used as an approximation for broad-band continuous noise.

Example

A multi-level random sequence is generated as already described by tossing
n coins. Determine the probability distribution for the.(n + 1) different
levels of the sequence when n = 9 and compare this distribution with the
corresponding Gaussian distribution.

We can either work out values of {n!/r!(n — r)!} (1/2")forr = 0tor = n,
or, alternatively, construct the following triangle of numbers, Table 13.1,
which represents the evolving probability distribution as n increases.

TABLE 13.1 Coefficients of the binomial distribution represented by
Pascal’s triangle

y=13x
=1

—8a —6u —4a —2u 0 2ua 4a 6u 8u
n 2" -9 —Ta —5a —3a —a a 3a Sa Ta 9u
! 2 1 !
2 4 | 2 1
3 8 1 3 3 1
4 16 ! 4 6 4 1
5 32 1 5 10 10 5 1
6 64 1 6 15 20 15 6 1
7 128 1 7 21 35 35 21 7 1
8 256 1 8 28 56 70 56 28 8 1
9 512 1 9 36 84 126 126 84 36 9 1

By comparing the first three rows of the triangle with Figs. 13.6(a), (b)
and (c), it will be clear that the probability that y has a specific value ma
(say) is the number under this column of figures divided by 2" For
instance, if n = 9, the probability that

is 9/512. The probability that y = Sa is 36/512, and so on.
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We can therefore draw up Table 13.2 which shows the probability
distribution for a multi-level sequence with n =9 (n is the number of
independent coin tossing experiments +a or —a whose results are added
to give y).

9

TABLE 13 2 Binomial probability distribution of y = Y x, where x, = +g4
r=1

or —a with equal probability, with corresponding values derived from a

Gaussian distribution shown in brackets.

Prob(y = ma) where m =

-9 —-7a —-5a -3a —a a 3a Sa Ta 9a

0002 0018 0070 0164 0246 0246 0164 0070 0018 0002
(0-003) (0-017) (0:067) (0-161) (0-252) (0-252) (0-161) (0:067) (0-017) (0-003)

In order to determine the corresponding values for a Gaussian distribu-
tion, we assume that the Gaussian probability density curve is divided into
a series of vertical strips of width 2a as shown in Fig. 13.8.
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Fig. 13.8 Calculation of an approximate distribution for a multi-
level sequence from a Gaussian curve

To compare with the binomial probability that y = ma we shall calculate
the area of the strip whose centre is at y = ma, which is given by

ply = ma)2a (13.10)
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where p(y) is the Gaussian probability density function
1

py) = NET

Since the x, random variables obtained from tossing coins are un-
correlated, and each has zero mean,

e v, (13.11)

o2 = E[y*]= nE[x*] = na’. (13.12)
Substituting (13.11) and (13.12) into (13.10) then gives the probability of
y = ma as
le—m"/Zn
nn

values of which are included in brackets in Table 13.2 for comparison with
the coefficients of the binomial distribution.

Even for n equal to only 9 (i.e. a 10-level sequence) the probability
distribution is almost Gaussian over the 0 to 3¢ range, and, unless the
occasional very large excursion (which cannot occur for the multi-level
sequence) is important, the experimental error in assuming that the
smoothed sequence is Gaussian is probably negligible.

Spectrum of a multi-level process

We have described how a multi-level signal with (n + 1) separate levels may be
generated by tossing n coins and adding the results x, = +a or —a to define

M:

y=13 x (13.9)

r

[}

1

where it is assumed that the n coins are tossed once every interval At and that y
remains constant during each interval, Fig. 13.7. Once again we could carry
out the coin tossing experiments in advance and prepare a tape recording of
the multi-level signal. If we tossed the coin afresh n times for each extra interval
on the tape recording, the values of y in successive intervals would be completely
uncorrelated and the autocorrelation function (for an infinitely long tape)
would have the same form as Fig 13.3(a) except that the value of R(0) would be
na® instead of a®. However suppose that we choose not to toss the coin n more
times for each new interval on the recording, but instead use the results of some
of the earlier tosses to save time. The multi-level random variable y will still be
the result of adding n contributions which are independent of each other, but
nearby values of y will now be correlated since they are obtained by adding the
results of some of the same experiments.

For instance, suppose that we make a four-level tape recording as follows.
First we repeatedly toss a coin to generate a random binary sequence, from
which we construct the random signal shown in Fig. 13.9(a). Then from this we
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generate a multi-level sequence y, by summing the results of the three last coin
tossing experiments x,, x,_; and x,_, so that

2
Yo=Y X _ (13.13)
s=0

to obtain the four-level signal shown in Fig. 13.9(b) (which corresponds to the
values of x, in the binary signal above). The signal in the lower figure will have a

a)
- X1 Xs_Xs
24t 3At 4At ' N
T T T
OXQ At X N t
Xz X3 X4 Xy
S —
b y
) ) ve
— . , .
\ At 2At 34t 4At ) ) L L
0 T T T T T Bl
- b ] heerrend ¢
Yo Y1 Y2 VY3 Ys

Ya

Fig 13.9 Generation of a four-level signal by summing three adjacent values
of a binary signal

binomial distribution according to the third line of Table 13.1, but its spectrum
will now differ from that of the original binary signal from which it was derived.
In fact, by looking at Figs. 13.9(a) and (b), it is not difficult to be convinced that
lower frequency components predominate more in the multi-level sequence,
and we shall now see that this is indeed always the case.

Consider the autocorrelation function R(7) of the four-level sequence y,.
Clearly if © > 3Ar there will be no correlation between j{t) and (¢ + 1) so that

y(t+T)

Xr-3 } X2 | X1 Xy X1 Xr+2 | Xr+3

y(t) P

Fig. 13.10 Illustrating correlation between nearby
terms of a four-level signal derived by summing three
adjacent values of a binary signal
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R,(7) will be zero. Also if © = 0, R(0) = E[y*] = 3a For values of t between
0 and 3At, )(t) and p(t + 1) will be partially correlated because the components
X,. X,-; and x,_, of y(t) and y(t + )} will then sometimes be the same, Fig
13.10. By making a calculation along the same lines as that used earlier to derive
the autocorrelation function for a binary signal (see problem 13.2), we can show
in the same way that the correlation function again falls linearly from its initial
value 3a? to zero at T = 3At. The correlation function for a multi-level signal of
(n + 1) levels, derived by progressively summing n adjacent values of a binary

R, ()
na2
T
~-nlt ] nAt
e Sy(w)
2%
( {At)
~2r 0 2n Ar ©
nlAt At nlt

Fig. 13.11 Autocorrelation function and spectral density
for an (n+ 1)-level signal derived by summing n adjacent
values of a binary signal

signal, has the same form and falls linearly from na® to zero at t = nAt as shown
in Fig 13.11(a). The corresponding spectrum is given by

_ na*[nAt) [sin wnAt/2)\?
S,(w) = (2 )(—wmwz ’ (13.14)

which is illustrated in Fig. 13.11(b). This spectrum first falls to zero at frequency

w 1 Jo
- - — =20 13.1
/ 2n nAt n (13.15)

where f, is the clock frequency of the constituent binary signal. The range of
frequencies over which the process y can be considered to have broad band

characteristics is accordingly divided by the number n and very much reduced
from the frequency range of the original binary signal.
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For f = 0-45 fo/n. the function

sinwnAt/2\*  [sin(0-45n)
wnAt/2 | | 045z

——| = 0-5(approx.)

2 (0-99 2
141

so that the spectrum falls to half its initial level in the frequency range 0 y,
0-45 fo/N. Alternatively, in the dB scale, there is a change of

lOlog,o(l’ = —-3dB

2

over the frequency range 0 to 045 fo/n when the signal has (n + 1) discrete
levels and f;, is the clock frequency.

To summarize, therefore, we have three basic parameters to control:

(i) the clock frequency f, = 1/At:
(i) the sequence length N (so that the binary signal has period NAf);
(iii) the number of levels (n + 1) of the multi-level signal derived from the basic
binary signal.

First we must choose n to ensure that the probability distribution of the multi-
level signal y is Gaussian to the required accuracy (or that it has a suitable
alternative distribution); secondly we must choose a high enough clock fre-
quency so that the cut-off frequency of the working bandwidth (—3 dB level)
given by 0-45 f,/n exceeds the required maximum frequency for the application:
and thirdly we must choose the sequence length N of the p.r.b.s. generator (see
the next section) so that the spacing between adjacent lines of the periodic
noise spectrum, 1/NAt, is sufficiently close that the line spectrum includes
enough discrete frequencies to excite all the interesting characteristics of the
system being tested.

The calculation of y, as the sum of adjacent values of x, according to (13.13)
is an example of a digital filtering operation and we have seen that

n-1

v =2 % (13.16)

s=0
defines an imperfect low pass filter. By assigning different weights o, to the
contributtons from individual values of the x sequence, to give

n—1
Vo= 2 %X g (13.17)
s=0

the frequency response of the digital filter can be improved so that it has a
sharper cut-off frequency and so that it suppresses unwanted high-frequency
components more effectively than the crude filter of (13.16). If a precisely shaped
noise spectrum is required, such additional digital filtering may be necessary
and the reader is referred to specialist books on filter design for more informa-
tion on this subject.t However digital noise generators for environmental

tSee, for instance, Gold et al {29].
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testing and system identification work generally already incorporate sufficiently
precise spectrum shaping filters for most practical applications.

Generation of random numbers

We shall now briefly investigate the way in which a digital noise generator
produces its basic p.r.b. signal.

Fundamentally there are two different methods of “tossing coins” elec-
tronically. In one method the output of a controlled semiconductor noise
source is sampled just before each clock pulse and, depending on the instan-
taneous level of natural noise, the output signal is switched to +a or —a for
the next interval. In this case the binary signal produced is theoretically truly
random and has the continuous spectrum shown in Fig. 13.4. The spectrum
and probability distribution of the output can be controlled independently of
the characteristics of the source of random noise and some of the disadvantages
of “natural noise” are overcome. However it is still important to maintain the
noise source’s stability in order to ensure that both output levels occur with equal
probability. In order to avoid this difficulty, a common alternative approach
is to use a discrete random number generator as the noise source. This is a digital
circuit for producing a chain of numbers in a seemingly random order.

Suppose, for instance, that we want to generate four-digit binary numbers.
There are 2* possible numbers: 0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111,
1000, 1001, 1010, 1011, 1100, 1101, 1110 and 1111. It turns out that all these num-
bers except 0000 can be successively generated by the simple logical circuit
shown in Fig. 13.12 which involves a four-stage “shift register”, an adding device

Shift register with
starting sequence
1111

Fig. 13.12 Generation of 15 digit chain code using a
four-stage shift register
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and a clock. These components work in the following way. Each stage of th
shift register stores a digit 0 or 1. At every pulse from the clock, all the digits ar
moved one place to the right. The digit in the last (right-hand) stage i
abandoned while the empty place in the first stage is filled by a new digi
obtained by adding the digits previously present in the first and last stages o
the shift register (before the clock pulse arrived). When the digits to be added
are both 1, then 0 is entered as the new number in the first stage of the register
(this is called “modulo 2" addition). Suppose we begin with four 1’s in the shift
register corresponding to the binary number 1111. On arrival of the first clock
pulse, this becomes 0111. When the second pulse arrives it becomes 1011, and
so on. The full sequence is 1111, 0111, 1011, 0101, 1010, 1101, 0110, 0011, 1001,
0100, 0010, 0001, 1000, 1100, 1110, 1111, 0111, etc,, with all 15 of the possible
non-zero numbers appearing before the sequence begins to repeat itself. If we
consider the four digits in the shift register as digits on a tape which is incre-
mented one stage at every clock pulse, the digits on this tape will be as shown in
Fig. 13.13. The overall pattern of digits repeats itself every 2* — 1 = 15 digits,

Digits added in first stage
of the shift register as
pattern moves to the right

—— - !
1011110001 0011010111 1 —»

e o : N
Starting !
:::::n : pattern in
. shift register
repeating

Fig. 13.13 Fifteen digit chain code generated using
the four-stage shift register of Fig 13.12

while, within this 15-digit chain, every pattern of four adjacent digits is unique.

By using a shift register with m stages and correctly arranged feedback (see
problem 13.3), the length of the chain becomes 2™ — 1 digits and the pattern
of every m adjacent digits is then unique. We can therefore approach closer and
closer to the ideal coin tossing situation. Typically a shift register with m = 20
stages gives a chain code which is 22° — 1 = 1048575 digits long with every
pattern of 20 adjacent digits unique. This is not quite the same thing as a signal
built up as a result of tossing over a million coins (during which more than 20
successive heads or tails may occur) but it is evidently a good engineering
approximation for the same! More information on the operation of random
number generators and the properties of chain codes is given in the specialist
literature on the subjectt.

1This includes Briggs et al. [6], Golomb [30], Hartley [33, 34], Heath et al. [35], Huffman [37],
MacLaren et al. [47] and Vincent [98, 99].
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Synthesis of correlated noise sources

So far we have been concerned with generating artificially a random signal
which reproduces the statistical characteristics of an ergodic random process
x{t) (say) and so may be thought of as a member function of the ensemble {x{1)}.
We have seen how a random binary sequence obtained by “tossing coins” can
serve as the basic mechanism for artificial random signal gengration, and how,
after manipulating this to form a multi-level sequence, an approximately
Gaussian signal with broad band frequency composition is produced. By
filtering the broad band output signal, any desired output spectrum S,(w) can
then be obtained.

For environmental testing work, more than one artificial random input may
be needed and it may be necessary for some or all of these separate inputs to be
correlated with each other. In this case the simulation problem becomes more
complex because not only must the artificial noise sources have (auto) spectral
densities and amplitude distributions which are representative of the environ-
ment being simulated, but they must also have appropriate cross-spectral
densities. There are a number of ways of attacking this problem.

One way is to begin by generating statistically independent signals using the
p-r.b.s. approach, but using a different binary chaincode for each signal, and then
combining these independent signals to produce correlated signals with the
required characteristics. For instance, if x(¢) and p(t) are two independent
(uncorrelated) random signals, and a new process z(t) is generated such that

Z(t) = ax{t — t;) + Byt — t;) (13.18)

where o, f, t, and t, are all constants, then the autocorrelation function for z is
Rz(t) E[A1)z(t + 7)]

a’R,(1) + B*R(7)

(13.19)

and the cross-correlation functions of z with x and y are
R.(1) = E[z(t)x(t + 7)]
=aR (1 + t,)
and (13.20)
R.,(1) = BR(t + 1,)

since R, (1) = R, (1) = 0 because x and y are uncorrelated. If necessary more
terms can be included in (13.18) to permit more latitude in tailoring the
statistical characteristics of z(t), but the approach lacks flexibility and a com-
pletely different method of noise simulation based on the FFT is more suitable
for practical application.

t See, for instance, Otnes er al. [52] Ch. 12; and Dodds [23]. (The latter paper shows how the
two correlated vibration inputs to the two front wheels of a motor vehicle may be simulated by
combining two independent noise sources.)
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This alternative method involves using the FFT to generate discrete time
series which, after smoothing, serve as the required artificial random signals.
The basic idea is to specify discrete values of the spectra and cross-spectra and
then to use the FFT to calculate their IDFT’s (inverse discrete Fourier trans-
forms) and so generate discrete time sequences {x,} and {y,} (say) which are
regarded as sampled values of the continuous random signals x(t) and y{r)
required.

We know from Chapters 10 and 11 that the DFT's of {x,} and {y},
r=012...,(N — 1), are defined as

1 N-1
X - xre—i(Zxkr/N)
TN ,go
k=01,2..(N—-1 (10.8)
L i(2mkr/N)
Y - \ e_l wkr,
x TN :{:0 Vr
and that discrete values of the auto- and cross-spectra are given by
Sxx.‘ = X:Xk Sxyk = X:Yk
Sy = YEXi Sy = VX, (10.29

where the S, give estimates of the corresponding smoothed continuous spec-
trumt by the formula (from (11.33))

I~
S = N_Zs(wk) (13.21)
at angular frequency
2nk
W, = m rad/S.

Consider the case when discrete values of the frequency series {S,,.}, {S,,,} =
{Sr.}and {S,, },k =0,1,2. ..., (N — 1), are all specified and we want to generate

the original time series {x,} and {y,},r =0, 1,2, ..., (N — 1), from which they
have been derived. If we put

Xy = | X, | e
and Y, = | ¥y e (13.22)
then, by substituting into (10.26),
le|Z = Sxxk
RAEER (13.23)
Yyu

tWe saw in Ch. 11 that $(w,) is the result of smoothing the time spectrum S(w) according to the
formula

Stwd = |~ wia - w) sy da (1129)

-

where W(Q) 1s the basic spectral window function defined by (11.32).
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and
|Xk‘ | Ykl eilox =6 —

We can therefore determine the amplitudes | X,| and | Y| and the phase differ-
ence (¢, — 6,), but not the absolute values of 6, and ¢,. Hence the spectral
data is not sufficient to allow X, and Y, to be uniquely determined and there
is not a unique solution to our problem. This is hardly surprising when we
recall that two completely different random processes — for instance a binary
process and a Gaussian process — can have identical spectral densities.

The choice of one or other (but not both) of the phase angles 6, and ¢, is
arbitrary, but if we want to generate time series {x,} and {y,} which represent
Gaussian signals x(t) and p{(t), then the phases must be randomly distributed
between 0 and 27. In this case we know from the central limit theorem that the
distributions of the terms in {x,} and {y,} approach Gaussian distributions
when the number of terms becomes very large. The reason for this is that, from
the IDFT relations,

= s*. (13.24)

XYh

N-1
x, = Z X, eit2nkr/N)
k=0

r=012_.,(N-1, (107

N-
» =

! Ykei(anl/N)

k=0

each term of the {x,} and {y,} series is the result of summing many statistically
independent contributions and so becomes a sample from a population with
Gaussian characteristics.

In synthesizing the signals x{t) and j{t), the procedure is to calculate each
of the |X,}, | ¥} and (¢, — 6,) from the specified spectral data, using (13.23) and
(13.24). Then each value of ¢, (say) is chosen at random from the range 0 to 2,
using a random number generator as further described below, and specific values
of ¢, and 6, obtained. Although the difference between each pair of values
(¢, — 6,) must satisfy (13.24), both ¢, and 6, may be thought of as samples
drawn from populations in which any value between 0 and 2r is equally likely.
The discrete time series {x,} and {y,} are calculated from (10.7) and, after
smoothing, serve as an approximation for the correlated random signals
required.

In the last section we discussed briefly the way in which an apparently
random sequence of the numbers 0 and | can be obtained by using a logical
circuit incorporating a shift register. The operation of this system involving a
four-stage shift register as shown in Fig. 13.12 can be described by the equation

X, = (x,_, + Xx,_4) modulo 2 (13.25)

where x, denotes the number in the first (left-hand) stage of the register at time
nAt, x,_, is the number there at time (n — 1)Ar, and x,_, is the number in the
first stage at time (n — 4)Ar which becomes the number in the fourth (right-
hand) stage at time (n — 1)At since the numbers move one stage to the right at
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every clock pulse. The addition is “modulo 2” because x, is the remainder after
dividing (x,-, + x,_,) by 2. This scheme may be extended to generate random,
numbers distributed uniformly between 0 and 1 by modifying the equation to

X, = (Xy—1 + X,_,) modulo 1 (13.26)

where the equivalent shift register now has m stages and the initial m numbers
in the stages are distributed between 0 and 1 (Green et al. [31]). For instance, if
Xy = 0739 and x,_,, = 0:527, then x, = 0266 which is the remainder after
dividing (x,-, + x,_,) by 1. In this case, any number x = x, can be thought
of as a randomly chosen sample from a uniformly distributed population in the
range 0 to 1, so we can choose the random phase angle ¢, by putting

¢ = x{2n).

The corresponding phase angle 6, is then calculated from the known value of
(¢« — 6)), equation (13.24).

When two pseudo-random signals are generated in this way from (13.23) and
(13.24), they have the special property that their coherence (see Chapter 14) is
unity. To generate two signals which are not fully coherent, a third time series
{z,}, generated from a spectrum with an independent set of random phase angles,
must be added to either {x,} or {y,} (problem 15.1).

The digital simulation of pseudo-random processes is an interesting if
specialized field in which there is a growing literature (Shinozuka et al.
[62, 63]).



Chapter 14

Application notes

In this book we have concentrated on the fundamental ideas of random
vibrations and random process analysis rather than on specific applications
of the theory. The purpose of this final chapter is to add some brief notes on
aspects of the subject which relate more particularly to its practical application
and have not so far been covered in the text.

Response of a resonant mode to broad band excitation

The first note concerns the response of a single resonant mode to random
excitation. Consider the single degree-of-freedom vibrating system shown in

z a x(t)

ANV flt)
m -
7 c
OO
1777777777777 77 77

Fig. 14.1 Damped linear oscillator repre-
senting the response of a resonant mode.

Fig. 14.1. If its excitation is a force applied in the direction shown, then the
equation of motion is

mX + cx + kx = f(t). (14.1)

According to the normal mode theory of linear systems,} this equation may
also be considered to represent the response of a single resonant mode of a
multi-degree-of-freedom system when the modal mass m. stiffness k, equivalent
viscous damping ¢ and modal excitation f(r) are all correctly defined. Our
problem is to determine the mean square response of the mode, E[x*], when it
is excited by broad band excitation.

t See, for instance, Halfman [32]
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For a theoretical white noise input, we have in fact already carried out this
calculation (in Example 1 of Chapter 7) and found that

E[x?] = %CS—" (14.2)

when S, is the constant (double-sided) spectral density of the excitation f{(t).
Consider how this result may be interpreted and extended for a resonant mode
whose (undamped) natural frequency is

k

oy= [~ (14.3)

and whose (small) damping ratio { is defined by
c
2wy = o (14.9)
From (7.18),

E[x*] = f | H(w)|? Sy dow = ZSOF | Hw)|? do (14.5)

— 0

where H(w) is the complex frequency response function given in this case by

1
= 14.6
H(@) —mw? + ciw + k (14.6)
The function |H(w)|? is plotted against frequency w in Fig 14.2(a) and the
integral required in (14.5) is then the shaded area shown. In the adjoining

Fig. 14.2(b) we have replaced the true response curve (now shown as a broken

(a) (b)

Approximation for

2
14 ()| 1112}

Mean square
bandwidth
KC‘-UN

Fig. 142 Mean square bandwidth for approximate calculations of the
mean square response of a resonant mode
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line) by a rectangular approximation which has the same area. If the height of the
rectangle is 1/402k? which is the same as the peak height of |H{w)]? for small
damping, then its width must be n{wy in order to give the correct area..This
bandwidth, which is called the mean square bandwidth of the mode, allows a
rapid approximate calculation of E[x?] to be made whenever the excitation
bandwidth includes wy and is reasonably flat.

Instead of making a precise calculation of the mean square response, which
probably means numerically integrating (7.18) when S;(w) is not a constant,
all we need do is to put

E[x?] = o (since we are assuming E[ f] = 0)
Average value of S{w)\ [Peak value}? [Mean square
in the region of wy of H(w) bandwidth

to find a result which is accurate enough for most requirements. Notice that the
mean square bandwidth n{wy i1s wider than the “half-power bandwidth” which
is the bandwidth between the two points where

[H(w)|? = 3| H(wy)|? (14.8)

) (14.7)

and comes out to be approximately 2{wy.

We saw in Chapter 8 that, for Gaussian white noise excitation, the statistical
average frequency (the frequency of zero crossings with positive slope) of x(t)
is given by

g = — 14.9

Vo P (14.9)

and, for a Gaussian narrow band process, the distribution of peaks is given, from
(8.24), by

pha) = (%e—ﬂ‘/m‘ 0<a< (14.10)
where p,(a)da is the probability that any peak of x{t), chosen at random, lies
in the range a to a + da, and o2 is the variance of x. For a highly resonant
mode subjected to broad band excitation, we know from the central limit
theorem that the output will tend to be Gaussian even though the input is not
Gaussian (see Chapter 7). Also (14.9) still applies quite accurately when the
excitation ts not white noise provided that it is a broad band process covering
the resonant frequency of the mode. Both (14.9) and (14.10) may therefore be
used with good accuracy to describe the output characteristics of any resonant
mode subjected to broad band excitation. The variance o2 required in (14.10)
may be calculated with sufficient accuracy from the approximate result (14.7).

Fatigue and failure due to random vibration

The commonest form of mechanical failure due to vibration is fatigue failure
caused by the gradual propagation of cracks in a region of high stress. Under
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high alternating stresses, cracks propagate faster than under low alternating
stresses, and a material’s “fatigue law™ is generally expressed by means of an
experimentally determined S-N curve. Here S denotes the stress amplitude and
N the number of cycles of stress (of fixed amplitude S) which causes failure,
Fig 14.3. Data is usually obtained by some form of reversed bending test in

log S = log (Stress amplitude)

[¢]
o©

log N =log (Number of cycles to failure)
Fig. 14.3 Typical S-N fatigue curve plotted to log scales

which samples are alternately bent one way and then the other to generate an
alternating stress of constant amplitude, S. The number of cycles N to failure
for each value of § is recorded and used to plot the S—-N curve.

When subjected to random excitation, failure occurs as a result of the
combined effect of stress cycles of many different amplitudes, so that the
appropriate S-N curve is not directly applicable. Unfortunately, at the present
time, there is not sufficient understanding of the basic mechanism of fatigue for
it to be possible to apply the results of constant stress experiments to the case of
randomly varying stresses with certainty. Various hypotheses for what happens
under random loading conditions have, however, been suggested and the best
known of these is the Palmgren-Miner hypothesis (Palmgren [53]; Miner
[50]). This applies for a narrow band process in which separate stress cycles
can be identified and suggests that, if n, cycles of stress occur at a level of stress
at which N; constant stress cycles would cause fracture, then the fractional
damage done by the n; cycles is (n;/N,). Failure is to be expected when the sum
of all the “fractional damages” is equal to one, i.e. when

n
—] =1 14.11)
o (
For a narrow band process obtained as a result of subjecting a resonant system
to broad band excitation, we know that in time T there will be on average
vg T stress cycles of which p,(S)dS will have peak values in the stress range
Sto§ + dS. If N(S) is the number of cycles of stress level S which cause failure,
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then one cycle at level S will cause fractional damage 1/N(S). Since in time T
we expect (vo T) (p(S)dS) cycles of this stress level, the average fractional
damage done at this stress level is

(ve T)(pp(S)dS)ﬁs—)

and the average damage resulting from cycles of all stress levels occurring in
time T is
*® 1
5T —=p,(S)dS.
0 | g P49
This expression may be used to predict the mean lifetime before failure occurs,
which is given approximately by

1
T=— : —
vo [& (1/N(S)p,(S)dS

(14.12)

and may be evaluated if the S-N curve is available. Values of vy and p,(S) are
available from (14.9) and (14.10). The calculation is subject to statistical errors
(because of the essentially random nature of the applied stress) which may be
approximately calculated (Crandall er al. [18]) and experimental errors due to
ignorance about the true mechanism of fatigue, which cannot be calculated.
In practice it is found that, provided the bandwidth of the resonant peak is not
too narrow (i.e. the damping ratio { not too small) and the number of cycles to
failure (N) is large (so that {N > 10 say), then the main error is the experi-
mental one due to our ignorance of the fatigue “law”. Typically the actual
lifetime is then likely to be in a range of values of the order 0-37 to 3T where T
is the value given by (14.12).

Other forms of failure due to random vibration can arise. For instance failure
may occur if a response spends too much of its time off range, i.e. it is outside
set limits for more than a minimum fraction of its lifetime, Fig. 14.4(a).

jxfv x(t)
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(a) Failure occurs if x(t)>a (b) Failure occurs when x(t)
for more than an acceptable first reaches the level
fraction of the total elapsed time x=a

Fig. 14.4 Possible modes of failure under random excitation

Alternatively failure may occur when the response first crosses a set level,
Fig. 14.4(b).
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If we assume that x(t) is ergodic and consider a very long (theoretically
infinite) length of a sample function, then the proportion of time spent off range
will be the same as the probability that, at any arbitrary time, x exceeds a
Hence, if p(x) is the probability density function, then we can write

Fraction of elapsed ®
= | ‘p(x)dx
(time for which x > a) L px)dx (14.13)

When x(t) is a Gaussian process for which

this becomes
Fraction of elapsed | _ 1 | aie-r'/hx’ al—x
time for which x > af 2 NE: J20,

= —(1 - errL) (14.14)

where erfa/,/20, is the error function which, when a/,/20, is large, is given by

2 2, 2
erf—a— =~ | —/T Ix gmavior (14.15)
ﬁa, noa

so that in this casef

Fracti fel d 1 2202
raction ot etapse: ) 9—-xe—a 120 (for a » o). (14.16)

= T a

The first crossing problem, Fig. 14.4(b), is a more difficult one because the
situation is fundamentally non-stationary as the random process is “switched-
on” at t = 0. If we gloss over this point by assuming that x(t) exists for t < 0
and is ergodic, then the average number of times it crosses the level x = a in
any time interval Tis v, T. In time dT the average number of crossings will be
vs dT This means that if we consider many intervals of width d7, only a
fraction v, dT of all such intervals will have a crossing (we are assuming that
dT is so small that more than one crossing in a single interval is impossible).
Another way of putting this is to say that the probability of a crossing in time
dTis v, dT The probability of there not being a crossing in d7 is accordingly

time for which x > a

| — v} dT = P(dT) (say). (14.17)

Now if we can make a further sweeping assumption that the crossings are
randomly distributed along the time axis, so that what happens in one time

qugulion (14.16) gives a result which is greater than the exact value. When a/o, = 3, the
approximation from (14.16) 1s about 10 per cent too high.
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interval is completely independent of what happens in adjacent intervals, we
can write

Po(T + dT) = Py(T)P(dT)
= R(T)(1 — v/ dT) (1419
from (14.17) where Py(T) is the probability of there being no crossings in
time T. This may be rearranged to give

Po(T + dT) — PyT) _ dP,(T) _
a7 T odT

— P(TW} (14.19)

which is a first-order differential equation for Py(T) which may be solved
to give

Py(T)= Ce™™T
where C is an arbitrary constant. Since P,(0) is the probability that there will be
no crossings in zero time interval, it must be unity, and so C = 1 giving
P(T)=e T, (14.20)

The probability of a failure in time T is the probability that there will be one
(or more) crossings in this time which is just (1 — Py(T)) and so we finally
obtain the following result

. . — et T (14.2D
(Probability of a failure in time T) = 1 — e™¢

which is sketched in Fig 14.5.

Probability of failure
in time interval T

10— S ——
/]

slope vy l

0 Vvt Time interval 7T

Fig. 14.5 Probability that a narrow band process
x(1) crosses the level x = a at least once during
time interval T

This result is strictly only correct for an ergodic process with crossings
randomly distributed along the time axis. Because large amplitude peaks tend
to occur in clumps, the intervals between clumps will be longer than the average
spacing between crossings and the probability of failure in time T will therefore
be less than that indicated by (14.21).
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A further interesting point is that the first passage probability density pT)
can be deduced from (14.21). The probability p{T) d T of a first crossing between
T and T + dT must be the same as the increase in the probability of failure
between T and T + dT So, from (14.21), we obtain

AT)dT = %(1 — e~ % T)dT

which gives
pPT)=vSe T (14.22)

for the first passage probability density function. The mean value of the time
to failure is then given by

E(T) = J.m THT)dT = ;'; (14.23)
o a
and, since
® 2
E[T?] = j TT)dT = —, (14.24)
0 (va )

the standard deviation of the time to failure is

£

. (14.25)

Or =
Vv

which is equal to E[T], so we can hardly put a great deal of confidence in this
estimate. For more information the reader is referred to specialist research
publications in the field (Crandall et al. [19, 20]).

Excitation by randcm surfacs irregularities

Figure 14.6(a) shows a possible profile of the irregularities on a fixed surface,
for instance a road or an aircraft runway. The height y of the surface above a
fixed horizontal datum is plotted as a function of the distance x along the road
or runway. Instead of varying with time, the height y is now a function of
distance; long wavelength irregularities correspond to low frequency com-
ponents in the time domain and short wavelength irregularities correspond to
high frequency components. The angular frequency o (rad/s) that we are
accustomed to is replaced by the so-called wavenumber y (rad/m or rad/ft)
which expresses the rate of change with respect to distance. Just as the period T
of a time-varying component with frequency w is given by

T= zg (units of time) (14.26)
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(a)
y(x)
TN,
0 Dt
(b)

Mean square

spectral

density

Sy (y)

0 Wavenumber y

Fig. 14.6 Profile and spectrum of a rough surface with a primitive model
of a moving vehicle

so the wavelength 1 of a spatially-varying component with wavenumber y
is given by

A= 277[ (units of distance). (14.27)

The mean square spectral density of the height variable y is therefore now a
function of wavenumber (instead of angular frequency) and typically has the
form shown in Fig. 14.6(h). In practice S(y) may be determined by measuring y
at closely spaced intervals along the x axis and then employing the calculation
procedure described in Chapters 10 and 11. In Fig. 14.6(b), S,(y) is drawn as a
single-sided function of y and therefore

x
E[y*] = j S,(y)dy. (14.28)
V]

An interesting application of random vibration theory involves calculating
how a moving vehicle responds to road surface irregularities. In Fig. 14.6(c),
a one degree-of-freedom model of a “vehicle” with a simple suspension system
is shown moving at constant speed V along a rough surface. With respect to an
an observer on the moving vehicle, coordinates y and z are functions only of
time, and the equation of motion of the vehicle is

mé + ¢z + kz = ¢y + ky. (14.29)

The input to the suspension system is the time varying parameter y{t), and if this
has spectral density S,(w) with respect to time, then the spectral density of the
vehicle response S,(w) is given by (see Chapter 7)

Sw) = |H(w)]’S (w) (14.30)
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where

ciw + k

Hw) = — @ *%
(@) —mw? + ciw + k

(14.31)
Our problem is to relate the spectral density of y with respect to time, S (w),
to the measured spectrum with respect to distance, S,(y).

We know from Chapter 5 that the (double-sided) time spectral density S(cw)
is given by

S (w) = El;Jl: Rr)e " dr (5.1)
where the time autocorrelation R () is defined by
R(1) = E[y(t)y(t + 7)]. (3.13)
A corresponding spatial autocorrelation function R (X) is defined by
R/(X) = E[yx)y(x + X)] (14.32)

and this leads to the formal definition of the (double-sided) spatial spectral
density
1 [ —iv

S,y = I '[_ Ry(X)e "*dX. (14.33)
Assuming that the vehicle speed V is constant, we can relate S(w) and S(y)
by some simple substitutions. First there is a relation between the time lag ¢
and the space lag X appearing in (3.13) and (14.32), since a vehicle travelling at
speed V takes time

T = (14.34)

<[>

to travel between two points distance X apart on the road. Secondly, since a
cycle of wavelength 1 = 2r/y is covered in period T, where

T= V,

we know, from (14.26) and (14.27), that the time angular frequency

2TZ 27I
=Lyt oy, 14.35
w T 7 ? ( )

Substituting these results (14.34) and (14.35) into (5.1) gives

1 [~ X\ _avy 1
Sw = Vy) = ﬂj. R,.(r = _l;)e ‘V”‘X’V"VdX

-«

2

11 [ -
ZV_I R(X)e "*dX
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which, from (14.33), gives

S = V) = 3:5,0) (1436)

or, its equivalent,

1

siw) =4

gb=% (14.37)

and allows the time spectral density S {w) to be obtained directly from the
spatial spectral density S,(y) of the surface profile. Both spectral densities in
(14.36) and (14.37) are double-sided functions (i.e. defined for @ and y running
from —oo to o) or, alternatively, both are single-sided functions (@ and y
running from 0 to o). Also if we are dealing with single-sided spectra whose
units are those of (mean square)/(Hz), W,(f), and (mean square)/(cycle per unit
length), W(1/2), then, from Chapter 5,

W(f) = 4nS(w = 27f) (5.25)
when S,(w) is a double-sided function, and, similarly,
1 2n
W’(I) = 4nS,(y = _A—) (14.38)
when S(y) is double sided. In this case (14.37) gives
1.1 f
Wﬂ—;%&—ﬂ- (14.39)

Example
Estimate the r.m.s. displacement response of the “vehicle” shown in Fig.
14.6(c) when its suspension has a natural frequency
1 [k

— [—=15H
2n\m z

and a damping ratio

and it is travelling at (a) 30 km/h and (b) 100 km/h over a road surface
whose one-sided spatial spectral density is 100 mm? per cycle/m (constant).

First note that the units of spatial spectral density are mm? per
(cycle/m). The corresponding one-sided time spectral density is from
(14.39),

W(f) = % mm? per cycle/s

- when Vis in m/s.
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Rather than make an exact calculation, we can approximate by using

the results of the first section of this chapter. In this case the frequency
response function is

ciw + k
—mow? + ciw + k
rather than

1
—mw? + ciw + k

but since the resonant peak (Fig. 14.2) is determined almost entirely by the
denominator (we are assuming small damping), the approximate result
(14.7) is still a first approximation for the variance, which in this example is
62, and so, from (14.7),t

o2 ~ Average value of W(f)in Peak value\?/Mean square
* 7 \the region of f = fy = wy/2n)\of H(f) bandwidth in Hz,

so that
2
ot~ (@)(i) (rfy) mm?.
V New
Substituting from (14.3) and (14.4) then gives
100/ 1\?
ol ~ (7)(2—C) (nlfy) mm?

which, putting f, = 1'5 and { = 01, becomes

ol ~ SIEL -
vV
Hence, for V = 30km/h, ¢, = 12mm and, for V = i60km/h, ¢, = 6-5mm.
A real vehicle is of course subjected to inputs at more than one point.
Normally there will be at least four separate inputs from the road but, for
simplicity, consider the case when the response z(t) arises from two inputs

y1(t) and y,(t), rather than from a single input y{¢). In this case, from (7.13), the
spectrum of the response S, (w) is given by

S{w) = HH(w)H (0)S,, (0) + HY(0)H,(0)S,,,,(w) +
+ HY(0)H (0)S,,,,(0) + Hi(w)H;(w)S,,(w)
where, if y, (1) = €' with y,(t) = 0,
2(t) = H (w)e™

(14.40)

2Y

tNote that, since W,(f) is defined as a one-sided function of frequency, the factor of 2 in
equation (14.7) is omitted here.
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and, if y,(t) = e with y,(t) = 0,
Z(t) = Hy(w)e'**

and S, (), S,,,,(@), §,,,,(w) and S, (w) are the time spectral and cross-spectral
densities of the excitation. For a linear system, the frequency response functions
H,(w) and H,(w) can in theory be calculated, or possibly they can be measured
if a test vehicle is available, and the time spectra of the excitation can be
calculated from measured road spectra by using (14.37). Provided that its
suspension has substantially linear dynamic ¢haracteristics, which means that
the amount of Coulomb friction present must be small, the vibration response
of a moving vehicle to road surface irregularities can then be calculated from
(14.40) and the effect of different suspension elements and different structural
features assessed theoretically. There is an extensive literaturet on the response
of wheeled vehicles to road surface undulations and this subject has now
become an important branch of the subject of vehicle dynamics.

Simulaticn of random environments

In Chapter 13 we referred to the need to simulate random vibration environ-
ments in order to test how a new product performs before putting it into
service, or, possibly, to study faults that are known to occur in already estab-
lished products which fail in service. Since the operating environment of such
a product probably arises from its excitation at more than one point by
separate (and probably correlated) noise sources, and may involve excitation
over finite areas of its surface by randomly varying pressure fields, a complete
simulation of typical service conditions will very likely be impracticable. How-
ever, it turns out} that resonant systems and structures can sometimes be
excited satisfactorily by inputs at just one or two points and, when the necessary
conditions are met, considerable simplifications (and cost savings) can then be
achieved.

Consider a linear system which is excited at two points | and 2, Fig. 14.7, by
separate ergodic random inputs x,(t) and x,(t) and which responds at two
output points A and B with responses y,(t) and yg(t). If complex frequency
response functions H,,(w), H,,(w). Hg, (w) and Hg,(w) are defined so that

when x,(t) =€ and x,(t) =0
then yalt) = Hyy(w)e' and  ygt) = Hg (w)e™! (14.41a)
and, when x,(t) = 0 and x,(t) = '
then yalt) = H{w)e™ and  ygt) = Hg(w)e™ (14.41b)

and if the spectral and cross-spectral densities associated with the inputs and

t See, for instance, Dodds et al. [24] and Virchis et al. [66].
$Robson [59] Ch. VIL The treatment here follows Muster et al [S1] (which is itself based on
Robson's analysis).
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(b)

Fig. 14.7 Simulation of two-point excitation x,(#) and x,(f) by single
point excitation x,(¢)

outputs are S, (w), S, (w), S, (@) =S, (w), S, (@), §,,(w) and S, , (w) =
Sy ay.(®), then, from (7.13),
Sya = H3 H,,S,, + H5 H oS, + HY,H .S, ., + HYH S,
and (14.42a)
Sy, = Hy\Hp,S,, + H3\Hp,S, ., + H:Hp S, + HEHg,S,,

and, from (7.30) (see problem 7.5),

S,.on = Hi1HgS,, + HX Hy,S, ., + Hi:Hp, S, + Hi2Hp,S,,
and (14.42b)

S, =8,s = H3 Ha\S,, + H}\ HypS, o, + H32Hy\ S, + HEHy,S,

yBYAa yays 1X2

Our problem is to find whether a single input x;(¢) applied at an arbitrary
point 3, Fig. 14.7(c), can, if its spectrum is appropriately adjusted, reproduce at
points A and B the same response spectra which occurred as a result of the two
simultaneous inputs x,(t) and x,(t).

In general terms we know that, if S, (w) is the spectral density of x,(t), then
the response spectra at points A and B are

Sy. = HisHasSy,
Sy,, = H;,H,,;Sx,
= H13HpsS,,

Syava = HE3H,35x,

where H,;(w) and Hpy(w) are complex frequency response functions defined
so that

s (14.43)

yayse
and

when Xx5(t) = efwr
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then yalt) = H,s(w)e* (14.44)
and yg(t) = Hgs(w)e™".

We want the response spectra calculated from (14.43) to be the same as those
calculated from (14.42). But we have only one variable, the spectral density of
x3(t), S,(w), to play with. Suppose we choose S, so that S, () is the same for
both two-point and single-point excitation. In this case, combining the first of
(14.42) and the first of (14.43) gives

_HhHag  HiHeo o HuHae o HuHeg
HASHAS HAJHAS HAJHAJ HASHA3

Alternatively, if we choose S,, so that S, (w) is the same for both cases, then

_ H\H, H§ H H§,H Hy:H
- B174B1 le B1°'B2 Sx|x2 + B2°°81 B827°B2 sz (1446)
" HisHgs H33Hps Hg3Hps Hy3Hpy
or, if we make S, . =S¥ the same for both cases, then
_HiHsg | HiHyp | HbHao | HbHpg 0

= + =
® H:SHBJ H H:JHB:i e H:JHBJ i HA3HBJ

These three equations (14.45), (14.46) and (14.47) will only give the same result
for S, (w), independently of S, (w), S (w) and S, , (w) = 8%, (w), if the corres-
ponding coefficients in the equations are the same. The S, terms on the r.hs.
of the equations will be the same if

Hi\Hy _ Hj\Hp _ Hi\Hp,

= = . 14.48
HiHe  HysHey  HisHas (1449
The S, ,, and S,,,, terms will be the same if
HyHy _ HHyy _ HiHgo _ HuHb (1449)
H:JHAJ H;SHBJ HAJH HAJHEJ
and the S,, terms will be the same if
Hi Hy, _ Hi,Hg, H},Hp, (14.50)

H%H,  HiHpy  HiHgy'

In general, equations (14.48), (14.49) and (14.50) will not be true and so two-
point excitation may not then be simulated by single-point excitation. How-
ever, if, as very often happens, the response is dominated by a single resonant
mode, then it turns out that (14.48)~(14.50) are approximately true, and the res-
ponse to single-point excitation closely resembles that for two-point excitation
and, in the general case, that for multi-point excitation.

The fact that (14.48)—(14.50) are approximately true when there is a single
resonant mode present depends on the fact that a lightly damped resonant
mode has the same shape, independently of where it is excited. For example, if a
pin jointed beam is excited at its lowest resonant frequency wy by a unit force
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applied distance s from one end, Fig 14.8, then the half sine wave mode shape
of the resulting motion is not affected by the dimension s. Although the
amplitude of the resulting motion depends on s and on the inherent damping
present, to a close approximation the mode shape and therefore the ratio of
displacements y ,(t) and yg(t) does not depend on where the force is applied to

k)({t)zeim,,l

s

Fig. 14.8 Lowest resonant mode of a pin
jointed beam

the beam. Also all points on the beam move in phase (or, for higher modes, in
phase or in antiphase) with each other. Hence, if for s = s, (say)
yalt) _ Hulwy) e Hylwy)

= = 14.51
yelt)  Hg(wp) e Hg(wy) ( )

and for s = s, (say)

yalt) _ H (wy)e™! _ H 5 (wy)
ya(t)  Hpylwy)e™™  Hgylwy)

(14.52)
then, since these ratios of displacements will be the same (same amplitude and
phase relationship), we obtain the approximate result that

H, (wy) _ H 5 (wy)
Hp\(wy)  Hpylwy) ’

(14.53)

Furthermore, for broad band random excitation of a highly resonant mode,
we know, from the first section of this chapter, that the response is a narrow
band process whose average frequency is the natural frequency of the mode,
wy. The response is dominated by frequency components in the region of wy,
and so, in this case

}i - H 4 (w) ~ H 4y (wy)
Hpy, Hy(w) Hg(wy)

(14.54)
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since we are concerned only with frequencies near to wy. Hence, finally, (14.53)
may be written approximately as
HA] — HAZ

= (14.55)
HBI HBZ

where frequencies near to wy are understood. The same result applies also for
excitation at point 3 so that

Al A2 4d (14.56)

* *x *
T T T = e (14.57)

If these results (14.56) and (14.57) are true, then it is easy to see that (14.48),
(14.49) and (14.50) must also be true, in which case the spectral characteristics
of the response to two-point excitation (and, in a more general case, to multi-
point excitation) can be simulated by the application of a single random input
x,(t) whose spectrum is defined by any one of (14.45), (14.46) or (14.47) (each of
which gives the same answer to a close approximation).

We therefore conclude that, if the motion of a system is dominated by a
single resonant mode, then in order to simulate the motion of this system in
response to broad band multi-point random excitation, it is only necessary to
excite the system at a single point. The location of this point is arbitrary, except
that it may not be at a node (point of no motion) for the resonant mode. In
that case H ,;(w) and Hgs(w) would be zero in the above analysis and so the

equired input spectral density S, (w) given by (14.45), (14.46) or (14.47) would be
infinite. If this condition is met, then the response of a highly resonant system
to multi-point excitation may be simulated by using a single vibrator (or input
exciter) which has to be set so that the response at any one point on the system
corresponds to its response under service conditions (multi-point excitation).
The response at all other points will then be correctly set automatically.

The above analysis may be extended to the case where there is more than one
highly resonant mode present (Robson et al. [60]), and it turns out that if there
are n highly resonant modes, then the system’s response can be accurately
simulated by exciting it at a minimum of n separate points. The required
spectral characteristics of the necessary excitation can be calculated by extending
the analysis already described. Furthermore, if two or more modes have natural
frequencies which are sufficiently far apart, it may even be possible to excite
more than one mode correctly from a single point. In this case the spectrum
of the excitation is adjusted so that each mode has the correct response in its
own frequency band. Provided that these frequency bands do not overlap, each
mode can be “tuned” to its correct response (by adjusting the excitation
spectrum) independently of the other modes.
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Frequency response function and ccherency
measurements

We have seen how random vibration is transmitted through linear systems
and, from Chapter 7, if a linear system has two inputs x,(t) and x,(t) and a

Fig. 149 Constant parameter linear system
with two inputs and one output

single output j){t), Fig. 14.9, then we know that the input and output spectra
are related by the equations

S)(@) = HH@H(©)S,,() + HH@)H(0)S, (@) +
+ H(w)H (0)S, () + HH{w)Hy(0)S, (») (7.13)
and
ley(w) = H[((U)le(w) + Hz(w)sxlxz(w)
(7.22)

Sep() = Hy()S, (@) + H,(w)S,, . (w)-

Suppose that the frequency response functions H,(w) and H,(w) are initially
unknown and we want to calculate them from measured values of the spectra
and cross-spectra of the inputs and output. Basically we have three equations
involving only two unknowns, H,(w) and H,(w), and we can in fact find H ()
and H,(w) from the two equations (7.22) without ever using the first equation
(7.13). However this additional equation serves as a useful check on the
accuracy of our calculation because, after finding H,(w) and H,(w), we can
substitute into (7.13) and check that this extra equation is correctly satisfied.

Following the methods described in Chapters 10 and 11, the input spectra
and cross-spectra S, (w), S,,(w) and S, (w) = S},, (w) and the cross-spectra
between each input and the output S, (w) and §,, (w) can all be measured.
Assume that we know values of all the spectra at a series of closely spaced
discrete frequencies, w = w, (say). Actually, of course, we can only determine
estimates of the true values, but for the present assume that we have exact
values of the spectra.

At frequency w, (7.22) become

Sx,y(wk) = Hl(wk)sx|(wk) + Hl(wk)sxlxz(wk)
and

Sx;y(wk) =H Z(wk)sxz(wk) + H l(wk)szx;(wk)
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and, solving for H,(w,) and H,(w,) we obtain

Se,Sx,y —
Hl(wk) — X27X1) sz)'sxlxz

Sx,sxz - Sx;xzsxzxx
and Hoon = S Sesy — SerySens, (14.58)
2 B Sx,sz - leszxle

where the argument w, is omitted from each S term for brevity.

Now suppose that the spectral density of the output process, S,(w), is not at
first measured, but that we calculate it from (7.13). First substituting from
(7.22) into (7.13) gives

S,(@) = HHw)S,,,(w) + H}(w)S,, (). (14.59)

Then, since S,(w) is a real quantity,} its complex conjugate is equal to itself,
and so if we take the complex conjugates of both sides of (14.59), we obtain

Sy(w) = Hy()S} () + Hy(w)S},,(w)
= H,(0)S,x,(®) + Hy(w)S,,,(w)

from (5.23). Finally, at frequency w,,
S, (@) = Hy(@)S,. (@) + Hy(@)S,,(0) = Sw) (say) (14.61)

in which we can substitute for H (w,) and H,(w,) from (14.58). The symbol ~
on S{w,) is introduced to indicate a calculated rather than a measured value of

S,(@y)-

Provided that we are dealing with a constant parameter linear system for
which x,(t) and x,(t) are the only inputs, and assuming that the spectra and cross-
spectra are accurately known, then, if we now also measure the output spectral
density function S,(w,), this should agree with the value S'y(w,‘) we have just
calculated. However owing to the presence of unwanted noise in the system
and due to inherent nonlinearities, the measured spectrum S (w,) will in general
differ slightly from the calculated value based on linear theory. The ratio
.S:,(w,‘)/Sy(a)k) is defined as the multiple coherence function between the output
process J{t) and the input processes x,(t) and x,(t), and we shall represent
thist by the symbol 17 ,(w). If the output }t) is completely accounted for by a
linear response to the recognized inputs then n? (w) will be unity (non-
dimensional) at all frequencies. From (14.61) we can see that,

Sy(wk) = Hl(wk)syxl(wk) + Hz(wk)syxz(wk)
S, (@) S,(@y)

(14.60)

1y (@) = (14.62)

for two inputs, while for more than two inputs the numerator is just the sum
of more terms so that, for n inputs, the multiple coherence between the output

tSee Ch. 5, equation (5.7) and the discussion which follows.
1 Other authors use yZ,(w) or x2,(w) for the same quantity.
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and the n separate inputs at frequency w, is given by

Y H,(@,)S,, ()
2 —_r=1
"y.x(wk) - Sy((l)k)

This is an important result because n>., will only be unity if all the separate
inputs have been taken account of and if the system being studied is a linear
system free from extraneous noise.

We can express (14.63) entirely in terms of measured auto- and cross-spectra
by substituting for H(w,) and H,(w,) from (14.58). These equations can be ex-
tended to the case of n inputs by noting that, in this case, from (7.23),

le)' = Hlelxl + HZlexz + H3lex; + -+ HﬂSx,x,‘
S.,, = H,

sy + H,S, ., + HyS, ., + -+ HS,,. (7.23)

fle fzxz flxs
I [} | 1 1

(14.63)

Sx,.y = H]S,lz,,x, + HZSI + H3SI 4+ - 4 HnS|

XnX) XnX3 AnXn

where the arguments (w,) are omitted for brevity and we write the auto-spectra
Se, = Seixir Sk, = S, 1, €tC., to keep the notation uniform. This set of equations
may be written more conveniently in the matrix form

Sy \ S W H,
szy Sx%xl Sx211 Tt szxn I-IIZ (1464)
S,It,.y Sx,‘.x. Sx.l.x; erlnln Iiln

or, more briefly, in the shorthand equivalent form

[Sq] = [Se]{H] (14.63)

By premultiplying by the inverse matrix [S,,] ', we can solve for the column
matrix [H] which is then given by

[H] = [S.]'[S,,]) (14.66)
The numerator of (14.63) may also be written in matrix notation, since
Y HS,. =[S S - SullH
r=1
fllz (14.67)
#
Hr\
and, if we define
[Syx] = Syxx
.‘Sm (14.68)



Frequency response function and coherency measurements 209

its transpose is the row matrix
[S,.) = [Syx, Sy - S’,,n]. (14.69)
Substituting from (14.66) and (14.69) into (14.67) now gives

=ZI HrSyx.- = [Syx]'[Sxx] N l[Sxy] (1470)

so that finally we can express the multiple coherence function in the matrix form
S, TIS..] 'S

U;Z'x — [ }‘X] [ :‘gx] [ xy] (14.71)

Yy
where the spectral matrices [S,,], [S,,] and [S,,] are defined by reference to
equations (14.68), (14.64) and (14.65).

We have seen that r]i,, should be unity for a constant parameter, linear,
noise-free system. It can be shown (Jenkins er al. [39] p. 467) that this is its
maximum value and that 52 will always be less than 1 (but greater than zero)
in all other cases, so that

0<n, <L (14.72)

If n2 = 0, then the measured output at the frequency being investigated is
entirely due to noise and cannot be predicted from the known inputs, whereas
if n? = 1, then the output can be completely accounted for by passing the
known inputs through a linear noise-free system.

Consider now the special case when there is only one input x,(t). The two
input problem studied above reduces to this case if we put x,(t) = 0, in which
case

Seixn(©@) = S, (@) = S, (w) = §,,,(0) = 0.

X2X

The first of (7.22) then gives

S ((.’)k)
H(c,) = X 14.73
1) 5. () ( )
and (14.63) becomes
H (w))S,, (o
M () = T ln) (14.74)

Sye)
which, after substituting from (14.73), gives

n (o) = Su@u, @) (14.75)
! S, (@S ()
In this case r;ﬁ,_ is called the single or ordinary coherence function between
t) and x,(r) at frequency w = w,. For a constant parameter linear system
(14.75) will again always work out to unity unless either (a) there is unwanted
noise present in the measurements or (b) there is an input other than x,(t)
which has not been accounted for.
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Estimates of frequency response and coherence functions should be sup-
ported by information about the confidence limits which can be associated
with these estimates. We saw in Chapter 9 how confidence limits can be
calculated for a spectral estimate by assuming that the distribution of the
estimate is of a chi-square type. It is possible to extend this approach to
determine approximate confidence limits for frequericy response and coherence
estimates and the methods for doing this are discussed in the specialist litera-
ture (Bendat et al. [3]; Otnes et al. [52]). However there is one very important
point about calculating frequency response and coherence function estimates
which should be mentioned here. It concerns estimates found by using the FFT
approach to calculate discrete Fourier transforms of sample functions of the
input and output.

Consider a system with a single input x(t) and a single output y{t). Assume
that both x(t) and y{t) are recorded during the same time period T and then
passed through an analogue-to-digital converter to generate the discrete time
series {x,} and {y,},r =0,1,2,..., (N — 1). We can now use the FFT to calcu-
late the DFT’s of these two time series, {X;} and {Y,}, k=0, 1,2, ..., (N = 1),
and hence find the spectral estimates (see Chapter 11)

~ T = T

Sxx(wk) = z—nX:Xk Sxy(wk) = %X: Y;c

¢ ~ T e N ~ T v (14.76)
Syx(wk) = E YEX, Syy(wk) = ﬁ YiY.

The spectral estimates will satisfy (14.76) whether there is noise present in the
output process y(t) or not and whether the system is linear or not. However, on
substituting (14.76) into (14.75) to determine the coherence function n2,. this
comes out to be exactly 1 since

) = 5008, (n)

~ Sxy(wk)syx(wk)
B Sxx(wk)gyy(wk)
L XENYRXG
S XXy
The reason for this apparent paradox is explained by the fact that the coherence
function estimate 2, calculated from (14.77) suffers from a bias error which is
severe when the equivalent number of statistical degrees of freedom of the
spectral estimates is small. It turns out that values of 2, calculated by using
(14.76) always come out to be unity, whatever the true value. The difficulty may
be overcome by smoothing adjacent spectral estimates (as described in Chapter
11) to improve their statistical reliability before substituting these estimates
into (14.77) to calculate the coherence function. Then 72, does not come out
to be unity unless the system being investigated is a linear. noise-free system.

(14.77)
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For accurate measurements of frequency response functions, we want n? to be
unity, but only when it is calculated from properly smoothed spectral estimates.
Digital calculations, without final smoothing, indicate falsely that a system is
linear and noise-free when this is not the case, so caution is needed when
calculating and interpreting coherence function estimates.

Nonstationary processes

In Chapter 2 we discussed the concept of ensemble averaging, based on the
notion that a random process {x{t)} can be thought of as an infinite collection
of sample functions x{¢) all occurring simultaneously, Fig. 2.4. If the process is
stationary, its ensemble averages are independent of absolute time ¢ If, in
addition, the process is ergodic, then any one sample function is completely
representative of the process as a whole. Ensemble averages and sample
averages are then the same, so that, for instance,

E[x(t)x(t + )] = R (1) = % "m x(t)x(t + 7)dt.
lin':’l':“{-.ri2

Throughout this book we have been talking about stationary processes and,
most of the time, about ergodic processes. This is a necessary assumption in
order to make progress with the theory and it is an acceptable approximation
to make for many practical calculations. However the question obviously
arises: is a given random function a sample from a stationary process, and, if
so, is this an ergodic process?

It is never possible to answer this question with certainty unless we have
infinitely many sample functions available and they last for ever. Otherwise
there is always the possibility that the statistical characteristics of the process
will change for the next sample or for the next time interval. The best practical
guide is probably just common sense. If a process has a beginning or ending,
then theoretically it is not stationary. However if it lasts for a long time (long
compared with the period of its lowest frequency spectral components) then it
may be sensible to assume that the process is approximately stationary over
most of its lifetime. Strictly this is a contradiction in terms, but we mean that
sample records of the process in question may be thought of as finite lengths
cut from records of sample functions of a stationary process which are infinite
in length. In other cases it may only be reasonable to assume that a process is
stationary over part of its lifetime. For instance the random pressure fluctuation
on the casing of a rocket is an example of a case in which there are initially very
violent fluctuations on launching, but these die down to a much lower level
when the rocket leaves the earth’s atmosphere and thrust is reduced. Obviously
it would not be reasonable to assume that this process was stationary for most
of its duration. However, possibly we could divide the record into sections,
one section for lift-off, one section for accelerating through the earth’s atmo-
sphere, one section for coasting in space, and so on, each of which may be
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thought of as finite lengths of sample functions from different random
processes, each approximately stationary.

If it is reasonable to think of a length of sample function as being representa-
tive of a stationary process, then it is usually easier to say whether this process
is likely to be ergodic or not. For instance if we are concerned with launching
rockets, and if all the rockets are the same and are launched in the same way.
under similar conditions, then we could expect each section of the record of
random pressure fluctuations on any one rocket to be representative of the
pressure fluctuations recorded at about the same time on other rockets. In this
case, each section of the pressure—time history could be expected to be repre-
sentative of an ergodic (and therefore stationary process). However if we are
concerned with recording the instantaneous sound pressure level as aircraft
take off from an airport, then the record obtained when a small private plane
takes off will not represent the record when a jumbo jet takes off. In this case
separate time histories are not samples from the same ergodic random process.
Instead we should have to group aircraft according to their different engine
characteristics, and also take account of wind and weather conditions, in order
to be able to group the sample time histories in order that each might
approximately represent the characteristics of other sample functions in the
same group.

Suppose that we believe a given length of a sample function comes from an
ensemble of sample functions which together constitute a stationary, ergodic
random process. How can this hypothesis be tested? If we only have one sample
to examine, as is very often the case in practice, all we can do is to cut this up into
a series of short lengths, calculate sample averages for each short length. and
examine how these short-sample averages compare with each other and with
the corresponding average for the whole sample. Obviously we would not expect
the short-sample mean-square values to be exactly the same as the overall
average value, because the sample average over length T only approaches the
ensemble average (constant) when T — co. For finite T we would naturally
expect some difference from the ensemble average. This raises the question: how
much variation from one short sample to the next is acceptable while still being
consistent with our hypothesis that the full length sample is taken from a
stationary ergodic ensemble?

In fact we considered this problem in Chapter 9 when discussing the
distribution of .

1 2
z(t) = —f.[o x*(r)dt
in connection with the accuracy of spectral analysis. The conclusion was that,
for a Gaussian process,
g g, 1
m  E[z] J(BT)

where B is the bandwidth of the process x(f) in Hz If, as before, we assume
that z has a chi-square distribution, then we can calculate confidence limits, as

for BT » 1 (9.22)
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described in Chapter 9, for each of the sample mean square measurements. We
can then use this information to judge whether the original hypothesis of
stationarity should be accepted or not. However this approach requires know-
ledge of the bandwidth of x{t) and assumes that it is a Gaussian process, and
this information is generally not available at the initial stage of an investigation
when stationarity is being tested. Hence other more direct approaches are
adopted.

Suppose that the short-time averaged mean square values are arranged in
time order, so that the value representing the first “slice” of the time history
occurs first and other values follow in order. Then if there is a nonstationary
trend in the data, we would expect the same trend to show in the ordered
sequence of average values. There are many different methods of testing for
non-random trends in an ordered sequence of observations (Kendall er al.
[41c] Ch. 45) but one of the simplest methods which is effective in identifying
a gradual drift is the method of counting “reverse arrangements” or
“inversions™.

}X(t)

T
x2=1 [ x2(t)ar !

4 TJo 537 l 541
516 I Y o S 514 ’,,"@
@ : ‘[‘“Gr’ :

1 |
! | | |
1 4 ! |

t

Fig. 14.10 Testing for nonstationary trend by
dividing a sample record into “‘slices” of length T,
estimating mean square values for each slice and
counting the number of “‘reverse arrangements” of
these values.

In order to explain this trend test, suppose that the time history being studied
is cut into four “slices™, Fig. 14.10, and the mean square value for each slice is
calculated. In order of time, these values might be

516, 537, 514, 541
Since 5-16 and 5-37 both occur before the smaller value 5-14 there are said to be
two “reverse arrangements” in the ordered sequence. If the order was

5-14, 5-16, 537, 541
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there would have been no reverse arrangements, and if it had been
541, 537, 516, 514

there would have been the maximum possible number of six reverse arrange-
ments (5-41 exceeds three following values, 5-37 exceeds two following values
and 5-16 exceeds one following value). It is a relatively easy matter to calculate
the probability that, assuming there is no underlying trend and that the values
have been drawn in a random order, there will be two reverse arrangements or
less in the resulting sequence (problem 14.4) and this comes out to be 3. We
can therefore say that, for stationary data showing no trend, in which all
orders are equally likely, there is a probability of 37-5 per cent that there will be
two or less reverse arrangements in the sequence of measured mean square
values.

This is hardly convincing one way or the other, but suppose that we have
10 short-sample mean square values and that the ordered sequence of values
has 12 reverse arrangements. From Appendix 6 the probability of 12 or less
reverse arrangements occurring by chance from a random series of 10 values is
only 3-6 per cent. In this case we should find it hard to support the stationary
hypothesis and would have to conclude that it is much more likely that the
sample time history x(t) belongs to a nonstationary process.

If necessary, trend tests on mean square values can be supported by similar
tests on filtered data, in order to obtain evidence that the spectral composition,
as well as the mean square, does not change with time. In order to do this, the
sample function x(t) is filtered into separate frequency bands, and short-time
averaged mean-square values calculated for “slices” of the filtered data. The
possibility of nonstationary trends in the data in each frequency band can then
be investigated as already described.

Suppose that, as a result of carrying out one or more of these tests, we
conclude that the data being analysed cannot be regarded as even approxi-
mately stationary over short lengths. In this case the theory becomes much
more complicated because it is necessary to work with double frequency spectral
density functions. Beginning with the fundamental definition of the nonstaticnary

autocorrelation function
R.(ty,12) = E[x(t,)x(t,)] (14.78)

the corresponding generalised spectral density function S,(w,,w,) is defined
by the double Fourier transform relation

S,(w,,wz)=#f d‘xf dt, R(1,,1,)e 1 e i@ (14.79)

and is now a function of two angular frequencies w, and w,.

In order to calculate how S, (w,, w,) is modified by transmission through a
linear system we can follow exactly the same approach as that described in
Chapter 7 for stationary processes. For a single input-output system with
impulse response function A(t) and frequency response function H(w) for which

H(w) = jw h{t)e ' dt (6.21)
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we know that the output y(t) is related to the input x(t) by the convolution
integral,

Ht) = J. HO)x(t — 6)d6. 6.27)
The nonstationary output autocorrelation function is

Rt} 1)) = E[Yt,)yt,)]
and substituting from (6.27)

Rty 1) = E[ f ® WOty — 6,6, f " o —ez)doz]
=f°° a6, | a0, MO0 ELx, — 6,50 ~ 03]

= [ a0 [ s moreI R -0 -0 usm
Now using (14.79) to calculate the double Fourier transform of (14.80) gives

Sy(wha_’z) = 4—}—!3‘[ dt, J. dit, R,(t,,tz)e""“’ e~ iwn

= Z}ti.[ dtl '[ dtz j dG, J. del h(ol)iioz)e‘m"' e~ loaz X
X Rty = 6,,t; — 6,).
(14.81)

By changing the order of integration, this may be written in the identical form

l « w0 © —iw20,
(000 = 753 [ 0, MOy [ a0, oe s

bl - <]
- <] [- ]
xj dt,e‘““"‘o"J diye~lez=82 R (¢, — 0,1, — 6)).
- -

The integrations with respect to t; and t, are made with 8, and 6, constant,
so that, if we put

¢l =1t — 91
¢2 =1; — 02
then
S (w,, w,) =J. de, },(gl)eiw.o.J d6, HB,)e ¥ x

1 @© . @ .
x 5 f dg, et f dy e R (61, §)

-
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= J. d9, h(el)eiméhj. dez h(ez)e—iwz(h Sx(w“ w2)~ (14.82)

- @™ -

Lastly, we can introduce the frequency response function H(w), evaluated at
the two frequencies w, and w,, from (6.21), so that (14.82) becomes

Sy(wu w,) = H¥(w,)H(w,)S,(w,, w;) (14-83)
which is the nonstationary equivalent of the familiar result
S,(w) = H¥(w)H(w)S,(w) (7.15)

for stationary processes. Notice that the form of equation (14.79) with efv
and e appearing under the integrals is specially chosen so that the form
of (7.15) (and of the more general equation (7.14)) is preserved for nonstationary
spectra. Similar input-output relations can be derived for the case of multiple
inputs and for nonstationary cross-spectra and these results parallel those for
the stationary case. In fact they are surprisingly simple. The real problem is
finding the double frequency input spectra in the first place and interpreting
what they mean.

In general it is not possible to determine S, (w,,w,) from a single sample
function because the ensemble average E[x(t,)x(t;)] from which it is derived
cannot be obtained by averaging over time on a single record. This introduces
enormous practical complications because many individual sample records
must be available and they must all be sampled simultaneously, starting from
the same time origin. The only possibility of simplification is when knowledge
of the physical nature of the process or inspection of sample records allows the
nonstationary process to be broken down into components, one of which is a
stationary random process and the others of which are deterministic slowly
varying functions of time. In this case it may still be possible to estimate
Sy(w,, w,) from a single sample record with sufficient accuracy.

For example, consider a nonstationary random process x(t) which may be
assumed to have the form

x(t) = a(t)z(t) (14.84)

where z(t) is a stationary random process and a(t) i1s an (initially unknown)
deterministic function which varies with time as the mean square level of x{t)
changes. In this case the autocorrelation function

R,(r,,1;) = E[x(t,)x(t;)] Elafr,)=(t,)a(t,)z2(t5)]
alt )alt,) E[z(t,)=(r,)]
a(tJa(t)R(t; — ty) (14.85)

Il

since z{r) is stationary. If we can also assume that the function a(t) changes
slowly enough with time that

a(tya(ty) =~ a(r) (14 86)
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where
=3(t, + 1), (14.87)
and putting
T=1, — I, (14.88)
equation (14.85) then becomes
Rty,t,) = a*(t)R (7). (14.89)

So-called locally stationary processes for which (14.89) applies have been dis-
cussed in the literature (Bendat er al. [3] Ch. 10; Piersol [55]) and include
some important physical situations such as the vibration of a rocket where the
vibration level varies at different stages of its flight and the fluctuation of
certain economic indices which are nonstationary owing to the effect of inflation.

The advantage of using (14.89) is that the form of @?(t) and R (1) can be
estimated by time-averaging over a single sample record. First a?(t) is estimated
by averaging over short “slices” of the record since, for a slice of length T
which runs from t, — T/2 to t, + T/2, the time average of x*(r) is £%(t,) (say)
where

2 l 1o+ T/2 ) 1 to+T/2 5 2
xX*to) = —J x*(1)dr = 7,[ a*(t)z*(r)dt
T to—-T/2 T to—-T/2
10+T/2
~ az(to)-j z3(r)dr (14.90)
T to—T/2

provided that a(r) varies slowly enough with time that it may be taken as
constant over the interval T Since z(t) is stationary, the integral on the rhs.
of (14.90) is an estimate for E[z%] and so

22(to) > a(to) E[22]. (14.91)

The relative magnitude of a(r) and z(¢) in (14.84) is arbitrary, so we can choose
any suitable scale factor for E[z?], of which the most convenient is to put

E[2] = L. (14.92)

Equation (14.91) then gives an estimate for a(t,) for each slice of the segmented
sample record.

Knowing a(t), it is not difficult to generate z(t) from x(r), from (14.84), and to
test z(r) for nonstationary trends. The autocorrelation function of the stationary
process z(t) can then be found by averaging along the complete sample of
of length T, (say) to obtain

Tn—t
R,(1) ~ T 1_ 1_[ z(e)z(t + T)dr (14.93)
0

which can be substituted into (14.89) to find the required nonstationary auto-
correlation function R (t,,1,).



218 Applicarion nores

Local spectral density calculations

Although the mathematical approaches described above are appropriate for
some non-stationary problems, there are two other approximate methods of
digital spectral analysis that are used for studying the frequency content of
non-stationary processcs. The short-time Fourier transform (STFT) has a short
data window centered at time z. Spectral coefficients are calculated for this short
length of data. The idea is that local spectral coefficients are obtained which
describe the frequency composition of the record being analysed at time t. The
window 1s then moved to a new position and the calculation repeated.
Unfortunately there is a fundamental problem with this approach, which is that
high resolution cannot be obtained simultaneously in both the time domain
and the frequency domain. Suppose that the width of the window is T. Then
we know from Chapter 11, equation (11.35), that its frequency bandwidth is
of the order of 1/T. Using a short data window (T small) in order to compute
spectral density coefficients for the length of record that is local to time t means
that the bandwidth of each spectral coefficient is necessarily wide (1/T large).
The two requirements of a short data window and a narrow bandwidth are
irreconcilable.

The Wigner-Ville method is a second approach. Suppose that an ensemble
of sample records is available for analysis. The ensemble-averaged instantaneous
correlation function at time r is

Roi(r,t) = E[x(t — 7/2)x(t + 1/2)] (14.94)

and its Fourier transform is

o
S lwt)y = l[ R (t,t)e i dr (14.93)
2r) ..
where the instantaneous spectral density function S_ (w, ) is a function of time
and of the parameter . Then, in theory, S, (w, t) is @ measure of the frequency
content of the non-stationary random process {x(t)} at time t. In practice, it is
never possible to compute the ensemble-averaged function R, (z,1) because the
necessary data are just not available. If the ensemble averaging operation is

omitted and (14.94) substituted into an equation like (14.95) then we find that

l o )
D, (w,t) = E-J x(t — 1,2)x{t + 1/2)e "'*dr. (14961
7

- x

This applies for a single sample record. @, (w.t) is a function of w and f {or
this one record x(r) and is called the Wigner distribution of x(r) after E. P.
Wigner [118] who used it first in quantum mechanics. The application of (14.96)
to harmonic analysis was made first by J. Ville [117] which led to the name
Wigner-Ville method. Unfortunately there are also difficulties with this methed
Although the integral in (14.96) is centered at time ¢, it covers an infinite range
of 7 and so depends on the character of x far away from the local time ¢. It %
impossible to have a truly local spectral density because of the continuing nature
of harmonic waves. There is a fundamental uncertainty principle for
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time-dependent spectra which. for both methods, makes it impossible to achieve
high resolution in time and frequency simultaneously.

In order to overcome this limitation of harmonic analysis, there has been
considerable theoretical development of an alternative method of signal analysis.
Instead of using sines and cosines as the basis functions for decomposing a
general signal, alternative families of orthogonal basis functions called wavelets
arc used. Whereas harmonic functions by definition go on for ever, wavelets
are local functions. By joining these together and by using different scales, it
is possible to assemble a family of basis functions which are particularly suitable
for examining the local character of non-stationary signals. Although wavelet
theory is complex, there are numerical algorithms akin to the FFT for calculating
wavelet coefficients. These discrete wavelet transforms appear to have important
applications in random vibration analysis (see Chapter 17 and Appendix 7).

Weibull distribution of peaks

In Chapter 8, we derived the Rayleigh distribution of peaks for a narrow-band
Gaussian process. In a number of applications of the theory, it has been found
that the Gaussian assumption may not be valid and that the distribution of peaks
then departs significantly from a Rayleigh distribution. Two examples are the
calculation of wave-induced bending moments in ships [87] and the wind loading
of buildings [88].

For a Rayleigh distribution, the probability that any peak, chosen at random,
is less than level a is, from Chapter 8,

Prob (Peak < a) = P,(a) = 1 — e~/ (14.97)
Let a, be the median peak height, for which

Prob (Peak < a,) = P,(a,) = 1 — e™>7 = 1/2. (14.98)

Then o can be expressed in terms of the variance of the underlying displacement
distribution ¢} by solving (14.97) to obtain

ao=0,/2In2. (14.99)

On substituting a, into (8.26) by using (14.98), we obtain the following
+lternative description of the Rayleigh distribution

Prob (Peak < _a_) =P

ao 21)

4

(i) =1 — e~ W20, (14.100)

ao

Inorder to approximate more general distributions, the exponent 2 in (14.99)
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can be replaced by the general coefficient k to give

P,,(i> =1 — g~ Modiaioo), (14.101)
o

This is called the Weibull probability distribution function. When a = g,
(14.100) gives

Pp(i = >= 1—e =12 (14.102)
ao

so that a, remains the median peak height independently of k. In Fig. 14.11a, the
Weibull probability distribution function, P ,(a/a,), is plotted against a/a, for
several different values of k. From (1.24), the corresponding probability density
function for the distribution of peaks. p (a/a,), is given by differentiating (14.100)

to obtain
k-1
pp(ai) = k(In 2)(5) g~ Maraol’ (14.103)

0 o

This function is plotted against a/a, in Fig. 14.11b for the same values of k as for
Fig. 14.11a. When k > 2, there are fewer large and fewer small peaks than for the
Rayleigh distribution. For the case when k = 10, it is clear from Fig. 14.11b that
most of the peak heights are close to the median peak height. When k = co, all the

10

k=10
<
~

02

0 05 1.0 1.5 20 25 30

2
Fig. 14.11a Weibull probability distribution of peaks, P,(g/a,) = Prob (Peak
height/a, < a/a,), plotted against a/a,, where a, is the median peak height and a
is an arbitrary level, for different values of the Weibull exponent, k
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peaks occur at the median peak height a,. This is the case for a random process
each of whose sample functions consists of a harmonic wave of the same
amplitude but random phase.

Conversely, when k < 2, there are more large and more small peaks than for a
Rayleigh distribution. In Fig. 14.11b, the probability density function for k = 1
shows that the density of peaks decreases monotonically from its maximum value
at zero height towards zero at large peak height. However, the probability density
for the occurrence of peaks of small height and large height is greater for the case
when k = 1 than when the exponent k is greater than 1.

Consider the highest peak that may be expected to occur in time T. The average
number of cycles (and therefore of peaks) will be v T, where v is the frequency of
positive slope zero crossings. Let the level a,,,, be set so that the average number
of positive slope crossings of a,,, in time T is exactly 1, giving

vi T=1 (14.104)

Cmax
On average, there will be only one peak greater than q,,,, in every period T. We do
not know the height of this one peak. We know only that all the other peaks in
time T are less than a,,,. However, a,,,, 1s easy to calculate and it gives a lower

4 —— - — — ——"—_—_T

3

k10

a
)

2

1 k=4

k=2 (Rayleigh)
k=1
\
0 05 1.0 15 20 25 30

a

2o
Fig. 14.11b Corresponding Weibull probability density functions for the
distribution of peaks, obtained by differentiating the functions plotted in Fig.
14.11a
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bound for the highest peak which is useful in practical cases. From Chapter 8, we
know from (8.23) that

+

Prob(Peak > a,,) = “ou (14.105)
Vv

+
[0}

and, for the Weibull distribution,
Prob (Peak > a,,,) = e~ Demsw/oo, (14.106)

If we eliminate v, between (14.103) and (14.104) and then eliminate
Prob(Peak > a_,,) between the resulting equation and (14.105), we obtain

1
vo T
which may be solved to give

+ 17k
(a_::) - {'“ 5:327)} (14.108)
0

This equation (14.107) is a general result for any narrow band process for
which there is one full cycle for every positive slope crossing of the zero axis
and whose distribution of peaks is described by a Weibull distribution. In
(14.107), a,,,, is the level which on average is exceeded by one peak (only) in
time T, and a, is the median height of all peaks. The ratio a,,,,/a, is expressed
as a function of the number of peaks vg T in time T and the Weibull exponent
k. Figure 14.12 shows a,,,,/a, plotted against vg T (on a log scale) for several
different values of k.

We note from Fig. 14.12 that all the curves start at a,,/ao = Owhenvg T = 1.
This is because, if there is only one peak. this peak must have a height greater than
zero. In other words, one peak in every peak exceeds zero height. Also in Fig.
14.12, all the curves pass through a,,/a, =1 when v§ T = 2. This is because,
when there are two peaks, on average one will be above the median peak height
and one will be below the median peak height. Hence the median peak height is
exceeded, on average, by one peak in every two.

Figure 14.12 shows that. for the Rayleigh distribution, which is the case for
k = 2,onaverage | peak in 10° exceeds 4-46 times the median peak height. When
k = 4, on average | peak in 10° exceeds 2-11 times the median height, while for
k =10, | peak in 10° exceeds 1-35 times the median peak height. For k = 1. there
are many more large peaks, and, from (14.104), on average 1 peak in 10° exceeds
19-93 times the median peak height.

In order to determine the value of k in a particular case, it may be necessary to
analysc sample records of the narrow band process concerned. One approach is
to plot Prob(Peak > a) against the level a. using appropriate scales. From
(14.97). we have

— c~ﬂn2!am,,/ao" “4107)

max

Prob(Peak > ) = ¢~ Do’ (14.109)
and so

In{Prob (Pecak > a)} = —(In2)(a/ae)* (14.110)
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dmax

12 10 102 103 104 10° 108
Number of peaks vg 7

Fig. 14.12 Relative level a,,,,/a, exceeded on average by one peak only in every
vg T peaks, plotted as a function of vg 7, for different values of the Weibull
exponent, k. The median height of peaks is q,

and
In[ —In{Prob (Peak > a)}] =Inln2 + kIna — kIna,. (14.111)
Hence the slope of a graph of In[ —In {Prob(Peak > a)}] against Ina is the

Weibull exponent k. The median peak height can also be obtained from a zero
intercept on this graph, since, if
In[ —In{Prob (Peak > a)}] =0

when a = a,, then

(In 2)(a,/ac) =1 (14.112)
and so

ay = a,(In 2)'%, (14.113)

This method has been used by Melboume for the analysis of the probability
distributions of wind loading on buildings [88].

Subject to an assumption that the underlying distributions of the displacement
process {y(t)} and the velocity process {y(t)} are statistically independent so that

p(y,y) = p(y)p(¥), (14.110)
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it is possible to derive an expression for the probability density function p(y) for
the displacement process which corresponds to the general case of a Weibull
distribution of peaks (see problem 14.5). For the case of a stationary Gaussian
process, we showed in Chapter 8 that, because of (8.8), the normalized covariance
p,, is zero and so (14.113) is always true. For non-Gaussian processes this is
not so and, in interpreting the results of problem 14.5, it should be remembered
that the condition (14.113) may not be true in practice. One of the results in
problem 14.5 is an analytical expression for the ratio of the median peak height
a, to the standard deviation o, of the underlying displacement distribution
for any process with a Weibull distribution of peaks. In practice, it may be
safer to measure this ratio at the same time as determining experimentally the
coefficients k and a, of the Weibull distribution because of uncertainty about
the validity of (14.113), on which the derivation depends.



Chapter 15

Multi-dimensional spectral analysis

Two-dimensional Fourier series

In Chapter 4, we discussed the Fourier series expansion of an arbitrary one-
dimensional periodic function x(t), with period T, Fig. 4.1. The trigonometric
functions

kt t
cos(Zn ?) and sin(Zn Tf) k=0,1,...m=1,2,..,

are orthogonal in the interval 0 < ¢ < T, so that the definite integral from t = Oto
T of the product of any two different functions from this set is zero. Therefore we
can write

@

k k
x(t)=ao+2 Y (a,,cos Zn?t + bksinZn%) (10.1)

k=1

where the Fourier coefficients g, and b, are given by (10.2). Alternatively this
result may be written in the equivalent complex exponential form

x()= Y X, exkm (15.1)

k= -

where the X, are given by
l T
Xy = —f x(r)e" =M dy. (152)
T Jo

The complex coefficients X, are related to the g, and b, in (10.1) by
Xk=ak—ib,‘, k?o
X* = Gy +ib;‘1, k <O.

(15.3)

Consider now a two-dimensional periodic function y(x,, x,) which has period
L, in the x, dimension and period L, in the x, dimension, so that

Y(xy,%2) = y(xy + pLy, x5 + qL,y) (15.9)

where p and g are integers. This function can be expressed in the form of a two-
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dimensional Fourier series expansion involving terms which are each the product
of two trigonometric functions. This is possible because the functions

0521 o522 ™2 k=0.1,...m=0.1,...

1 2
. kx, mx,
sin 2x — cos 2m —=, k=12,....m=0,1,..,

L, L,

(15.5)

cos2n Ftsin2n ™2 kol om=1,2..,

L, L,
o2 2 ™2 k=12, im=1,2

Ll sz T oLy &y ey 9y Ly meey

are orthogonal in the rectangle 0 €< x; < L,,0 < x, < L,. Wecan write y(x,, x,)
as a series expansion similar in form to (10.1) with positive values of the integers k
and m, but involving products of trigonometric functions. However, it is simpler
to use the equivalent complex exponential form, which is

y(xl‘ xz) — Z Z Ykm edx(kx./L, +mxy/L;) (156)
k=-axc m=—-x
where
1 L, L,
Yo = dx, | dxs y(x,,x,) e 2/l rmea/Ls) (15.7)
LILZ 0 0

These formulae (15.6) and (15.7) have a straightforward extension to the
general case of n dimensions, when there will be n summations in (15.6) and n
integrals in (15.7) and the exponent of the exponentials then involves the
summation of n terms.

The discrete equivalent of (15.7) may be obtained by sampling the continuous
function y(x,,x,) within the rectangle 0 < x; < L,, 0 € x, < L,. Suppose that
length L, is divided into N, equal intervals A, and length L, into N, equal
intervals A,, so that

L, =N,A; and L, =N,A, (15.8)
Then if we put
x, =rA;, and x, =354, (15.9)
and write
¥xp.x3) = Yo (15.10)
(15.7) is replaced by
1 Ni-1N;-1
Yiom = = Yyg € 12N £ msiNZ) k=0,1,2,..,N, -1
. NINZ r=ZO sg:o !

m=01,2,...Ny— 1.
(15.11)
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As in the case of a one-dimensional transform, Chapter 10, the two-dimensional
transform defined by (15.11) has an exact inverse which allows the two-
dimensional array of numbers y,, to be recovered exactly (problem 15.2). The
two-dimensional inverse discrete Fourier transform is

Ny=1Ny—1 _

. , r=0
¢ = Y elZa(kr/N, +ms/N ;).
)’rs Z Z km s = O

k=0 m=0 ’

(15.12)

As for the one-dimensional case, Chapter 10, the upper limits of N, — 1 and
N, — 1 on k and m limit the maximum frequencies of the orthogonal functions in
the series expansion. We shall consider this limitation shortly. Also we note that
there are no negative integers in the summation (15.12), although there are
negative integers in the complex exponential series expansion (15.6). We shall see
that the symmetry properties of Y,,, calculated from (15.11) permit only positive
integers to be used without losing information but at the expense of the reduced
number of frequency components that can be represented in an N, x N, point
transform.

In order to compute the two-dimensional discrete transform, we can make
repeated application of the one-dimensional FFT algorithm. This may be seen,
for example, from (15.11), which can be written in the equivalent form

L ~12nhr/N )< [ = 1 2n(ms/N ) (15.13)

Yk'":_v_ € Ifzyrse (/zl.
N, /5o N, =%
Consider calculating the summation in brackets on the r.h.s. of (15.13). The
integer r is held constant and the summation made over s. This involves a one-
dimensional transformation of row rof the N, x N, array of numbers y,,, and the
one-dimensional FFT algorithm in Appendix 2 may be used for the calculation.
The calculation has to be repeated N, times in order to transform each of the N,
rows.

Then the summation outside the brackets in (15.13) has to be made, involving
summing over the range of values of . In this summation, integer s is held
constant, and the calculation involves a one-dimensional transformation of
column s of the N; x N, array of numbers obtained from the first part of the
calculation. This time the one-dimensional FFT algorithm must be used N,
times, one for each of the N, columns of the partly transformed array.

This procedure can be programmed quite simply, using the FFT algorithm in
Appendix 2, and a two-dimensional discrete Fourier transform based on this
approach is included in Appendix 2. It is listed in both Fortran and Basic. The
Basic language version can be implemented on desk-top equipment for study
purposes. This program has been used for the example which follows, and it can
be applied to the computer problems for this chapter. For many practical
problems, the major difficulty of computing two-dimensional (or higher order)
transforms is the great amount of storage space needed. For example, if
N, =N, =N =512, then a two-dimensional N x N array with real and
imaginary parts requires 2N? = 524,288 registers of storage. Practical problems
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require considerable random-access memory or, alternatively, the calculation has
to be programmed to load and unload mass storage devices as it proceeds.

Example
Consider an 8 x 8 discrete Fourier transform of the array

Y, = COS Zn(g)cos 2n(§8i>, rs=0,1,2...7.

The two-dimensional DFT is a new array Y,,, in which all the elements are
zero except for

Yx,a = Yl,5 = Y7,3 = Y7.s = 1/4.

This result has been obtained by using the two-dimensional DFT computer
program in Appendix 2, and it can be checked by applying (15.12) which
becomes in this case

1
Vs = €
=1,7m=3,5

12n(kr + ms)/8

= om/dkr i(n/d)ms
3 e Y e
k=1.7 m=3,5

(ei(x/4i' + e-l7x/4)r)(ei13x/4)s + cx(Sn/4).s)

(el‘K/4)' + en[Zx—(n/d)]r)(chx/d): + el[ll-(]ﬂ/4)]!)

Hi= Hlr—= B

(en(n/")l + c—r(x/«l):)(e:ih/-lh + e—;‘(]x/-‘):)

T c 3n
= COS—7rCoS — s
4 4

since we know that é** = 1 and cos § = Y& + e~ ™).

In Fig. 15.1, the non-zero values of Y, are shown graphically, with Y,
plotted vertically on a grid base of integer values of k and m.

For the case when
¥,s = cos 2r(r/8)sin 2n(35/8), r,s=0,1,2,...,7,
we find that all the Y,,, are zero except for
Yi3=Y,3=—i(l/4) and Y, 5=7Y,5=i(l/4).
When
¥,s = sin 2n(r/8)cos 2n(3s/8), rs=0,12,...,7,
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7 7
Y Y y,e” TR when
/=0s=0

1
Fig. 15.1 Non-zero values of Y, = &

Vs = cos(2m r/8)cos(2r 35/8), plotted on a grid base of the integer
values of k and m

then all the Y,,, are zero except

Nha=Y, s=-il/4 and Y,;=7Y,,=il/4),
and when

V.s = sin 2a(r/8)sin 2r(3s/8), rs=012,...,7,
then all the Y,,, are zero except

Y,;=Y,5=—1/4 and V,s=Y,3= 1/4.

Properties of the two-dimensional DFT

Consider what happens if we use (15.11} to calculate Y,,, for values of k greater
than N, — 1 and values of m greater than N, — 1. If p and g are two new integers,

then

Y — 1 Z e—u'zx((pN, +k¥/Ny +(@Ny +m)s/N,}
PN, +kgNy+m — N N Ves
14Y2 r=0 s=0
1 Mi=INp-
— Z Z y c-llx(pr+qs) e—in(kr/N, +ms/N;)
N,N "
142 r=0 s=0

(15.14)

= Yim

since e ~2""+%) = | when (pr + gs) is an integer.
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Therefore Y,,, has period N, in k and N, in m. We see that the transform Y, has
the same periodicity as the original sequence y,,. If, in Fig. 15.1, the axes are
extended to negative values of k and m, the pattern repeats itself as shown in Fig.
15.2(a). In this example, Ny = N, = 8 and all the elements of the 8 x 8 array ¥,
are reproduced in the square identified by the dotted outline in Fig. 15.2(a). They
may be considered to have been formed by transposing three of the four
rectangular sections of the original field k,m =0, 1, 2, ..., 7, as shown in Fig.
15.2(b).

Fig. 15.2(a) Periodic repetition of values calculated by the two-dimensional DFT.
Y. when the values of k and m are taken negative. In this example, ¥,,,is the DFT
of y,, = cos(2n r/8)cos(2n 3s/8), where r,s = 0,1,2,...,7

| X
N :\<r~ 2 ‘: ‘;7/
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~ O OIS W N

m
Fig. 15.2(b) Showing how values within the
square drawn in heavy broken line in Fig.
15.2(a) may be formed by transposing parts
of the field kkm=0,1,2,...,7
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If the values of y,, are real, then most of the Y,,, occur in complex conjugate
pairs. Consider the case when N, and N, are both even. First we note that four
members of the sequence { ¥,,,} will always be real. These are Y,q, Yy, 20, Yov,0 and
Yy, x> This result may be verified from the definition of Y, (15.11). For
example, put k = N,/2, m =0 in (15.11) to find

] NisiN-t

Yopo= w2 L ¥me ™ (15.15)
A’l 2 r=0 s=0
Since
e "™ = cosnr — iSInmr = cos r,

the imaginary part of (15.15) is always zero and so, for y,, real, Yy, ,, must be real.
The remaining (NN, — 4)elements of { ¥,,,} occur in complex conjugate pairs.
For y,, real, we have

Yo, ko = Yo (15.16)
Yowyom = Y'm (15.17)

and
Yo cinvgm = Ve (15.18)

The proof of each of (15.16), (15.17) and (15.18) follows directly from (15.11). For
example, putting k =N, —k,m= N, — min (15.11) we have

1 MiTiNg=
— . ~i2nlr +5) J12nike/N | +ms/N ;)
YN,-’(.N;—M_N N Z Z }’r;e € ! 2
14Y2 r=0 s=0
— *
- Y;c.m

—i2n(r +5)

since € = 1 for all integer values of r and s.

Equation (15.16) defines N,/2 — 1 elements as complex conjugates of other
corresponding elements with m = 0 (note that Yy and Yy, are real, so that there
are only N, — 2 elements with m = 0 which may be complex). Equation (15.17)
defines N,/2 — | elements in the same way as complex conjugates of other
elements with k = 0. Equation (15.18) relates elements within the range k = 1, 2,
N = 1,m=1,2,..,N, — 1. There are (N, — 1)}(N, — 1) such elements, but
one of these, Yy v, is always real. Hence (NN, — N, — N,)/2 elements are
defined by (15.18) as complex conjugates of other corresponding elements.

We conclude that, for y,, real and ¥, and N, both even, we shall always find
that the four elements Y, o, Yy 0 Yon,2 and Yy on,n are real and that the
remaining elements occurs in complex conjugate pairs of which N,/2 — 1 are
defined by (15.16), N,/2 — 1 by (15.17)and (N, N, — Ny — N,)/2 by (15.18). Asa
check, we see that

4+2{(N\/2= 1)+ (N2/2 = 1) + (N\N; = Ny = N3)2} = NiN,

so that all the elementsof ¥,k =0,1,2,..,N, — 1,m=0,1,2,...,N, — |, have
been included.



232 Multi-dimensional spectral analysis

When considering the one-dimensional DFT in Chapter 10, we saw that the
maximum frequency that can be detected from a real continuous series which is
sampled at interval A is the Nyquist or folding frequency,

1
Jo= A cycles/sampling interval. (15.19)
The same limitation applies to the multi-dimensional DFT of sequences obtained
by sampling real continuous multi-dimensional functions. For two dimensions,
the maximum frequency of the trigonometric functions (15.5) in the series
expansion represented by the DFT is

fi= ZiTl and f,= ;Tz cycles/interval. (15.20)
Consider components in the x, direction, to which the subscript k relates.
Although the maximum value of k is N,, by virtue of (15.16) and (15.18), for
N,/2 < k <N, — 1 the frequency coefficients ¥,,, are related to values in the
range 0 < k < N,/2. This may be seen in the above exampleforan 8 x 8 arrayin
which the input sequence y,, consists of values obtained by sampling the product
of two harmonic functions. The value k = N,/2 corresponds to a frequency

BLy = N2V (V1A = 5 (15.21)
1

Similarly m = N,/2 corresponds to a maximum frequency of f, = 1/2A, in the x,
direction. When the input array y,, includes components with frequencies above
the Nyquist frequencies (15.20), then these components introduce errors by
distorting falsely the values of Y, at integer values which correspond to
frequencies below the frequencies (15.20). This is illustrated in the following
example.

Example
Consider an 8 x 8 array derived by sampling the continuous surface
X4 5X2
= 2r —cos2n —=
y(x,,Xx,) = cos 2n 7 cosn—
at a sampling interval A = L/8. For this interval the Nyquist frequency is 4/L
(cycles/distance), which is less than the frequency of 5/L in the second of the
two cosine functions. Therefore there will be distortion of the values of Y;,
due to aliasing.
By using the two-dimensional DFT program in Appendix 2, the two-
dimensional discrete transform of

Y.s = COS 2ﬂ(§>€05 21:(58—S>, r,s=0,12,...,7,

is Y,,, where all the values are zero except
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ha=hs=Y3=Ys=1/4

This is the same as the transform of

3
Yy, = COS 2rc(%)cos 2n(§s), rs=0,1,2,..17

calculated for the previous example.

One of the important results from Fourier analysis is expressed by Parseval’s
theorem, which says that the mean square value of a periodic function is equal to
the sum of the squares of all its Fourier coefficients. For a one-dimensional series,
this was the subject of problems 4.3 and 10.6. When the series expansion for
y(t) = y(t + T) is written in the complex form (15.1), then

l T ]
F_[ yiydt= Y Y*Y,. (15.22)
0]

k= —o

For the two-dimensional case when y(x,,x;)= y(x; + L;, x; +L,), the
corresponding result is

L, Ly ) ©
: fdxlf dx;y2(x1,x2)= Y Y YEY. (15.23)
(1] 0
[ ]

L1L2 k=—-om=—-w
Similar results apply for the discrete Fourier transform. Problem 10.6(ii) was
concerned with proving that
1 N-1 N-1

T LV=Y Y, (15.24)
Nr=0 k=0
and the corresponding two-dimensional result is
] Ni—tNa-1 Ny—1Ny—1
Y Y va= Y Y ViV (15.25)
NINZ r=0 s=0 k=0 m=0

We leave the proof of (15.23) and (15.25) to problem 15.2.

Lastly we may note that the two-dimensional discrete Fourier transform
relationships (15.11) and (15.12) can be extended to the n-dimensional case
without difficulty: there will be n summations in each of the equations and the
exponent of the exponential function which appears in both equations will itself
consist of the summation of n terms of the form kr/N.

Spactral density of a multi-dimensional random process

So farin this book we have been concerned with random processes whose sample
functions are each real continuous functions of time, or, in the section on surface
irregularities in Chapter 14, continuous functions of distance in one direction. We
turn now to the more general case, when a random process depends on more than
one independent variable. For example, suppose that y measures the height of a
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continuous surface above a horizontal datum plane. If 0X, and 0 X, are axes in
the horizontal base plane, then y is a function of the two coordinates X, and Y,
¥(Xy, X,). Suppose also that the height of the surface at a given location X, Y,
may change with time. Perhaps y measures the changing height of the sea at
different locations. Then y is a function of ¢ also, y(X,.X,,1).

The correlation function for y is defined, as before, as the ensemble average of
the product of the height of the surface at coordinates X, X5, t and the height of
the surface at a different set of coordinates X, + x;, X, + x,,t + . The concept
of an ensemble average has now to be stretched to include a theoretically infinite
collection of sample functions in space as well as an infinite collection in time. For
each moment of time, we assume that we have an infinite collection of sample
functions each of which is a different surface; and we assume that we have this
information for an infinite collection of different times. Then we can calculate

E[y(Xy, X (X, + X1, Xz + Xa.t + 7))

and, if the process is stationary in space and time, this average depends only on
the separation between the coordinates, x,, x, and t, so that

E[y(X1. X 0)p(Xy + x, Xy + x50 + 1)) = R (x1,%,,7). (15.26)

In Chapter 5, for a one-dimensional stationary random process which is a
function of time and has autocorrelation function R(t), we defined its mean-
square spectral density by the Fourler integral

S(w) = 217J R(r)e " dr. (15.27)

In Chapter 14, when the random process is a function of distance, with
autocorrelation function R(x), the spectral density is

S(y) = 7—1; r R(x)e " dx. (15.28)

L

In (15.27) the time frequency is measured in radians/time; in (15.28) the spatial
frequency (or wavenumber) is measured in radians/distance. When the
correlation function depends on more than one variable, the spectral density is
defined in a similar way. Just as the one-dimensional Fourier integral and its
inverse were derived from the one-dimensional Fourier series equations (see
Chapter 4), the multi-dimensional Fourier integral and its inverse can be derived
from the corresponding equations for multi-dimensional Fourier analysis, which
for two dimensions are (15.6) and (15.7). For a three-dimensional stationary
random process whose correlation function is R(x,,x,,t). the corresponding
three-dimensional spectral density is defined as

1 xX ac @
Sy w) = —5 dx, dx, dt R(xy, x5, T)e M5 +raxaben),
(2n)* ) -« - .
(15.29)



Spectral density of a multi-dimensional random process 235

The inverse three-dimensional Fourier transform corresponding to (15.29) is

R(xxvxz’l'):j d}uf d”ﬁf dew S(yy, 7. w) itz
(15.30)

In the classical development of Fourier integral theory, there are conditions for
the existence of the integrals in (15.29) and (15.30) although the introduction of
delta functions in the generalized theory allows these conditions to be largely
relaxed. We shall assume in what follows that correlation functions possess
Fourier transforms and vice versa. Since, for practical calculations, we can use
only discrete Fourier transforms which always exist because they operate on a
limited length of data only, there is no practical difficulty in making this
assumption.
For a stationary process, we must have

R{x,x3,7) = R(—Xx,;, —X3, — 7). (15.31)

Therefore R(x,, x,, 7) is a real, even function of its variables, and it follows from
(15.29) that S(y,,y;,w) is then also real and even. From (15.30), by putting
x, = x, =17 =0, we have

E[y*] = R,,(0, 0, 0)=j dhj dv;j dwS(y,, y2, w)  (15.32)

and we can argue heuristically that the elemental contribution to the mean square
S(¥1 2 ©) dy, dy, de must be positive and so S(y,,y;, @)} must be a real, even
and non-negative quantity. Problem 15.4 considers a formal proof of the last part
of this result.

Suppose that the three-dimensional spectral density S(3,,7,, @) is known for a
stationary random process { y(X,, X ,,t)}. Imagine that we can take a “snapshot”
of y at a particular instant of time. The ensemble of sample functions {y(X,, X )}
at this moment of time constitutes a stationary two-dimensional random process.
It does not matter when the snapshot is taken because, if {y(X,, X,.t)} is
stationary, the statistical averages of y are independent of ¢; although each sample
function y(X,,X,) will be different at different ¢, the average values for the
ensemble {y(X,, X,)} will be the same. We can calculate the two-dimensional
spectral density S(y,,7,) for the stationary process {y(X,,X)} by simply
integrating out the dependence of the three-dimensional spectral density
S(y1,72> @) on the unwanted time frequency w. The proof of this statement is as
follows.

If S(7,,7,) is the spectral density of the two-dimensional process {y(X,, X,)}
which has correlation function R(x,,x;) then, from (15.30),

R(xl,xz>=J dy, f Ay, S(y.72) €0 175 (1533

But, from (15.26), the two-dimensional correlation function R{x,, x,) is the same
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as the three-dimensional function R(x,,x,, t) evaluated at zero time separation
7 = (. In other words,

R(xy,x3) = R(x,,x3,0). (15.34)
By putting = 0 in (15.30), we obtain

R(xx,xz,0)=_[ d}’xj d}’ZJ dwS(yy,yz, )™ 7 (1535)

and, on comparing the r.h.s. of (15.33) with the r.h.s. of (15.35), both of which are
expressions for the same function, we conclude that

S(yyy2) = J dw S(yy,y2, @) (15.36)

thus confirming the result just stated.

One-dimensional spectral densities can be obtained from two-dimensional
spectral density functions by the same method.

Suppose that we want to find the spatial cross-spectral density between
the one-dimensional stationary random processes {y(X,, X, =0} and
{y(X,, X; = xo)}. This is the cross-spectral density between the height {y,(X,)}
measured at X, = 0 and the height {y,(X,)} measured at X, = x,. The cross-
correlation function between these two one-dimensional processes is, from
(15.26),

R, (x;, x5 = x0, 7= 0) = E[y(X{, X2, O¥(X, + x, X3 + x,1)] (15.37)
which, from (15.30), is given by
R)‘y(xlaxl =XpT= 0) = J d?‘ J‘ d‘?zJ de(‘yl’yZv (,L)) ei(hx'*hx‘)[

(15.38)

But, from Chapter 3, we know also that

R, ,.(x;) = E[y (X )y (X, + x)] = E[y(X,, X2 =0, )p(X, + x;, X; = Xo,1)]
= R, (xy,%; = x0, 7 =0) (15.39)

and that, from (5.21),

R, (x;) = J dy, Sy,y;(yl)emx'~ (15.40)

By comparing the r.h.s. of (15.38) with the r.h.s. of (15.40), both of which, from
(15.39), are expressions for the same correlation function, we see that

s,,,,(m:f dvzf dw S(yy, 72, @) (15.41)

~hich, on account of (15.36), becomes
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Symr1) = f dy2 S(y1,y2) €77 (15.42)

e o}

This is an expression for the cross-spectral density S, | (y,) between the height
profile y(X,,X; =0)=y,(X;) at X, =0 and y(X,, X; = x) = y,(X,) at
X, = xo. In (15.41), the cross-spectral density is expressed in terms of the three-
dimensional spectral density S(y,,y.,w); in (15.42), the dependence on time
frequency has been integrated out by using (15.36) and the cross-spectral density
is expressed in terms of the two-dimensional spectral density S(y,, y,).

There are two final points to be made about multi-dimensional spectral density
functions. The first is a mathematical one. The multi-dimensional equations
(15.29) and (15.30) can be condensed by writing

X = x €, + X,€, (15.43)
7Y =V1€ + 726

where e, and e, are unit vectors in the x, and x, directions, and by defining

dx = dx, dx,
(15.44)
dy = dy, dy,
so that the Fourier transform (15.29) becomes
l @
S(y,w)=—=1] d —irxton) .
(y, w) @)y J;o xf_mdtR(x,t)e (15.45)

where the integration |, ranges over the infinite two-dimensional space, and the
inverse Fourier transform becomes

R(x, 1) =J dyj dz S(y, w)er >+, (15.46)

The second point is that, for a process which is stationary (in space and time},
the properties of the correlation and spectral density functions allow the same
equations to be written in a simpler, although less compact version. Because
R(x,,%,,7) and S(y,,7,,w) are both real, even functions, (15.29) and (15.30) can be
written without using complex exponential functions, when they may have the
following form:

1 =4 @ o0
S(71,72,0) = ‘?J dx, vf dx, J‘ dz R(x,, X2, T)COS(y, X1 + V2X; + ©T)
- ) V]
(15.47)
and
R(xy,x5,7) = ZJ dy,f d'}’zf dw S(yy, 72, w)COS(y1 Xy + 2%, + w1).
—a - (o]

(15.48)
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Example
The two-dimensional spectral density for a homogeneous (stationary i
space), isotropic surface is given by

S

S,y (41,72) = ——
yy\r1s 72 \/5;))0

The corresponding two-dimensional correlation function is given by (15.30),
and the integrals may be evaluated by making use of the standard results
(1.20) from Chapter 1, to give

e'(?f‘*?%)ﬂ)”l{ (15.49)

R,y(xy,x,) = gf e~ti +xine? (15.50)
where
05 = /2% Soyo (15.51)

The one-dimensional autocorrelation function for the height of the profile of
the intersection of the surface with any vertical plane is

R,,(x) = R (x; = x,x, = 0) = g2 7", (15.52)

The corresponding one-dimensional spectral density may be obtained either
by integrating out from (15.49) the dependence of S, (y,,7,) on y, or by
taking the Fourier transform of R, (x) using (15.28), and will be found to be

S,,y) = Spe 7, (15.53)

The cross-spectral density between the profiles of two parallel tracks
distance x, apart can be obtained either by taking the Fourier transform of
R,,(x,x; = x,) or by using (15.42). If we do the first of these, we have

I @
— — —1yx
S, = 7 R, (x1,x; = xg)e” ™1 dx,
- <]
0'2 2 * 2.2
= 2¥ o x5 Ui gy
2n o

This integral can be evaluated after first completing the square of the
exponent of e to obtain

2 © - -
Svlh(y) = ;_7’;3—%73/2 Jl e—(mr./\/ZH[v/\/Zro]) e~V 1% dx, (15.54)

and then using the standard integral which is the first of (1.20) in Chapter 1
where

7o iy Yo
y=(~—xl +———> and dy=-—=dx,.
\/5 \/5))0 \/5
The result after substituting for o2 from (15.51) is

S,,,(y) = Soe "o 1o (15.55)
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Lastly, in this example, we calculate the coherence, n(y), between two
parallel tracks which, from (14.75), is defined by

S, Yz(Y)SYzYu o)

T = S, ()5,.,.0)’ (15.56)
In this case, we have
S, 1) =8,,0) = Spe~" e
and
S, (1) =S, y) = See "
so that
) = o715 (15.57)

which, in this special case, comes out to be independent of y.

The cross-spectral density function S, , (y) relates to two tracks y,(X,) =
y(X;, X, = 0) and y,(X,) = y(X,, X; = x¢) which are parallel to the X axis.
From (15.42), we note that S, (y) will be real whenever S(y,, y,) is even in y, so
that S(y,,72) = S(yy, — y2). If we had begun by choosing two tracks parallel to the
X, axis, their cross-spectral density would have been real if S(y,,y,) had been
even in y,. If, as in the above example, S(7,, y,) has rotational symmetry about its
origin, the cross-spectral density between parallel tracks in any direction will be
real. A random surface whose spectrum is defined by such a rotationally
symmetrical two-dimensional spectral density function is said to be isotropic
because then its spectral characteristics are independent of direction.

Discreta spectral density and circular correlation
functions for a two-dimensional random process

We shall consider now the problem of calculating discrete values of a multi-
dimensional spectral density by using the multi-dimensional discrete Fourier
transform. For simplicity in the derivations that follow, it is convenient to use the
two-dimensional case to develop the theory, but the extension to more than two
dimensions follows the same approach and is not difficult.

We begin by writing down the two-dimensional version of (15.29):

I @< a
S(y,w) = (EE)TJ‘ de. dt R(x,t)e =+ (15.59)

This gives the two-dimensional spectral density S(y, w) as a double integral of the
two-dimensional correlation function R{x, 7).

We now assume that S(y, w)and R(x, 7) are periodic with one period of R{x, t)
occupying the rectangle 0 < x < L, 0 < t < T If we divide the periodic length L
into N, equal intervals A, and the periodic time T into N, equal intervals A,,
then (15.11) applies, and the discrete version of (15.59) becomes
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S =—1—NiINZZ_IR g 7 2mlkrIN +ms/N2) k=0,1,2,...,N;, -1
NN, A e , s b 4 IV
m=0,1,2,..,N,—1
(15.60)
where
R,, = R(x =rA,, T = sA;). (15.61)

From the definition of the correlation function (15.26), we can see that we should
have

R(x = rA;,t = sA;) = E[y(X, )y(X + rA,,t + s4,)] (15.62)

but the ensemble average is not possible in practice and, instead, the rhs. of
(15.62) is obtained by summing products of the discrete values of R(x, t) in order
to obtain

1 Ny—1 N1

rs = N,Nz = ugo YuvYu+rv+e

R

r=0,1,2,...,N, -1
s=0,1,2,..,N,—1 (1563)
where
=YX =uA,,t =vA
yuv Y( un, v 2) (15.64)
Vutrwes = VX =ul; +rA,, t = vA; + 5A;)

and where, because of the assumed periodicity of R(x,t), we must assume also
that the function y(X,t) is similarly periodic so that

yu.vzyu~N|J:=yu;—Nz= yu—N.,v—N;' (1565)
Combining (15.63) with (15.60) we can now put

1 Ny—=1 Ny—1 1 Ny—1 N;-1 2nthe/N Ny
S m = yuqu+r.v+s>e—. ke el
. N1N2 r=20 :=ZO (NlNZ u§=:0 U;()
(15.66)

which may be rearranged in the form

1 NimiN,- .
S - yuv el’Z?r(lm/Nl +mo/N, } x
km {NlNZ MZ:O vgo

1 Mz1N-l
X{ Z Z y“+"v+’e—|’u(k(u+r)/N,+m(o+:)/N,} . (1567)
NINZ r=0 s=0

From (15.11), the terms in the first bracket on the r.h.s. of (15.67) are equal to Y. %.
By using the substitution

u+r=a and v+s=2b

the terms in the second bracket of the r.h.s. of (15.67) may be written as
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l (Ny—1+ul (N;—1+0)
NINZ agu bgv
which, because of (15.65), is equal to Y,,. We have now arrived at the important

result that the coefficients of the discrete two-dimensional spectral density are
given by the formula

~2x(ka/N, +mb/N3)

ya,be

Sim = YimYim (15.68)

where the Y, are the coefficients of the discrete Fourier transform of the two-
dimensional series y,, calculated according to (15.11). This result is the two-
dimensional equivalent of the result in Chapter 10 that

S, = Y*V, (10.26)

When data is analysed by using discrete Fourer transforms, there is
automatically the assumption that this data is periodic, so that, for the two-
dimensional case, (15.65) applies. When calculating the two-dimensional
correlation function by (15.63), we make this assumption; otherwise there would
be novaluesfory,,,,+sWhenu + rorv + sare greaterthan N, — land N, — 1
respectively. The correlation coefficientst R,, calculated from (15.63) therefore
differ from the true correlation function, which is not calculated from periodic
data. In Chapter 11 we introduced the term circular correlation function to
describe correlation functions calculated from periodic data, and which are
therefore themselves periodic. The coefficients R,, calculated from (15.63) are
circular correlation coefficients, and the two-dimensional sequence repeats itself
with period N, in one dimension and N in the other dimension.

We have shown for the one-dimensional case that the circular correlation
coefficients are biased estimates of the values of the true (linear) correlation
function. If R, is an unbiased estimate for R(z = rA) such that

E[R] = R(t = rA) (15.69)

then for the one-dimensional case we showed in Chapter 11 that

N-—r N—-(N-=r)

(11.10)

This result may be extended to two dimensions as follows. Corresponding to
(15.69), we shall use the notation R to denote an unbiased estimate for the two-
dimensional, linear correlation function R(x = rA;, 7 = sA,). From (15.63), the
correlation coefficient R,, may be written as

{ M=t/ Mot
R > (—— ) yu.vym_m). (15.70)

v
Nl u=0 NZ v=0

+ The term correlation coefficient is used here to mean the result of a discrete cakulation which gives
an estimate for a correlation function. It should not be confused with the normalized covariance (3.8).
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Consider the terms in brackets and compare these with the definition of the one-
dimensional circular correlation function

N-

1 1
R, =— +r 10
" N 3§0 xsys ( 20)

given in Chapter 10. The terms in brackets in (15.70) give the circular correlation
between the y values on track u (i.e. along the line x; = uA,) and the y values on
track u + r. If we denote this correlation function by

Rgu.u#»r)

then, from equation (11.10) we find that

PREY, N-z S (M, 4+ r S 3 (s + 1,
R; - ( Nz )RL e (NZ )R("(Nzis)» N 0, 1, 2’ s NZ L.

Therefore (15.70) may be written as

L NSHNy =5\ o S\«
Rrs = N‘: Zo {(————jvz )Riu.u-"r) + <I72—>R‘_ui;::i)}’ S = O, 1’ 2’ e N2 . 1,

(15.72)

and we can now consider the second summation, with the integer u varying from 0
to N, — 1. For u running from 0 to N, — r — 1, values of the first correlation
coefficient on the r.h.s. of (15.72) are being obtained without going outside the
range of the known data. On summing these values, dividing by N,, and
multiplying by the factor (N, — s)/N,, we obtain

N, —=r\/N; — s\
_ R,
(Nl >( N, )'S

For the range of values of u from N, — r to N, — 1, values of the correlation
coefficient have gone outside the range of the known data, and are obtained by
assuming that the data repeats itself periodically. As explained in Chapter 11, this
leads to the wrong correlation coefficient being calculated (see Fig. 11.1 and the
accompanying description). On summing the latter values, dividing by N, and
multiplying by (N, — s)/N,, we obtain

r \(N; —s5\+
N—l Nz —(Ny=r)s

Following the same reasoning for the second correlation coefficient in (15.72), we
come to the conclusion that there is the following relation between the two-
dimensional circular correlation coefficient R,, and unbiased estimates of the true
(linear) two-dimensional correlation function calculated at four different
locations (which are identified by the different integer subscripts on the r.h.s. of
the equation)
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N, —r\/Ny, =5\ r \(N, —s\.
R, = R, +
rs ( Nl )( Nz ) rs ([V’l>< N2 R_IN‘—r)J +
Ny—r\fs r S \a
N O O -
0
0

1,2, N, —1
1,2, N, — 1. (15.73)

-xample
Calculate the circular correlation coefficients which correspond to the
(linear) two-dimensional correlation function defined by

R, (x;,x;) = e~ TxD (15.74)

when the sampling interval A = 1.
In applying equation (15.73), we can replace the unbiased estimates of the
linear correlation function, R,,, by the exact values of the function, and put

R, =e "+, (15.75)

Then, from (15.73), we find that the circular correlation coefficients are given

by
_ N—r\/N—-s (st r N-—s —{(N =) st
N A )

N - r\ f_\l —(r+ (v -5y} L\ i —{(N=r)! + (N=95)%}
*( N /(N/e WAV

r,s=0,1,2,..,N—1. (1576)

We can now use the computer program for the two-dimensional discrete
Fourier transform in Appendix 2 to calculate the two-dimensional Fourier
transform of (15.76) for the case of an array size 8 x 8 and compare the
resulting spectral coefficients with exact values obtained from the exact two-
dimensional spectral density which is given in the previous example in this
chapter. By comparing (15.50) with (15.74) and using (15.51), we have

0l =/2nSp7o=1 and y5=2
so that (15.49) gives

1 2.2
S,,(71-72) = 4—ne-n. 50 (15.77)

The input array for the two-dimensional transform subprogram D12fft in
Appendix 2 is Cr(J, K) + iCi(J, K), where, in this case, from (15.76)
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Cr(J,K) =
O=NO~K) _woprwny , U= DO~ K) _oospruor
(=1 K= A P (LB W S |y}
—g ¢ + 4 e +
+ 6 - 12(41( - Ue—(u-l)’+(9—K)’}+ i__ll(_lf_tlle—((9-l)’+(9-K)’) (15.78)

where J and K range from 1 to 8. The correlation coefficients R, are real so
that Ci(J,K) =0 for all J and K.

The transform of this two-dimensional 8 x 8 sequence is an array of 64
real numbers. There is symmetry about row number 5 and column number 5,
The numbers in the first quadrant of the array,J =1to Sand K =1to0 5,
are shown in Table 15.1.

Table 15.1 Spectral coefficients calculated by taking the two-dimensional
DFT of the circular correlation function in (15.76)

Column, K
1 2 3 4 5

1 004365 0-03800 0-02540 001423 001002
2 0-03800 0-03308 0-02211 001239 0-00872
Row 3 002540 0-02211 0-01478 000828 0-0058 3
4 0-01423 0-01239 0-00828 0-0046 4 0-00327
5 001002 0-0087 2 0-0058 3 0-00327 0-00230

In order to calculate the theoretical values for compariscn, we have to know
what values of wavenumber y, and y, to substitute into (15.77).

The longest discrete wavelength (except for infinity) is L and so the
smallest non-zero wavenumber is 2r/L. From (15.8), we know that L = NA
and we have chosen A = 1, so that the wavenumber interval is 2r/N which,
for n = 8, is n/4. Hence the wavenumbers are

along the x, axis: (J — )n/4
along the x, axis: (KX — 1)n/4.

In the one-dimensional case, we saw that the continuous spectral density is
related approximately to the one-dimensional spectral coefficient by

T
S(w,) = 2—7;8,, (11.33)
and the two-dimensional equivalent in the terms we are now using is

L 2
Sypv) = (E) S (15.79)
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Putting L = 8A = 8 into (15.79) and substituting into (15.77), we obtain

T _x 217 1) +(K - 1)?
Sjk =6_4e 1x/8)Y{(J=1)" +(K-1)"} (1580)
which has been used to calculate the results in Table 15.2. When these figures
are compared with those above, the approximation involved in using the

DFT becomes apparent.

Table 15.2 Spectral coefficients for the same frequencies as in Table 15.1,
calculated exactly from the true (linear) correlation function of the same
problem

Column, K
1 2 3 4 5

1 0-04909 0-04207 0-02649 001225 0-0041 6
2 0-04207 0-03606 0-02270 0-01050 0-00357
Row 3 0-02649 0-00270 0-01429 0-0066 1 000225
4 0-01225 0-01050 0-0066 1 0-00306 0-00104
S 0-0041 6 0-00357 0-00225 0-00104 0-0003 5

Because the spectral coefficients calculated by using the DFT involve
averaging the spectral density in the vicinity of each coefficient, they differ
from the exact values. Also because they are derived from circular rather
than true (linear) correlation functions, there is the possibility of error due to
aliasing. In this example, there are errors due to both causes, which we shall
investigate in detail later.

In the next section, we consider the two-dimensional spectral window
function which defines how the true spectral density is averaged by the two-
dimensional DFT. We shall also discuss how the spectral window may be
modified to allow for aliasing.

Two-dimensional windows

In Chapters 10 and 11, we showed that, if S, is a spectral coefficient calculated by
the (one-dimensional) DFT according to

S, =YY, (10.26)

then the ensemble average is
2
E[S,} = —Tﬁg(w.) (11.21)

where S(w, ) is a weighted version of the true spectral density S(w) calculated by
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Stew,) = W(w, — Q)S$(Q)dQ. (11.28)
The spectral weighting function (or spectral window) W(w) is the Fourier
transform of the data weighting function (or data window)

l—I—t—l for0<t<T
w(t) = T

0 elsewhere (11.31)

and we showed that

T
sin(a)—T> ’
1 ———2— . (11.32)

Equation (11.28) is true when there is no error by aliasing. The coefficients Y, are
calculated from the discrete series y, which is derived by sampling the continuous
sample function y(t). For there to be no error by aliasing, y(t) must have no
components whose frequencies are greater than the Nyquist frequency 1/2A. If
this condition is not met, we showed in problems 11.6 and 11.7 that (11.28)
remains true if the spectral window function W(w) is replaced by the aliased
spectral window function defined as

& 2
Wiw)= Y W(w —j-Aﬁ) (11.57)
! (of problem 11.7)

where the function W(w) is still given by (11.32) above and where A is the
sampling interval. Then, by combining (11.21) and (11.28), we have

E[S\] = 2?nj°° W,(w, — Q)S(Q)dQ (15.81)

which is an important result that relates the average values of the spectral
coefficients, calculated by the DFT, to the exact spectral density S(w). T is the
record length being analysed, W, (w) is the aliased spectral window given above,
and w, = 2nk/T is the angular frequency of the kth spectral coefficient. The
convolution integral in (15.81) using the aliased window function (11.57) allows
for the spurious increase in the coefficients of the DFT below the Nyquist
frequency due to the higher frequency components present in the signal being
analysed, which appear, under an assumed lower frequency, in the DFT.

It was also proved in problem 11.7 that, by substituting for W(w) in (11.57) by
the function given in (11.32) and making the summation, we obtain the following
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expression for the one-dimensional aliased spectral window
2

sinw
T 2
Wilw) = seni| ToT (11.58)
sin —
2N (of problem 11.7)

where the range of the DFT is fromk =0to N — 1.
Now we turn to the two-dimensional case and we shall show that, for two
dimensions, equation (15.81) is replaced by

2 (o ©
E[Skm]=% J dr J dQ Wy, (3 — T)Wsa(w, — Q)S(T,Q) (1582)

where

L

. L sin%
1al? _2m\'f . yL
in——

snzNl

(15.83)

- wT
Sm~2—
27!1\/;' . oT
sin 2——N2

W, (w) = (15.84)

The meaning of the various terms is as follows. We are considering a random
function y(X,t) which changes continuously over two independent variables X
and ¢. The function y(X,t) is sampled in a rectangle 0 < X < L,0 <t < T with
the sampling intervals being A, and A, so that

N,A, =L and Ny,A, =T (15.85)

The two-dimensional DFT is used to generate the frequency series Y,,, according
to (15.11) and the spectral coefficients are found by using

Sem = Y2 Y, (15.68)

The true, ensemble-averaged, two-dimensional spectral density of the random

process y(X, 1) is S(y, w) and is a function of the spatial frequency y and the time
frequency w. The frequencies of the spectral coefficient S,,, are

2k 2mm

=y = and = = 15.86

y yk L n w wm T ( )

and I' and Q are dummy variables for y and w in the double convolution integral

(15.82).
Equation (15.82) is an important exact result and it tells us how the ensemble-
averaged spectral coefficients relate to the true spectrum. If the true spectrum
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S(y, w) is known, then (15.82) allows us to work out exactly what the coefficients
S, will be. In practice, of course, we want to do the opposite. The FFT algorithm
allows us to compute S, and we want to estimate the function S(y, w) from these
computed §,,. For one-dimension, we have considered this problem already in
Chapter 11, and we shall examine the two-dimensional case shortly. But first we
prove equation (15.82).
From the previous section of this chapter, we know that
[ NiotANz-t

N N Z Z R'se—lbl(kr/N,+m/N1) (1560)
2 r=0 5s=0

Skm

k=0,1,2,..,N, -1
m=0,1,2,...,N,— L
We begin by taking the average of both sides of this equation to obtain

1 Nimtng-t

E[S\.] = y Y E[R,] e~ 2x(ki/N, +msiN7) (15.87)
2 r=0 s=0

Also, from (15.73), we know how the coefficients R,, depend on estimates, denoted
ty R,,, of the (linear) correlation function; corresponding to (15.69) we have

E[R,]] = R(x = rA,,t = sA,) (15.88)

so that (15.73) may be written
E[R,]=

(1—N%)(1_NLZ>R(M“SA2)+( >(1_—)R( 1= AL SA) +
(’ _NL1>(NS—Z)R(MI’_(N z—S)AzH(N%)(N%)R(—(M —1A (N3 = 5)As).

(15.89)
When we substitute this result (15.89) into (15.87), we obtain

E[Skm]=
Nlil sz-l( \(l >R (FAy, sA,) e~ 2Ny +msiNa) |
2 »
N NZ r=0 s=0 /

RO s [2(ke/N | +ms/N3)
+ V1= 2 \R(= (N, =)A,, 5A,) e~ 2xkrN emiN o
NxNzrgo sgo(N1)< N2>R( ( l ) l ’

1 Mol N-t >( )R —2xtkr/Ny +ms/N )
+ [—— (rdy, = (Ny —5)A; )™ T+
NN, ,;0 3=ZO( NiJ\N; l

1 Ni—1Np~-1 r s —2x(kr/N{ +ms/N 3)
T L 2 e R (V= DA, — (N, = 5)ag) emximmin,
11¥2 r=0 5= 2
0 s=0 1 (15.90)

Consider the second of the four terms which are summed on the r.h.s. of (15.90). If
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we put t = — (N, — r), then this becomes

1 _i Nxz—l([ — EI__)(I — i—)ﬂ(tAl sA )e—ibikl/Nl +"U/Nzl.
N1N21--—N, 3=0 Nl Nz !

Similarly, if we put u = — (N, — s) in the third term on the r.h.s. of (15.90), this
becomes

s —
N NZ r=0 u=~—N, IVZ

and,ifweputt = — (N, —r)andu = — (N, — s)into thefourth termon the r.h.s.
of (15.90), this becomes

L5 ¥ (l'ﬂ)( M)”(ml ullg) e N eI,
NNy (2N, um =N, Ny

If we make all these substitutions in (15.90), then we obtain

ElSwml = Nz ZNZN( Irll >( ILVSI? ) *

x R(rA,, sA,) e~ 2Ny +msiN2) (1591)

which alternatively may be written as

E[Sm]—N N -i Z ( |X|>< |%| (x, 7) @~ 2HkerL +me/T)

—=Nys=~N,
(15.92)
where x=rA,,L=NA,
T =35A,, T=N,;A,;.
We now define two data window functions
l—lx—I for 0<|xI<L
L
w,(x) =
0 elsewhere (15.93)
1—m for OKSI7<T
T
wy(t) = {
0 elsewhere (15.94)

with which we can write (15.92) as
l Ny N,

NN Ly 2, W ORGPl (1599

E [Skm] =

Since by definition w, (x) is zero for |x| = L and w,(z) is zero for || > T, we have
w,(x) = Ofor|r] = N, and w,(t) = O for |s| > N,. Therefore the range of the two
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summations in (15.95) can be extended to infinity in each direction to give

E[Sk,,.] = Z Z wy (X)W, (T)R(x, 7) e~ 2tks/L +mu/T)

N Nz r=wss @

where x=rA, and t=3sA,. (15.96)
By introducing the delta functions

S(x —rh)) and 8(t — sA,)

this may be written in the alternative form

- s= Tw@

E[Sin] = N Nz Z i dxf ded(x — rA;)8(r — sA)w, (x)w, (1) x

x R(x, r)e-'l"'“/“'"/”. (15.97)

By exchanging the order of integration and summation in (15.97) and then using
the following two identities (which are similar to (11.16))

5 5(x-rAl)—— PR

r=-mw l

el

1
S 8t - sh,) = L e (15.98)
2g=-o

5= =0

we find that (15.97) becomes

E[S,.] = Z i ’ dx J‘jo drw, (x)w,(t)R(x,T) X

= -~ng=—w4 -

NNZP

s @~ 2RUK/L +p/AyJx +(m/T +4/B2)7} (15.99)
Then if the spectral windows are

I o

Wiy) = 27_[ dxw,(x)e”™

Wy (w) = il—-[ drw,(t)e ™" (15.1C0)
n -

we can write, by the inverse Fourier transforms,

a 2 ) ,
WI(X) = f d‘y "Vl(y + X”E)gly+-np/A,)x
. L

«© 2
wa(e) = J do wz(u . Aﬂ>eﬂww (15.100)

2

-~

since the factors 2np/A, and 2ng/A, are constants during the integrations. On
substituting (15.101) into (15.99), we get
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E[Sun] = LT Z Z de de W, <‘/ +2n -:—)Wz((u + 2n Aq_) x
- X - X 1 2

p=-—x g=

x {J de. dr R(x,r)c"“"‘*‘7"”””*“""’} (15102)
- il 4

where y, = 2nk/L and w,, = 2rnm/T.
The term in { } brackets on the r.h.s. of (15.102) is, from (15.29),
27)2S(7, — v, 0, — 0)

so that (15.102) becomes

2

v w 2nq
X Z Wil w + . S{yy — ¥ W, — ). (15.103)
q

X 2
W)= Y WC*%Q

Wolw) = Y w,<u+2Aq) (15.104)

4= -

in which terms (15.103) becomes
2 2
E[S,..] —( ™) j dyj do Wi ()W (w)Sky, — 7. o, — w)  (13.105)

or, if we define new variables

F=n—7
Q=0v,—o (15.106)
then
27r)2
E[Sim] =- dr dQ Wil — DWy(w,, — Q)S(T,Q)

(15.82)

which confirms the result (15.82) stated previously.

By following the approach outlined in problem 11.7, it can be demonstrated
that the aliased spectral windows W, ,(y) and W,,(w) are given by (15.83) and
(15.84).

In Fig. 15.3, W, (y) is shown graphically for the case when N, = 8. The graph
shows the non-dimensional weighting value W,,(y)(2n/L) plotted against
wavenumber y. The principal peak at y = O repeats itself at intervals at which
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W,,(y)2n/L

1
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—-16n/L -8n/L 0 8n/L 16n/L 24rn/L

Fig. 15.3 Part of the one-dimensional aliased spectral window function given by
(15.83) for the case when N, =8

(yL/27n) is a multiple of N, = 8, and it is these additional peaks which introduce
spurious contributions to the calculated spectral coefficients at the frequency of
the principal peak of the window function. This is illustrated in the following
example.

Example
Consider again the two-dimensional calculation in the example at the end of
the last section.
The two-dimensional DFT yielded the spectral coefficients listed in Table
15.1. These coefficients must be given also by equation (15.82), where W},
and W,, are given by (15.83,84) and S(I', Q) becomes S(I',,I",) which, from
(15.77), is

l 2 2,
STy, Ty) = 4—ne"r'*r1”‘. (15.107)

Hence (15.82) gives

(2m)?

a0 a0 l 2
E[Sa]= j dr, f dr, Wy, — T )W.(n — rz)‘ae—(r’*r’y‘-

(15.108)

In the previous example we took N, = N, = N = 8 and a sampling interval
A =1, so that the two-dimensional DFT gives spectral coefficients for
wavenumbers in the series

[
w

o)

Fid

> .

Yi = 0, ‘—1,
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Consider evaluating the integrals on the r.h.s. of (15.108) for the case when
¥; = ¥x = 3(2r/8) = 3n/4. In this example the spectral density can be written
as the product of two identical functions, one a function of I'; and the othera
function of I',, so that, in this case, (15.108) may be written as

] 3 R 2
E[S,] = v dar w2 — el (15.109)
Y=ra=3n/4 8 - 4

In Fig. 15.4, the spectral window W,(3n/4 — I') and the spectral density
function

S() = e~

are plotted against I'. We can see from Fig. 15.4 how the spectral coefficients

S(I) and W,(3(2r/L) —T)2n/L

1//F\
/1N
o8/ +\
/ \
,'/ 06 1 \‘|
j \
j \
;04
/ \
' \
0.2 \
r
o~ - - yAN .
—5(2n/L) 0 3(2n/L) 11(2n/L)

Fig. 15.4 Illustrating the interpretation of spectral coefficients calculated by the
DFT as weighted averages of the underlying continuous spectral density. In this
example, the continuous spectral density is shown by the broken line and the
spectral window function (aliased for an 8-point transform) by the continuous
line. The window function is placed for the calculation of the spectral coefficient
at wavenumber 3(2n/L)

calculated by the DFT are biased values of the underlying spectral density.
The integral in the {} brackets on the rh.s. of (15.109) has a main
contribution from the irregularly shaped weighting function in the region of
I' = 3(2n/L), with minor contributions from lesser peaks to the left and right
of the principal peak, and a significant contribution from the second main
peak in the weighting function at I' = —5(2n/L).

In this example, the rate of change of the spectral density in the vicinity of
the frequency of I' = 3(2r/L) is not constant. Therefore there is a bias error
due to the width of the spectral window. Also, with only an 8-point
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transform, because of aliasing there is a significant contribution to the
spectral coefficient at I' = 3(2n/L) from the spectral density in the region of
I' = —5(2n/L). Both these errors can be reduced by taking more points in
the discrete transform.

Two-dimensional smoothing

We know from equation (15.82) that S,,,(LT/4n?)is a biased estimate for the two-
dimensional spectral density S(y, w)aty = y, = 2nk/Land w = w,, = 2nm/T. The
example in the last section illustrated this point. The average value of
Sim(LT/47%), E[S,, J(LT/47?), is equal to a weighted average of S(y,w), with a
symmetrical weighting function centred on S(y,, w,), instead of being equal to
S(yx, w,,) itself. However, the width of the spectral window functions W, ,(y) and
W,,(w), given by (15.83) and (15.84), are of the order of 2r/L and 27/ T respectively
(see Ch. 11) and the frequency resolution can be improved (and the bias error
reduced) by increasing L and T. As for one dimension, this means that better
resolution and less bias error can be obtained by increasing the amount of data
analysed.

Also as for the case of one dimension, the variance of spectral estimates
calculated by the two-dimensional DFT by using

is not reduced when more data is analysed. The reason for this may be seen from
the following heuristic argument.

Consider a two-dimensional sequence of real numbers y,,, r =0, 1, 2, ..,
N, —-1,5s=0,12,.... N, — 1. derived by sampling a broad-band random
process {y(X,t)} which is homogeneous in X and stationary in t, and which has
zero mean. Let the DFT of y,, be

Yo = A — iBy, (15.110)

where A,,, and B,, are the real and imaginary parts of Y,,,. Then. from (15.11). we
have

Ny —1N;—1 - ms
Am—*—— > 3y ),Sc0527r<—+—>
N,

2 r=0 s=0
| Ni=thNam kr ms
B, -1 _ . sin2 15.111
km = N Nz = ’ZO }rsgln 7'[( N2> ( )

k=0.1.2,...N, —1
m=0,1.2..,N, -1,

and we can think of A4,, and B,, as being two different linear sums of
approximately independent random variables (because of the broad-band
assumption). By the central limit theorem, the A,,, and B,,, will have probability
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distributions which tend towards Gaussian distributions when N, and N, are
large. The random variables A,,, and B,,, have zero means because y(X,t) has
zero mean, and it can be shown that they have variances of similar magnitude
(problem 15.5). Since, from (15.68),

Sin = Y2 Y, = AL, + B2, (15.112)

the spectral coefficient S,,, is a random variable which is the sum of the squares of
two random variables which are approximately independent and Gaussian and
which have zero means and approximately the same variance. From Chapter 9.
the probability distribution for successive values of S,,, (calculated in each case
from new data) will be approximately that of a chi-square random variable with
two degrees-of-freedom. Therefore, from (9.37), the ratio of the standard
deviation ¢ to the mean m of the S,,, random variable is 6/m = | approximately.
As for the one-dimensional case, increasing the size of the two-dimensional
sequence y,, does not make any difference to the accuracy of a spectral coefficient
calculated by the two-dimensional DFT.

There isan exception to the above result for the cases when k = 0, N,/2,m = 0,
N,/2. For these values, we have seen already that Y,,, is real when the y,, are real,
and this conclusion may be confirmed by checking that the B,,, given by (15.111)
is zero for these values of k and m. Then S,,, is the square of only one Gaussian
random variable with zero mean, A,,. The probability distribution for §,,
becomes that of a chi-square random variable with only one degree-of-freedom,
for which a/m = /2.

To reduce the variance of spectral estimates, adjacent spectral coefficients must
be averaged. Consider an unweighted arithmetic average of (2n, + 1)}2n, + 1)
spectral coefficients to calculate

Sk,,, 2( : )(__l_‘—) "Z’ nz’ Sk*r,m ts (15113)

2nl + 1 2712 + ! F=~nys=—ny

In this case, S,, can be thought of as being the sum of squares of
2(2n, + 1)(2n, + 1) independent Gaussian random variables, and then S,,, has a
chi-square probability distribution with 2(2n, + 1)(2n, + 1) degrees-of-freedom
and the ratio of its standard deviation to its mean is, from (9.37),

P I 1/2
- (a;n&;:a) ' (119

There is aminor change in (15.114) if the average includes one of the four spectral
coefficients S Sy, 20 Soa 20 OF Sy, 2.4, 2. because these coefficients have only one
degree-of-freedom. not two.

We can see that there 1s a close parallel between calculations in the two-
dimensional (or higher) case and the corresponding calculations in the one-
dimensional case. The bandwidths of a single spectral coefficient are
approximately 1/L cycles/length and 1/T cycles/time (compare equation (11.35)
for one dimension). The number of statistical degrees-of-freedom for each



256 Multi-dimensional spectral analysis

spectral coefficient is 2, which is the same as for the one-dimensional case. The
average values of the spectral coefficients S,,, are related to the underlying two-
dimensional spectral density by the double convolution integral (15.82) (compare
the single convolution integral (15.81) in the one-dimensional case).

Because of the large amount of computer memory required for two-
dimensional (and higher order) DFT calculations, it may be desirable to divide
the two-dimensional data sequence of N, N, valuesinto K, K, smaller sequences,
each of MM, values, where

K,M, =N, and K,M,=N,. (15.115)

Then each M, M, point transform will yield spectral coefficients covering
bandwidths of K,/L and K,/T where

L=N,A, and T=N,A,. (15.116)

When the spectral coefficients are averaged across the K, K, sets of coefficients,
the number of degrees-of-freedom of the averaged coefficients are 2K, K, and so

%:./1/(191(2) (15.117)
except for Sq 0, Sy, 200 SO_N;/Z.SNI/Z_NI/Z, for which

o/m= /2/K,K,.

Artificial generation of a two-dimensional random
process

In Chapter 13, we discussed the artificial generation of two one-dimensional
random processes. Consider a one-dimensional sequence y,,r=0,1,2,..., N — 1,
whose DFT yields Y,, k = 0,1, 2,..., N — 1, and whose spectral coefficients are
S, = 1 *Y. If the S, are specified, then

Y] = S, (15.118)

As explained in Chapter 13, for a Gaussian sequence y,, the phase angles ¢, of Y,
must be chosen randomly, with a uniform distribution between 0 and 2r, and we
have then

Y, = /S, e, k=0,1,2,..,N—1 (15.119)
and
N-1
y, = Z /Sk ei(¢.+2n(kr/N)), r= 0’ l’ 2, . N-—-1. “5120)
k=0

The y, sequence generated by (15.120) has the prescribed spectral coefficients and,
in the limit when N — oo, it has a Gaussian probability distribution.

Now consider the two-dimensional case. Let the spectral coefficients S,,, be
specified. From (15.68), we have then
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| Yiml = \/Sim (15.121)

and if ¢,,, is a random phase angle chosen from a population with a uniform
distribution between 0 and 2, then as before

Yim = /' Sim gH= (15.122)
and, from (15.12),
Ny—1Ny—-1
Ves = Z Z /Skm ei{®rm +2xtkr/N )+ 2x(msfN )} (15.123)
k=0 m=0

The two-dimensional sequence generated by (15.123) has the prescribed two-
dimensional spectral coefficients and, in the limit when N, — o0 and N, — 0, it
has a second-order Gaussian probability distribution.

In specifying the spectral density coefficients S,,, and choosing the random
phase angles ¢,,, in (15.122), we must remember the conditions which must be
satisfied if y,, is to be real. We consider the case when N, and N, are both even.
First of all, we know from (15.11) that Y o, Yy, 200 Yon,2and Yy 5 pareallreal,so
that we must put

$o.0 = Dn,no = Ponye = Dranye = 0. (15.124)
Then, from (15.16), we must have
Sny-k0 = Sk.0 k=1,2,..,N,/2 -1 (15.125)
¢N,—m = "¢k,o,
from (15.17), we must have
Song-m = Som m=1,2,..,N,/2—1 (15.126)
¢ow,—m = ~dom -
and, from (15.18), we must have
Sn,—kNy-m = Sp.m k=12..,N —1
m=12,..,N,2—-1
Oy -iny-m = — Pim and (15.127)

k=1,2,..,N,/2—-1,m=N,/2
The total number of the S,,, and ¢,,, specified by (15.125), (15.126) and (15.127} is
(Ny2= 1D+ (Ny/2= 1)+ (Ny = YN/2 = 1) + (N2 = 1) =N N,/2 -2

so that, when applying (15.123), we have to specify (N,N,/2 + 2) spectral density
coefficients and choose (N,N,/2 — 2) random phase angles; the remainder are
then determined by using (15.124), (15.125), (15.126) and (15.127).

From (15.82), we note that

4r

2
E[Sin) = 77 St 0m) (15.128)
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where $(y,, w,,) is the windowed two-dimensional spectral density specified by the
double integral on the r.h.s. of (15.82), which becomes indistinguishable from the
true spectral density when L and T become large enough.

Generation of an isotropic surface

An interesting case occurs when it is required to generate an artificial two-
dimensional isotropic random process {rom one-dimensional spectral density
data. For example, suppose that an artificial two-dimensional random process is
to describe the height y(x,;,x,) of a surface above a datum plane. The one-
dimensional spectral density for the randomly varying height along any straight
track across the surface is specified.

The procedure is as follows. First, generate the one-dimensional auto-
correlation function from the spectrum of the one-dimensional process. Second,
rotate this one-dimensional correlation function about a vertical axis through its
origin to obtain the rotationally-symmetrical two-dimensional correlation
function. Third, use the two-dimensional Fourier transform to generate the
1sotropic two-dimensional spectral density function. Fourth, apply (15.123) to
generate the two-dimensional profile.

If the two-dimensional transform is an N x N transform with distance
sampling interval A, we need values of the one-dimensional linear correlation
function for separation distances up to \/ENA because the distance across the
diagonal of the N x N field is ﬂNA. Therefore, for the same sampling interval,
we need a one-dimensional spectral density sequence of at least ﬁ N points.

The key step in this procedure is step 2. Because the two-dimensional
correlation function for an isotropic surface is a function which has rotational
symmetry about its origin, this function may be generated by rotating the
corresponding one-dimensional correlation function. But we must remember
that it is the linear correlation function (rather than the circular correlation
function derived by the DFT) which must be rotated and an estimate for the
linear correlation function must be obtained. How this is done depends on how
the initial one-dimensional data are presented. There are two different cases to be
considered: case (i), when height data for a typical straight track are presented as
a sequence {y,} from which one-dimensional spectral coefficients can be
calculated, and case (ii), when a continuous one-dimensional spectral density
function S(y) 1s specified.

In case (i), we can generate the one-dimensional spectral sequence §;, = Y*Y,
and then take the IDFT of this to obtain the sequence of circular correlation
coefficients {R,},r = 0,1,2,..., N — 1. These circular correlation coefficients {R, }
are related to the corresponding linear correlation coefficients {R,} defined by

E[R,] = R(x = rA) (15.129)

by equation (11.10) or by (11.43) if zeros have been added to the original sequence
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{y,} before calculating its spectral coefficients. We want to separate the two
overlapping parts of the circular correlation sequence so that the linear
correlation coefficients can be distinguished. This will occur if at least an equal
number of zeros is added to the one-dimensional sequence {y,} before this
sequence is transformed to yield { ¥;} and thence the spectral coefficients by using
S, = Y;*Y,. From (11.43), we know that, for L > N,

R = (N=M\p N<r<N (15.130)
r N+L r rs .

where L is the number of zeros added, and the estimates R, for the linear
correlation function can be calculated from this equation.

In case (ii), when a continuous one-dimensional spectral density function S(y)is
prescribed, the approach may be as follows.

First we must generate a sequence of spectral coefficients {S,}, k=0, 1,2,...,
N — 1. For this to correspond to a sequence of real-valued correlation
coefficients, { S,} must be a symmetrical sequence such that S, = S, _,. One way of
forming such a symmetrical sequence is to sample S(y) over the frequency range
for which it is significant, which we will assume is O to y,, to generate

S =S)yo/N), k=0,1,2,..,N—1 (15.131)
where y, = kyo/N. and then to form the symmetrical sequence {S,}, where
S, = Si{l — k/N) + Sy_,(k/N), k=0,1,2,...,N—1. (15132

This can be thought of as a circular spectral sequence, similar to the
circular correlation sequence (11.10) which is a feature of one-dimenstonal
spectral analysis by the direct method described in Chapters 10 and 11.

When this symmetrical sequence (15.132) is transformed by the IDFT, a
sequence of real-valued correlation coefficients is generated which we show in
problem 156 is {R,},r=0,1,2,..., N — 1. where

E[R,] =J R(x)w,(rA — x)dx (15.133)

with A = 27/y,, in which the aliased data window

wox)= Y wx+jNA)= ) w<x + n), (15.134)
J= - j= - Yo
where
. YoX
. Sln'z— 2
wix) = 2 . (15.135)
el W
2

Provided that y, is high enough to include all the significant spectral components.
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then the data window width

A = 2n/y, (15.136)

will be small enough to recognise all the detailed features of R(x). The sequence
length N has to be large enough to prevent an aliasing error in the computed
correlation coefficients. This is achieved by making N large enough that R(x) is
negligible when

x> NA/2 = Nr/y,. (15.137)

In that case,
R,~R(x=rA)=E[R]., r=0.1.2,...,N/2, (15.138)

and the coefficients calculated by the IDFT are close approximations for the
linear correlation coefficients R,.

Once the one-dimensional linear correlation coefficients R, have been found,
the two-dimensional linear correlation coefficients can be found from the
condition of rotational symmetry which requires that, for the same sampling
intervals,

R,=R.. iz (15.139)

when (/s? + ¢? isan integer. When ,/s* + 2 isnot an integer, R, must be found
by interpolation between the nearby values of R, where r is an integer close to

\/s? + t2. The two-dimensional circular correlation function can then be found
by applying (15.73) and the rest of the calculation is straightforward, as described
in the following example.

Example
Use the two-dimensional DFT to generate a typical surface profile for an
isotropic road surface for which the one-dimensional spectral density is
specified by

2-3113

= T @2ty cm?/(rad/m) (15.140)

S()
where y is the wavenumber in rad/m.

The corresponding one-dimensional correlation function can be found
either by the method described above, or, in this example, it can be
calculated exactly by taking the inverse Fourier transform of (15.140), which
gives

R(x) = 3-2589 e~ */28) cm2 (15.141)

x being expressed in metres. Because the surface is isotropic, its two-
dimensional correlation function must be rotationally symmetrical about its
origin, and so the two-dimensional correlation function is
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R(xy,x,) = 32589 e~ Wi #x3n2280 2. (15.142)

Next, we have to generate the two-dimensional circular correlation sequence
from (15.142) by using (15.73). To illustrate the procedure, consider the case
of a 64 x 64 point transform. Then N, = N, = 64, and we have

64 — 64 — 2,2
R, = 3'2589{(___% e—Vresanasn |

164 —5) _ feamrrsstana
g +

N (64 — r)s - rs-stanmsn |
642

rs _ [ —aXAM
+ 642 e (64— r)" +(64 —3) (A/22281)} (sz)

2,...,63

r=0,1,
s=0,1,2,...,63. (15.143)

This function is plotted in Fig. 15.5(a) for the case when the sampling interval
Ais chosen to be A = 1-6 m. The maximum distance over which correlation

i R‘l
* Roo=3.2589 cm?

Fig. 15.5(a) Two-dimensional circular correlation sequence defined by (15.143).
The height above the datum plane of the point of intersection of any pair of lines
in the network gives the value of the appropriate correlation coefficient. Sampling
interval Ay =A; =A=16m. N =N, =N=064. L= NA=64(1-6)=102-4m
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values are available is then N = (64)(1.6) = 102:4 m. The network of lines in
Fig. 15.5(a) joins together the tops of vertical ordinates each of which is a
correlation coefficient. The height of the point of intersection of any two lines
above the datum plane gives the magnitude of the appropriate correlation
coefficient.

By using the two-dimensional discrete Fourier transform computer
program in Appendix 2, the two-dimensional sequence of spectral
coefficients which corresponds to the array of correlation coefficients
(15.143) has been calculated, and this is plotted in Fig. 15.5(b). For the

Fig. 15.5(b) Two-dimensional sequence of spectral coefficients derived by taking
the two-dimensional DFT of the circular correlation coefficients in Fig. 15.5(a).
Nyquist frequency n/A = 1-96 rad/m. Frequency interval 2n/NA = 0-061 rad/m

sampling interval A = 16 m, the Nyquist frequency (in both coordinate
directions) is n/A = 1-96 rad/m. The frequency interval between successive
spectral coefficients is 2n/NA = 0-061 rad/m. The height above the datum
plane of each point of intersection of any two lines in Fig. 15.5(b) gives the
magnitude of the appropriate spectral coefficient.

Using these spectral coefficients, equation (15.123) can then be employed
to calculate the array of values {y,,} for the height of a typical surface profile.
We have to generate the two-dimensional sequence Y,k =0,1,2,...,63,
m=0,1,2,...,63, by using (15.123). The random phase angles ¢,,, may be
generated as described in problem 13.4. Alternatively they may be generated
by any suitable computer function such as the Basic language function
RND. For precise work, it is necessary to check that the array of random
angles ¢,,, are uniformly distributed between 0 and 2=, which is necessary if
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the generated profile heights y,, are to have Gaussian characteristics. We
must remember, of course, that for y, to be real-valued, the conditions of
symmetry (15.124)<15.127) must be satisfied, so that we have to generate
only 2046 random phase angles for the 4096 point array.

Once the array Y, is available, it remains only to calculate its two-
dimensional inverse Fourier transform, which may be done by using the
computer programs in Appendix 2 after making the changes explained in
notes 5 and 10 of the appendix. A typical result of this calculation is shown in
Fig. 15.5(c). This is a sample two-dimensional isotropic surface with the
prescribed spectral character. The datum plane in Fig. 15.5(c) is drawn

Fig. 15.5(c) Typical sample of an isotropic random surface generated by equation
(15.123) for the spectral coefficients in Fig. 15.5(b). Mean height zero; mean
square height 3-2589 cm?

slightly larger than the extent of the surface. The surface ordinates (which
have not been drawn) along the two nearer edges of the base square would
repeat those along the two farther edges because the surface is one period of a
two-dimensional periodic function with period 102-4 m in both directions.
The mean height of the surface is zero and its mean square height is
32589 cm”.

Cross-spectral density between parallel tracks across a
random surface

Now imagine that a wheeled vehicle following a straight path runs across a
homogeneous random surface and that we are interested in the surface profiles
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over which opposite wheels of the vehicle pass. The profile of each track is a one-
dimensional random process. Consider the cross-spectral density between two
such tracks.

Forconvenience, we will assume that the two tracks are parallel to the X, axis.
If this is not the case, it would be easy to redefine the directions of the orthogonal
axes X, and X, so that it is. Suppose that the surface profile is described by the
two-dimensional sequence ‘

Y = y(X, = ud;, X, = vA;) (15.144)

where a rectangle of plan area L, L, is covered at sampling intervals A, and A, so
that

NA =L, and N,A, =1L, (15.145)
and that the two tracks being studied are defined by
X, = 1A, and X, = (v+ 1A, (15.146)
Then track 1 is described by the one-dimensional sequence
YX; =uA, X; =vA)) =y, u=0,1,2,..,N, =1, (15.147)
and track 2 is described by the one-dimensional sequence

VX, =uA, X, =0 +)A) = Yot u=0,1,2,...,N, - L.
(15.148)

The one-dimensional (circular) correlation function is obtained by averaging the
product y, .y, ..+, to Obtain

Ny —1Ny-1

YL VuoYurrwrs (15.149)

NN, ,Zo <o

Ril.l) =

where, as usual, we assume that y, , has period N, in u and period N, in v. The

one-dimensional cross-spectral density between tracks 1 and 2 is then given by
the one-dimensional DFT of R%*? and is

S = LN'Z_l R{1:2) g=i2nGr/N,) (15.150)

NS ' '

We shall now prove that, when the one-dimensional cross-spectral density

coefficients S\ for the profiles of two tracks parallel to X, and distance

X, = tA, apart are defined by (15.150), then they are given by the general result

N,—1

E[Sgl,Z)]z Z E[sjm]eﬂn(ml/Nz) (1515])
m=0

where the S, are the two-dimensional spectral density coefficients for the surface
over which the tracks pass. Equation (15.151) expresses the ensemble-averaged
one-dimensional cross-spectral density coefficients in terms of a summation of
the ensemble-averaged two-dimensional spectral density coefficients.
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We begin with the definition of S, from (15.66), which becomes

Ny—t1N;—t N =1 N;—1

Sim= N7 L L L L Vubusrwus€ TOMIN(15152)

2r 0 5=0 u=0 v=0

j=0,1,2,...,
m=0,1,2,..,N,— 1.

Multiplying both sides of (15.152) by e?*™/"2) and summing over m gives

Ny—1 Ny —tNa~1 N —1Ny—1
i2x( I/N)
Z Sjmexxm 2 2N2 Z Z Z Z Yudusro+s X
m=0 2 r=0 5=0 u=0 v=0
-1
x @~ i2rUriNy) Z e~ 2nlmis—0/Na} (15.153)
m=0

In making the summation over m on the r.h.s. of (15.153) we notice that
Ny—t
Z e-xZn{mls—l)/N,} =1 When s=t
m=0
=0 elsewhere (15.154)

so that completing this summation gives

Ny-1 Ny—tN;—IN;—1
1

Y S = VY X Vuusrwr€ TN (15.155)
=0 NlNl r=0 u=0 v=0

Taking the ensemble average of equation (15.155) gives

Ny-1 1 NimUNi=1Np—t
L E[Sple M = mrm B X X Ry, (A, thy) en )
m=0 N2 r=0 u=0 v=0

(15.156)

with the dependence on u and v of the terms within the summations on the r.h.s.
disappearing on the assumption that {y(X,, X,)} is stationary. The summations
over u and v can now be completed to obtain

Ny~1 1 Mot
3 E[Sp]eri = - Z R,,(rA,tA;) e~ 20N, (15.157)
m=0 1 r=

By taking the ensemble average of (15.149), we see that

Ny—=1Ny—1t

E[RI!P]) = —— Z Z E[YuoYurrwsdd = R, (rA,tA;)  (15.158)
l u=0 v=0

and, by doing the same for (15.150) and substituting for E[R¢-*"] from (15.158),

we obtain

1 N;—1

B[S ] = 5= 5 Ryl i)™ (15.159)

The r.h.s. of (15.159) is the same as the r.h.s. of (15.157) and so we conclude that
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Ny—1
E[Sﬂl .2)] — Z E[Sjm] exlnlmnN,). (15151)
m=0
This result (15.151) is the discrete equivalent of the result

Sy,(1) = J dy; Sy, 72) €™ (15.42)
derived previously. When ¢ = 0 in (15.151), the two tracks are the same, so that
the average one-dimensional auto-spectral density coefficients are given by

Ny—1

E[S{"] = E[S;]= Y E[S;n] (15.160)
m=0
which corresponds to the result of putting x, = 0 in (15.42) to obtain

Syy("r’l) = f d?z SG1s72) (15.161)
Equations (15.151) and (15.160) are true for any homogeneous surface, which is
one that is stationary in X, and X,. For a surface which has been generated
artificially by using (15.123), the sample spectral density coefficients are
automatically the same as the ensemble-averaged coefficients, so that the
ensemble average symbol on the r.hs. of (15.151) and (15.160) can then be
omitted. However, the sample surfaces must be members of an ensemble which is
stationary. For a process each of whose sample functions has the same spectral
density coefficients, this will be so only if the phase angles ¢,,, in (15.123) are
chosen randomly with a uniform distribution between 0 and 27 (subject of course
to the restrictions (15.124), (15.125), (15.126) and (15.127) which are needed to
ensure that the artificial y,, are real). In problem 15.7 we show that, for a surface
generated by (15.123), the result (15.151) is true when the ¢,,, have such a uniform
distribution.

When using (15.151), we must remember that the cross-spectral density
coefficients $¢-?) between tracks 1 and 2 are given by the one-dimensional DFT of
the correlation sequence R{-? which is defined by (15.149). Because the cross-
spectral coefficients are calculated from a two-dimensional sequence y, , which is
assumed to be periodic (in both dimensions), these coefficients are related to the
exact cross-spectral density by appropriate convolution integrals like (15.81). The
details of this relationship are worked through in problem 15.8 and the result is as
follows:

E{S}zl'z)] = {(l - t/Nz)fm SEDW,(y — p)dy +

b 2
+ /N, J SEINWr — 1) dv} L—n (15.162)
1

—

In this result, S 2(y) is the exact cross-spectral density between the two tracks 1
and 2, which are distance tA, apart. S*-3)(y) is the exact cross-spectral density
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between tracks 1 and 3, which are distance (t — N,)A, apart. This is evidently
nothing to do with the cross-spectral density we are trying to calculate. It arises
only because of the circular property of the correlation sequence R{''? defined by
(15.149). The spectral window function W,(y — 7,) which appearsin (15.162)is the
aliased spectral window defined by (15.83).

Provided that ¢ € N,, then we can see from (15.162) that the cross-spectral
coeflicients S{! -2 are approximate measures of the underlying exact cross-spectral
density. This means that, for (15.151) to give cross-spectral coefficients which
reflect accurately the exact cross-spectral density, we must make sure that the
dimension N, of the two-dimensional field y, , is large enough thatt < N, where
the two tracks are distance tA, apart.



Chapter 16

Response of continuous linear
systems to stationary random
excitation

Response to excitation applied at a point

Consider the case when a continuous linear system, which we shall assume to be
stable and time-invariant, is subjected to random excitation. For example, the
system may be a mechanical structure which is being caused to vibrate by a
randomly varying surface pressure. Such a structure is represented
diagrammatically in Fig. 16.1. Suppose that, at point S on the structure, defined
by position vector s from a fixed origin O, excitation f(s,t) is applied along a
specified direction represented by the constant unit vector e, and that, at point R,
position vector r, the response in the direction of the constant unit vector e, is

y(r,t).

f(s.t)e;

Fig. 16.1 Dynamical system whose response
is measured at position r and to which
excitation is applied at position s
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response at r in direction e, as a result of unit amplitude harmonic excitation at
frequency w applied at s in direction e,.

From Chapter 6 we know that h(r,s, t) and H(r,s, w) are related by the Fourier
transform equations which are, corresponding to (6.21) and (6.22),

—~

H(r,s,w) = J.m h(r,s,t)e " dt (16.1)

and [ [
h(r,s,t)=§;J H(r,s,w)e“ dow. (16.2)

When f(s,1) is the only source of excitation, and this excitation is a stationary
random process, then the spectral density of the response at r is given, from (7.15),

by
S,,(r,w) = H*(r,s, 0)H(r,s,w)S ; /(s, w). (16.3)

The mean-square spectral density of the response at r, denoted by S, (r, w), is
related to the mean-square spectral density of the excitation at s, denoted by
S, ,(_s, w), by the usuf:\l input-output relationship for the spectral densities of
stationary random vibration.

Example
Consider the random vibration of a taut string when this is excited in
transverse vibration by a randomly varying force applied at a fixed point.

We shall assume that the length of the string is L and that it is excited by a

stationary random force f(a,t) at distance a from its left-hand end, Fig.
16.2(a). Then if T is the tension in the string, which has mass per unit length m
and is subjected to a viscous damping force ¢ per unit length and velocity, the
equation of motion is

&y dy

3y
2+c—?+mat—2=f(a,z)6(x—a) (16.4)

-T2
Ox 5,

O0<x<L

where y(x, t) is the transverse displacement of the string at distance x from its
left-hangd end.

For excitation with the broad-band spectral density shown in Fig. 16.2(b),
we shall calculate the mean-square transverse displacement and velocity of
the string at different points along its length.

First, we have to calculate the frequency response function H(x,a,»). As
in Chapter 6, this is done by substituting into the equation of motion the
harmonic excitation

fla,t) = e (16.5)

and the corresponding steady-state harmonic response

19 L N
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y(x.1) y{z1) r
4
(a) A - . o 2
2 X z
a f(a.t) !
'L L
lS,,(a,u))
SO
(b) -
- 0| W, ®
Im
0/2
cw/T i3=13
A
(c) 6 3 Re
mo?/T o
P '

Fig. 16.2 Taut string subjected to random
excitation at one point. The spectral density
of the excitation is shown in (b) and the
calculation of the roots 4; and 4, of

H(x,a,w) = Ae** + Be*”*

in (c)

and solving to find H(x,a,w). When we do this, we find that

(;1—13+H<T;)—2—i%03->=—%6(x—a), 0<x<L.
The solution to (16.7) is
H(x,a,0) = A& + Be#@*  for 0O<x<a
and
H(x,a,w) = Ce@* 4 pehik for a<x<L

(16.7)

(16.8)
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where 4,(w), 4,(w) are the two roots of
mw?  cw
AT+ (— - i-) = 0. (16.9)

The solution of (16.9) is shown in the Argand diagram in Fig. 16.2(c), and the
two roots are

2\2 2y1/4
Alw) = —A,(w) = {(m;) ) + <C—;)-) } <sing + icos g)

where tanf = < (16.10)
mo

Hence, for 0 < x < a, we have
H(x, a, ) = Ae"* + Be~ %~

and, since H(x,a, w) at x = 0 must be zero for no response at the support,
(A + B)=0, and so

H(x,a,0) = A(e"* — e™') = 24sinh(1;x), O0<x<a,
(16.11)

in which we must remember that 1, is a complex quantity and so sinh(4,x)
will have real and imaginary parts. Fora < x < L, it is convenient to express
y(x, t) in terms of the distance z = L ~ x measured from the right-hand end
of the string. Then we have, corresponding to (16.11),

H(z,a,w) = 2Esinh(4,2), O0<z<L-a. (16.12)
Since the string is continuous at x = a, we have

2Asinh(l,a) = 2E sinh(1,(L — a)) (16.13)

and, for equilibrium at x = a, the change in direction of the string at x = a
must be such that the transverse components of the tension in the string are
together equal to the applied force f(a,1). Hence, at x = a,

dy dy .
—_ — = e .14
Tax+Taz ¢ (16.14)
which gives
1
Acosh(4,a) + Ecosh(,(L — a)) = L (16.15)

On solving for the constants 4 and E from (16.13) and (16.15), we obtain

_ sinh A,(L — a)

_SmhAgs—a) 16
2TA, sinh A,L (16.16)
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Magnitude of the displacement frequency-response function

Fig.

Response of continuous linear systems to stationary random excitation

and
_ sinhia (16.17)
"~ 2T, sinh A, L '
and so obtain the results that
sinhA,(L —a) .
H(x,a,w)=msmhl‘x for O<x<a
and
inh A
H(x,a,0) = T—;ﬁ%sinh (L —x) for a<x<L.
(16.18)

Now that we have found the frequency response function H(x, a, w), its value
may be calculated numerically from (16.18) after first finding the complex
root 4; = 4,(w) from (16.10). To illustrate the result of doing this, we take a
specific case when

T=1, L=1, a=1/3, m = 1/400, ¢ = 2r/4C0

in consistent units.
The result of the calculation is shown in Fig. 16.3(a). Values of |[H(x, a, w)|

0.6

05+

04+

034

02+

0.1

0 50n 1007 150n 200n 250n 300n 350n 400n
Frequency/(rad/s)

16.3(a) Magnitude of the frequency response function for the displacement of

a taut string at x = 0-1L when the string is excited at x = L/3 (where x is the
distance from one end of the string). The equation of motion is (16.4) where
T=1,m=1/400, c = 2n/400 and L = 1 in consistent units
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have been calculated at 401 discrete frequencies evenly spaced between 0 and
400n rad/s. The string has 20 natural frequencies in this range, with the
undamped 20th natural frequency being 400x rad/s. Not all the modes show
as resonant peaks in Fig. 16.3(a). This is because when a = 1/3L, as in this
case, the point of excitation lies at a nodal point for modes 3, 6,9, 12, 15 and
18, and so these modes do not show in the response curve of Fig. 16.3(a); also
when the point at which the response is being measured is x = 0-1L, as in this
case, the response is being found at a point on the string which is a node for
modes 10and 20, so that these two modes do not appear as resonant peaks in
Fig. 16.3(a).

Figure 16.3(a) shows the magnitude of the complex frequency response
function for the displacement response at x = 0-1L when there is a steady-
state harmonic input of unit amplitude and frequency w applied at
x = a = L/3. From it, we can calculate also the magnitude of the complex
frequency response function for the velocity response at x = 0-1L for the
same excitation. By differentiating (16.6) with respect to time, we obtain

y(x,t) = ioH(x, a, 0)e*" (16.19)

and so the amplitude of the frequency response function for the velocity is
just wiH{x, a, ®)| and this is plotted in Fig. 16.3(b), for the same frequency
range as before. By comparing Figs. 16.3(a) and 16.3(b), we can see that the
higher frequency modes are more pronounced in the velocity response
because of the multiplication by frequency involved in going from

120

100

80

604

40[

201

0 50n 100n 150n 200n 250n 300n 350n 4007
Frequency/(rad/s)

Fig. 16.3(b) The same as Fig. 16.3(a), except that the magnitude of the velocity
response is plotted
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displacement in Fig. 16.3(a) to velocity in Fig. 16.3(b). This leads to a
significant difference between the mean-square displacement response and
the mean-square velocity response, as we shall now see.

The mean-square displacement at position x, which we shall denote by
E[y*(x, 1)] where the symbol E means the result of an ensemble average over
time, is given by

E[y*(x,t)] = jm S,,(x, w)dw (16.20)
and the mean-square velocity at position x is given by
E[y*(x,0)] = jm S,,(x, w)dow. (16.21)
By using (16.3), we then obtain the results that
E[y*(x,1)] = j ) [H(x,a, w)*S, (w)dew (16.22)
and
E[y*(x,1)] = f ) o?|H(x, a, 0)*S;p(w)dw. (16.23)

We shall now assume that the broad-band excitation shown in Fig. 16.2(b)
has a cut-off frequency @, = 4C0n rad/s and that the level S, = 1/z in the
appropriate units. Then the integrals in (16.22) and (16.23) need cover only
the frequency range —400n to 400n rad/s. We shall approximate these
integrals by summations involving values of the integrands at a frequency
spacing of z so that (16.22) becomes

199 1
]~ Y IH(x,a,kAw)Iz(—)Aw (16.24)
k= -400 n
and (16.23) becomes
399 1
E[y"2 (x, t)] ~ Z (kAw)?|H (x, a, kAw)|2<—>Aw (16.25)
k= -400 n

where Aw = & rad/s.

When these calculations are made and the results normalized by dividing
by the average value along the length of the string, the results are as shown in
Fig. 16.3(c). Mean-square displacement is plotted as the broken line, and
mean-square velocity as the continuous line. We see that the mean-square
displacement increases almost linearly from zero at the end of the string to its
maximum value at the point of application of the forcing function,
x = a = L/3, then remains approximately constant until x = L — a = 2L/3,
and then falls almost linearly back to zero at x = L. In contrast, the mean-
square velocity, which is a measure of the kinetic energy of the string per unit
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o] 025 05 0.75 1
Distance along string x/L

Fig. 16.3(c) Response of a taut string of length L to broad-band random excitation
applied at distance L/3 from the left-hand end. The broken line gives the mean-
square displacement response; the continuous line gives the mean-square
velocity response. Both responses have been normalized by dividing by their
average value along the length of the string. The cut-off frequency w, (see Fig.
16.2(b)) is 400r rad/s which is equal to the 20th natural frequency of the string.
The parameter values are T = 1, m = 1/400, c = 2r/400 and L = 1 in consistent
units

length, is approximately constant over most of the length of the string away
from its ends, with the exception of the two regions near x = a = L/3 and
x = L — a = 2L/3. Here the average kinetic energy is significantly greater
than its value at other points on the string.

In problem 16.1, the above calculation is taken further to constder cases of
different damping and to investigate the distribution of mean-square
acceleration along the string. For lighter damping than that chosen for Fig.
16.3(c), the two principal peaks in the mean-square velocity response are
found to have the same height to a close approximation. The mean-square
acceleration response is broadly similar to the mean-square velocity
response except for more pronounced ripples, particularly near the two ends
of the string.

This behaviour has been discussed in detail by Crandall et al. [ 75-78] fora
number of different lightly-damped systems, including strings. The
occurrence of localized variations in their otherwise substantially uniform
mean-square velocity response has been found to occur also for two-
dimensional structures with geometrical symmetry, such as rectangular
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plates. Strips of enhanced kinetic energy occur. The positions of these
regions of enhanced response depend on the nature of the boundary
conditions, and enhancement does not occur when the boundaries are
irregular. In some, unusual, cases, localized areas of reduced kinetic energy
have been shown to occur.

Now we return to the general case. Consider a linear continuous system which
is subjected to excitation at two positions, determined by position vectors's, and
s;, Fig. 16.4. We shall now obtain an expression for the cross-spectral density
between the response at position r, and the response at position r,. The auto-
spectral density for the response at r is then the special case of the cross-spectral
density when r; = r, = r. Although we consider only two inputs, the extension to
more than two discrete inputs can be made by the same methods.

In Chapter 7, we considered the case when many inputs give rise to a single
output,and in (7.14) give the output spectral density in terms of the input spectral
densities and the cross-spectral densities between the inputs. In problem 7.5
the present case of two inputs and two outputs was taken and the essential results
that we need now are equations (7.30) which are given in the statement of that
problem. The result that we shall now obtain merely involves re-stating (7.30) in
terms of a notation which is appropriate for the analysis of a continuous system.

We define the following parameters:

§,,(ry, 2, w} = cross-spectral density between the responses y(r,,t) at r; and
ylry,t)atr,

S ,(s1,5,, w) = cross-spectral density between the excitation f(s,,t) ats, and
f(Sz’l) at Sz

S,s(s1,8;, w) = auto-spectral density of the excitation at position s,

S, /(s5,8,. w) = auto-spectral density of the excitation at position s,

H(ry,s,,w) = frequency response function for the response at r; to a unit
harmonic input at s,

and similarly for the other three frequency response functions,
H(rZ’ Sy, LL)), H(rl »S2, (U) and H("Z? Sy, LL))
In terms of these parameters, the first of (7.30) may be written as
Syy(rh fz, w) = H*(rl asl > w)H(fzySh w)Sff(S]’slvw) +
+ H*(ry, 8, W)H (12,8,, 0)S;/(8;,5,,w) +
+ H*(ry,8;, 0)H(ry, 81, 0)S (52,8, ) +
+ H*(ry,5,, 0)H(r2,8,,0)S,/(52,5,, w). (16.26)
The other response cross-spectral density S, (r,,r,, w) comes from the second of

(7.30), or it can obtained either (a) by exchanging r, and r, in (16.26), or (b) by
using the result from (5.23) that

S,,(ry, 1y, 0) = Sh(r,, 13, 0). (16.27)



Response to distributed excitation 277

If we take the complex conjugates of all the terms on the rhs. of (16.26),
remembering that

S;/(52,8,, w) = S¥,(s,,5;, ), (16.28)

then it is easy to see that both (a) and (b) yield the same result for S, (r,,r;, ).

We shall now consider extending (16.26) to the case of infinitely many
infinitesimal inputs which is the case when a continuous structure is subjected to a
randomly varying surface pressure or other distributed loading.

Response to distributed excitation

For the case when there are N separate inputs, equation (16.26) becomes

N N
S,rurn0) =Y Y H*(ry,s;,w)H(ry,s, 0)S; (5,8, w). (16.29)
i=1k=1
This result may be proved by following the method described in problem 7.5 for
two inputs, or it may be deduced by studying the form of (16.26).

Now we shall consider the limiting case when the number of separate inputs
becomes infinite, as would be the case for a distributed random loading such asa
fluctuating pressure field, for example a turbulent boundary-layer on the skin of
an aircraft. We shall assume that the distributed random excitation, p(s,t), is
stationary in space and time (or, in other words, that it is homogeneous in space
and stationary in time) and that its mean-square spectral density is S,,(y, w)
where y is the wave vector (see Ch. 15) and w is the time frequency.

f(s1.00e;,

Fig. 16.4 Dynamical system whose response is measured at two
positions r, and r, and to which excitation is applied at two
positions s, and s,
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First we have to relate the applied force acting at an elemental surface area to
the pressure which is applied to that elemental area. This is just a statement that
the magnitude of the applied force is pressure (or stress) multiplied by area. It is
expressed by the following equation

fls,t) = p(s,t)ds (16.30)

where f(s,t) is the force exerted by pressure p(s,t) on an elemental area ds. In this
equation, we recall that f(s,t) is by definition a scalar quantity (see Fig. 16.4),
p(s,t) is pressure which is a scalar, and ds is also a scalar quantity (which is
ds = ds, ds, for two dimensions). The different directions of the excitation at
different positions are taken care of by the frequency response functions, each of
which gives the response at a specific location and direction to excitation applied
at another specific location and direction.

In (16.29), S, /(s;,5, w) is the cross-spectral density between the excitation
f(s;,t)atlocation s;and the excitation f(s,,t) ats,. When this excitation is derived
from a surface pressure, then we can write, from (16.30),

f(sj’t) = p(sj’t)Asj
f(si,t) = p(sy, 1)As, (16.31)

where the surface areas occupied by the two forces are assumed to be As;and As,.
Hence the cross-spectral density between the forces at s; and s, is related to the
cross-spectral density between the pressures at the same points by the result that

S; (8580 ) = S,,(5; 51, W)AsAs,. (16.32)

The approximately equal sign becomes an equality in the limit when the
number of discrete point forces becomes sufficiently large that As; and As, both
become vanishingly small.

By using (16.32), for the case of distributed excitation the general result (16.29)
may be written

N N
syy(rI'rZ’w) = Z Z H*(rlysp w)H(rbshw)Spp(sj,sb w)AsjAsk
j=1k=1
! (16.33)
and, when N — oo on a system of finite extent, so that As; and As, — 0, then
(16.33) becomes

S”(rl, r,, w) = J dle dSZH‘(rl,sl,w)H(rz,SZ, w)Spp(sl,Sz,(.U). (16.34)
R R

This equation (16.34) gives the cross-spectral density between the responses
y(r,,t) and y(r,,t) in terms of a double integral over the surface of the system of
the frequency response functions and S,,(s;,S;, ) which is the cross-spectral
density between the pressure p(s,,t) at 8, and p(s,,¢t) at s,.

An alternative derivation, using impulse response functions, is the subject of
problem 16.2.
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Eqn (16.34) is true for any time-stationary excitation. Now consider the case
when the distributed excitation p(s, t) is a sample function from a process which is
also homogeneous in space with multi-dimensional spectral density S,,(y, w).

" Then the time cross-spectral density S (s, , s;, w) can be calculated from S, (7, w)
by using the methods described in Chapter 15.

For example, suppose that we want to calculate the time cross-spectral density
between values of the random variable y(X,, X,,t) at two points which are
distance x, o apart in the X, direction and distance x,, apart in the X, direction,
From (15.30), we can write the cross-correlation function as

Ryy(xl 00 X20,T) = J. dwf R J dy, S”(.y“yz’w)e'(rmoﬂzxmﬂﬂl‘
(16.35)

while, from (5.21), the equivalent one-dimensional result may be written

Y1)

R, , (1) = J dwSs, , (w)e*" (16.36)
where y,(t) = y(X;,X3.t) and y,(t + 1) = p(X, + x;0, X, + X530, + 7). Since
the correlation functions on the Lh.s. of these two equations are alternative
expressions for the same result, by comparing terms on the r.h.s. of each equation,
we see that we must have

S,‘h(w) = J‘ dy} J' d},z Syy(yl,yz’w)ei(hno+hxzo) (1637)
or, in more general terms,

Sy @) = J‘ dy S, (y, w) e (16.38)

where y is the wave vector and X, is the position vector from point 1 to point 2,
This is an important result and its meaning is as follows. Fora homogeneous and
stationary random process y(x,t) whose multi-dimensional spectral density is
S,,(7, ), the cross-spectral density between any two points 1 and 2 separated by
the position vector X, from 1 to 2 can be expressed in terms of a weighted integral
of S (y,w) where the weighting function is ¢'*J and the integration is taken over
all .

In the nomenclature of our problem in this section, we can use (16.38) to write

SPP(Sjr S, ) = J d'l’spp(?, (U)ei(r(s'_") ) (16.39)

@

because the position vector between the two points at which the excitation cross-
spectral density S, (s;,s,) is being calculated is (s, — s;). Now, substituting (16.39)
into (16.34) gives

S,,(r, 1, 0) = J dy S,,(y, 0)G*(ry, ¥, 0)G(rz, 7, ©) (16.40)
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where

G(r,y,w)zjH(r,s,w)e“""ds. (16.41)
R

This is the final result. It gives the ensemble-average cross-spectral density
between the stationary response y(r,,t) at position vector r, and the stationary
response y(r,,t) at position vector r,, Fig. 16.4, for a stable, linear, time-invariant
continuous structure. The structure is assumed to be subjected to distributed
excitation p(s,t) which is homogeneous in space and stationary in time and for
which the multi-dimensional spectral density is S op(¥, @). The function G(r,, w)
has been called by Lin [84] the sensitivity function for the structure. It gives the
sensitivity of the structure at r to a distributed excitation which is harmonic in
space and time at wave vector y and time frequency w. G(r,y, w) is a weighted
integral of the frequency response function H(r,s, w) which, by comparison with
(15.45), is similar in form to a Fourier transform equation (except for the sign of
the exponent).

Normal mode analysis

In the previous section, we derived two equations which, in theory, enable the
response of a continuous system to distributed random excitation to be
calculated. The first result, equation (16.34), gives the output cross-spectral
density S, (r;,r;,®) as a double integral involving the frequency response
function H(r,s,w) and the cross-spectral density of the excitation S,,(s,,s,, w).
The second result, equation (16.40), gives the output cross-spectral density in
terms of a treble integral of the frequency response function and the multi-
dimensional spectral density S,,(y, ). Which of these two equations is used for a
calculation depends on the information available. When the input cross-spectral
density S, (s,,S,, w} is available, then (16.34} is applicable directly, and obviously
there is no point is labouring with (16.40). In any case, exact integrations will be
possible only in the simplest cases, and in most practical problems some form of
approximate numerical integration is unavoidable.

In many examples, it is easier to make approximations for the input spectral
density than it is to find expressions for the frequency response function H(r, s, w).
In this section, we shall be concerned with an approximate method of calculating
H(r,s,w). The method depends on the experimental finding that, in many
practical vibration problems, vibration is confined mainly to a limited number of
natural modes. With this knowledge, we shall now seek to express H(r,s,w) as a
series expansion, each of whose terms represents the contribution to H (r, s, w) of a
separate mode. It will then be possible to approximate H (r,s, w) by including the
modes that are of interest and excluding those that are not.

We shall begin by taking a specific example of a simple beam, and then, later,
move on to the general case.

Consider a simply-supported elastic beam which is subjected to a distributed
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transverse loading represented by p(x,t) per unit length of the beam. We shall
assume that its equation of motion is given by

My dy oy
hiit M o2 = 4
mat2 + Cf;’t + E 38 plx,t), 0<x<L (16.42)

where y(x, t) is the deflection of the beam at time t and distance x from its end, m is
its mass per unit length, c is the viscous damping coefficient per unit length, and
EI is the bending stiffness of the beam (E is the modulus of elasticity and I is the
second moment of area of the cross-section of the beam about its neutral axis). We
shall seek a solution in terms of the undamped natural modes of the beam, of the

form
ylx,t) = .il Wi(x)yt) (16.43)
=
where ¥ (x) are the natural modes of the simply-supported beam defined by
¥ (x) = /2 sin<j ’%‘) (16.44)
and satisfying the condition of normality that
jL‘Pj(x)‘Yk(x) dx =Lé, (16.45)

o

where 8 is zero except when j = k, when it is unity.
If we substitute the assumed solution (16.43) into the equation of motion
(16.42), we obtain

@ d?y, dy; ¢
y {mw,(x)%' + c\yj(x)ayii +El (k—,,‘i’j(x)yj} =p(x,t1).  (16.46)
=1

On multiplying through by ¥ (x) (keeping it outside the summation) and
integrating over x, we find, after using (16.45), that

d’y, cdy, EI{n\* 1
mat T VL) i) Y dx. 16.47
a2 Tada T m (]L) Yi= oL, J)p(x, t)dx (16.47)

The undamped natural frequencies of the beam are given by
2
o = (ji) El (16.48)

and the modal bandwidth is

B;= (16.49)

When we define the modal exciting force as

E SR

L
pilt) =f W(x)p(x, t)dx (16.50)
0
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and substitute (16.48)16.50) in (16.47), then we find that
d? yj

1
& +wn Pt (16.51)

We see that the response of each mode of the beam is similar to the response of a
single degree-of-freedom oscillator. Now consider the frequency response
function. In this example, when the response y(x,t) is measured at x for unit
harmonic excitation ¢** applied at x =s, it is H(x,s,w). For such a point
excitation, the distributed load per unit length is

plx,t) = € 8(x — ) (16.52)
and, from (16.44) and (16.50),

L X\ [ .ms
pi(t) = ﬁsm _]T ¢ 6(x-s)dx=\/§sm ]z- e (16.53)
V]
so that (16.51) becomes

d? Vi
dr?

and the response y(x,t) is, from (16.43),

d /i ns
+8; d);’+ wly; = ——Esm(]L>e'“" (16.59)

y(x, 1) = H(x,s,w)e“ = i ¥y t) = i V/isin(j%)yj(t).
j=1 j=1

(16.55)
The steady-state solution y;(t) of (16.54) is

1 V2 (75 g
yj(t)==< pe +ﬁ1w+w>mL n(;z->e (16.56)

and so we conclude from (16.55) and (16.56) that H (x,s, w) may be written as the

summation
w 2 sm( j ——)sm( )
H(x,s,w) = (16.57)

lmL —o? + Bjiw+ wf)

From (16.41), the sensitivity functxon, which in this example is G(x, y, w), may then

be written as
Cf mx\. [ .ms
,_ 2 sm(] z—)sm(; —E)
Z e (16.58)

< Jo mL(—w2 + Bjiw + })

G(x,y,w) =

for a uniform simply-supponed beam whose equation of motion is given by
(16.42).

Now we move from the particular to the general, and repeat the above analysis
in more general terms.
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Following Lin [84], we assume a general equation of motion

2 )
6 Zfi"’ +c(r) "“’yif;” + Ly(r.0)) = pir.1) (16.59)

where now m and c are in general functions of r and L is a linear differential
operator in the spatial variables. For example, for a taut string

62

m(r)

L=-T s (16.60)
and for a uniform beam
64
L= Eléx“' (16.61)
For a thin plate,
64 64 64
L=DV*=D|-—=+2—5—5+— 16.62
(6x? ox? oxt 6x§) ( )
where D is the plate stiffness defined by
E
D= m (16.63)

where E is the modulus of elasticity, ¢ is the plate thickness and u is Poisson’s
ratio.

We shall assume now that we can find normal modes such that the jth normal
mode of the system for undamped free vibration is ¥ {r) where the modes are
normalized so that

J mE¥ (1), (1) dr = mg . (16.64)
R
Also we shall assume that the damping coefficient ¢(r) is such that
J‘ c(¥r)¥.(r)dr = c;0 . (16.65)
R

This condition restricts the generality of the systems considered. It will be true. for
example, if the damping coefficient ¢(r) in (16.59) is always proportional to the
mass coefficient m(r), but for arbitrarily chosen c(r), (16.65) will not be true. In
practical vibration problems, damping is usually small and its exact distribution
is not then important. In any case, we do not usually know how the damping is
distributed. Therefore it is customary to assume that the damping is distributed
in such a way that (16.65) is satisfied and the consequences of this assumption do
not appear to detract seriously from the usefulness of the results so obtained.
On account of (16.64) and (16.65), we can substitute an assumed solution

ety = 3 Winy0) (16.66)
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into (16.59), multiply both sides of the resulting equation by ‘¥ {r), and integrate
over the surface of the system, to obtain

.. . 1
i+ By, + (ufyj = o W ,(r)p(r,2)dr (16.67)
i JR

where w; is the jth undamped natural frequency of the system and §; is the modal
bandwidth defined by

g, =i (16.68)

with ¢;and m; being obtained from (16.65) and (16.64). Equation (16.67) is one of a
series of uncoupled linear differential equations, one for each mode of the system,
which describes motion in the jth mode of the system.

As before, the frequency response function H(r,s, w) is obtained by putting

pir,t) = e“'d(r —s) (16.69)
when we find that, from (16.67),

- . 1 1wl
Vi + B+ wfy; = —Yls)e (16.70)
i
The solution of (16.70) may be written
yi(t) = Hj(w)¥ (s)e* (16.71)
which, on substitution into (16.70), gives
1
H = . .
/@) m{—w? + Bjiw + w?) (1672)
Hence, from (16.66),
H(r,s,w) = Y () H j(w)¥ i(9) (16.73)
j=1

where r and s are the position vectors of points on the surface of the system.
Lastly, from (16.41), the sensitivity function G(r,y, ) is, after substituting for
H(r,s, w) from (16.73),

G(r,y,w) = Y | ¥;(nNH{(w)¥s)e"" ds. (16.74)
=1 JRr
Equation (16.74) gives the sensitivity of the system at r to harmonic excitation at
time frequency w and wave-number vector y expressed as a summation over all
the modes of the sensitivity in each mode.

The modal shape functions ¥ (r) describe the modes of damped as well as
undamped free vibration of the system and it is assumed that the damping
satisfies (16.65) so that such uncoupled modes exist. The frequency response
function H(w) is a measure of the response of the jth mode to harmonic
excitation at frequency w and is defined by (16.72).
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‘xample 1
Find the cross-spectral density of the response of a simply-supported beam
when this is subjected to a distributed random loading which is
homogeneous and stationary and for which the two-dimensional spectral
density is S, (constant). Hence find the mean-square displacement and
mean-square velocity response along the length of the beam.

We shall assume that the beam is of length L and that distances x, rand s
are all measured from one end of the beam. The displacement of the beam is
y(x,t) as a result of the excitation which is the force per unit length p(x, ¢).

We shall apply equation (16.34) which requires the cross-spectral density
function S,,(s,, s;, @) to be found. This is the cross-spectral density between
the excitation p(s,,t) at x = s, and p(s,, t) at x = s,. From (16.39), we can
calculate this from the two-dimensional spectral density S,,(y, w) = S, by
the integral

@

S,,,,(sl’sz,w)=J\ dy S, e, (16.75)
- @

To evaluate this integral, we recall the result in Chapter 5 that the

autocorrelation function for stationary random white noise of spectral

density S, is

R (t) = 2785, 6(z). (5.10)
From (5.2), we know that
R (r) = J.w S (w)e" dw = jw Soe“ dw (16.76)
so that we must have
2né(1) = jm e“ dw. (16.77)

Using (16.77), equation (16.75) gives
S (51,52, @) = 218, 8(s, — sy). (16.78)

For excitation which is white in space, we see that its cross-spectral density is
zero everywhere except at s, = s,. Here the cross-spectral density becomes
the auto-spectral density, which is infinite.

Now we can use (16.34) to calculate the cross-spectral density of the
response y(ry,t) at x = r; and y(r,,t) at x = r, by substituting from (16.78)
to obtain

L L
Syy(ri,ry, @) = J ds, J. ds; H*(ry, 84, @)H(r4, 55, 0)218 o 6(s; — 5y4).
o) o
(16.79)

One of the two integrals can be evaluated at once to obtain
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L

Syylry, ry @) = f dsH*(r,,s, w)H(r;, s, 0)2nS,. (16.80)

0

We have already worked out H(x, s, w) for this case and the result is given iy,
(16.57). On substituting from (16.57) into (16.80), we get

sin(j m’)
2« 8nS L
Syy(rlarlv Cl)) = Z Z 0

j=1k=1 (mL)? (— w? —- Bjiw + (sz)

sin(k Zr—z) L
x L dssin( j = Jsin( k=
(—” + Bio + of) Jo 'L L)
(16.81)
The integral over s in (16.81) is zero except when j = k, when itis L/2,and so
we arrive at the following result for the response cross-spectral density
Q48 . (. _nrz\l 1 ]2
S,,(r,ra, @) = j; prs sm<j T >sm<] L=+ Bjo+ o?|
(16.82)

In order to find the mean-square responses, we use the results (16.20) and
(16.21) which become, in the nomenclature of this problem

X

qymﬂ:jm%pxwmw (16.83)
and
E[3*(x,1)] = J’m ’S,,(x, x, w)dw. (16.8%)

where E denotes the ensemble average over time.
Substituting (16.82) into (16.83) gives

@ @ 2
E[y’(x,0]= ¥ 4,,’:5,:’ mz(;%) J‘ | : i do

= _wl—w2+ﬂjiw+wf
(16.85)

and the integral may be evaluated with the help of Appendix 1, case 2, to
obtain

.n(.nX>

sin{ j —

© 47'{25 L 2

E[yz(xvt)] = z mZLﬂO. W :
7] 7

=1

(16.86)

On substituting for w; from (16.48) and for f; from (16.49) into (16.86), we
obtain the result that
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s> = Sinz(j %)
E[y*(x,0)] = — ;IC ) (16.87)

j=1 J

To find the mean-square velocity response from (16.84), the calculation is
exactly the same except that a different integral has to be found from
Appendix 1, case 2, and the result corresponding to (16.87) is

4 ZS © .
E[};Z(x, t)] = ::chO Zl slnz(j %) (16.88)
=

We can see that the series in (16.87) will converge because of the j* factor in
the denominator.t In (16.88), this factor is absent, and the series will not
converge. As more modes are included in the summation, the mean-square
velocity response increases without bound. This is because the theoretical
excitation covers all wavenumbers and all frequencies.

Example 2
Assuming that simple beam theory applies for the beam analysed in
Example 1, find the distribution along its length of the mean-square bending
moment.
If y(x, t) is the displacement of the centre-line of the beam, then we know
from simple beam theory that, if M(x, 1) 1s the bending moment at section x,
then
62
M(x,t) = EI a—z—y(x, t). (16.89)

As before, we assume that the damping is distributed in such a way that
(16.65) is true. Then, for steady-state unit harmonic excitation at x = s, we
have, from (16.73),

Yt = ¥ Wx)H (oW(s) e (16.50)
i=1
Combining (16.89) and (16.90) gives
M(x,t) = EI i Y5 (x)H j(w)¥ j(s) e (16.91)
j=1

so that, for unit harmonic excitation, we can say that

M(x,t) = H,(x,s, w)e"" (16.92)

tIn problem 16.5, the result of the summation is shown to be

27!28 3 X 2 2
Ely*nl = 351(::L (Z) (1 —{_) Osis :
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where
Hy(x,s, w) = EI'V;(x)H (w)'P ,(s)- (16.93)
j=1
This result for H,,(x, s, w) may now be substituted into (16.80) and the same
steps followed as in Example 1 to obtain fhe following expression for the
mean-square bending moment in the beam:

5 4n’S,El & ., .nx
E[M?*(x, t)] =L j; sin (j L)' (16.94)
The summation in (16.94) is the same as in (16.88) which gives the mean-
square velocity of the beam. As noted already, this summation does not
converge to a limit, and as more modes are added, the mean-square bending
moment and the mean-square velocity both increase without limit.
Figure 16.5 shows the distribution of mean-square displacement and of

Mean-square response

05

0 0.25 0.5 0.75 1
Distance along beam x/L

Fig. 16.5 Response of a simply-supported uniform beam to distributed random
excitation which is uncorrelated in space and in time. The broken line gives the
mean-square displacement response. The continuous line gives the contribution
to the mean-square velocity and mean-square bending moment (which are given
by the same summation) of the first 60 modes. The responses have been
normalized by dividing by their average value along the length of the beam.
Classical normal mode theory is assumed to apply. The absolute levels are then
inversely proportional to the level of viscous damping present but the normalized
levels are independent of damping
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mean-square bending moment and velocity for the case when the
summations extend to include the 60th mode. The results are normalized by
dividing by their average value along the length of the beam. For the mean-
square displacement, calculated from (16.87) with the summation extending
fromj = 1toj = 60,and plotted as the broken line in Fig. 16.5, the result has
converged to very close to its mathematical limit. For the mean-square
bending moment and mean-square velocity, calculated from the summation
in (16.88) and (16.94) with j extending from 1 to 60, the corresponding result
is shown as the continuous curve. Although the summation has not
converged, the contributions of the first 60 modes produce a level which is
approximately constant along the length of the beam. The ripples on this
constant level have a wavelength of approximately L/60 where Lis the length
of the beam. When more than 60 modes are included in the summation, this
wavelength decreases in proportion to the number of modes, and the
amplitudes of the ripples in the centre of the beam diminish. However, the
amplitudes of the ripples at the two ends of the beam remain approximately
constant.
The average value along the length of the beam of the summation

N
sinz( j E)
j=zl L

A Y of X N
— nlj— )dx = = .

,»;LJ; si (]L> x = (16.95)
so that the levels of the mean-square bending moment and mean-square
velocity increase in proportion to the number of modes included in the
summations (16.88) and (16.94). Therefore, although the amplitudes of the
end ripples in Fig. 16.5 are approximately independent of the number of
modes, N, included in the summation, the amplitudes of the same ripples on
the absolute level of mean-square bending moment and velocity increase in
proportion to N.

Crandall [ 76] has pointed out that this behaviour is analagous to Gibbs’
Phenomenon in the theory of Fourier series.t In the immediate vicinity of a
jump discontinuity, the sum of Fourier terms contains oscillations whose
frequency increases as the number of terms in the summation increases but
whose amplitude remains finite.

The practical conclusion from Fig. 16.5 is that, while the mean-square
displacement increases monotonically to a maximum at the centre of the
beam, the mean-square velocity and mean-square bending moment are
substantially constant along the length of the beam away from the
immediate vicinity of its ends. For excitation which is substantially
uncorrelated in space and time, the mean-square velocity (and therefore the

ee, for example, Courant and Hilbert [74], p. 105.
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average kinetic energy per unit length) and the mean-square bending
moment (and therefore the mean-square stress in the beam) are
approximately the same at all points on the beam.

Kinetic energy of a flat plats subjected to uncorrelated
random excitation

We can now make a general calculation of the average kinetic energy per unit
area of a flat plate subjected to random excitation which is uncorrelated in space
and time. The assumption that the distributed excitation is uncorrelated is useful
because it is an approximation for excitation whose spectral density covers broad
bands of spatial and time frequencies, and it is possible to produce some simple
answers that may be used as a guide to the response of systems subjected to less
idealized excitation.

The vibration of a thin, flat plate subjected to random excitation will be
assumed to be described by the partial differential equation

d* ) a* o4 ¢t
mE;f— + ca—": + D(é + 2&—;% + Fé) = plxpxpt).  (16.96)

We shall assume that the plate has constant mass per unit area m and that it is
subjected to a viscous damping force ¢ per unit of area of the plate and per unit
velocity. D is the flexural rigidity of the plate defined by (16.63). Its transverse
displacement is y(x,, x, t) as a result of the distributed excitation p(x,, x5, t). The
boundary conditions will be assumed to be arbitrary. The excitation p(x,,x,,t)is
homogeneous and stationary and uncorrelated in space and time. The
excitation’s three-dimensional spectral density is then

S,5(3, ©) = S, (y1,72, @) = S, (constant). (16.97)

The cross-spectral density between p(s,, t), which is the excitation at position
vector s,, and p(s,, t), which is the excitation at s,, is then, from (16.39)

Spp(81,82, ) = J dy Soer @), (16.98)

@

If we define unit vectors e, and e, to identify two rectangular coordinate axes on
the surface of the plate, then we can write

Sy = 511€; + §12€;
S; = $31€; + 5326, (16.99)
and

? =718 T 728, (16.100)
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and then (16.98) gives
S,p(S1582, ) = f d7, J dy, Soetnbn sl (16.101)

which, using (16.77) gives
S,p(81,82, @) = 41280 8(sy, — 531) (512 — S32) (16.102)
or, in shorter form,
S (81,82, w) = 41?5, 6(s; — s,). (16.103)
Now we can apply (16.34) to obtain

S,,(rrw) = J dle ds; H*(r,s,, )H(r,s;, 0)S (5,52, ). (16.104)
R R

On substituting for the frequency response functions from (16.73) and using
(16.84) to calculate the mean-square velocity, we arrive at

E[y*r, 1)} = J.aO do w? f ds, f ds, i q’,{r)H;'(w)‘lQ(s,)) x
- o R R j=1

x ( y ‘?k(r)H,‘(w)‘{’k(sz)>Spp(sl,sz, o). (16.105)
k=1

The assumption of uncorrelated excitation allows an immediate simplification
because, on substituting for the multi-dimensional spectral density S,,(s,,$;, ©)
from (16.103) and carrying out the integration over s,, this equation reduces to

E[y*(r,1)] = i i ? dow W*H¥ (0)H, (0)¥ (1), (r) x

j=1k=1J-

x J ds ¥ ()W, (s)4n?S,. (16.106)
R

The variable s, has been written without its subscript now that s, has been
integrated out.

We shall now introduce the symbol u(r) to denote the average kinetic energy
per unit area of the plate at position r. If m is the mass per unit area of the plate,
then

u(r) = smE[y*(r,1)]. (16.107)
From (16.106), we find that

u(r) = i i ? dw @*H¥()H, () (1) ,(r) x

j=lk=1J-o

x J ds mW¥ (s)¥,(s)2n*S, (16.108)
R
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and, from (16.64), we know that, because of the assumed orthogonality of the
normal modes, the integral over s is zero unless j = k when it is equal to m,. Hence
we can write

o«

ur) =212, ¥, m¥i(r) | liwH (w)*do. (16.109)

i=1 -
The integral over w can be evaluated by using Appendix 1, case 2, with the result
that (16.109) becomes

u(r) = 2735, i

=1 P

(). (16.110)

Now, if the average value of u(r) over the area of the plate A is denoted by u,,, then
we have

1
u,A = | u(mdr = 2738
L ° jgl ﬁ/’"}
Since the mass and damping coefficients m and ¢ are constants, we can use (16.64)
to replace the integralin (16.111) by m /m and also use (16.68) with (16.65) to write
¢/m for B, Then (16.111) becomes

J Y2(r)dr. (16.111)
R

U A = 2138, Y 1. (16.112)
=1 €

This summation obviously does not converge to a limit. We saw in Example 1 in
the previous section that the mean-square velocity for a beam subjected to
uncorrelated excitation behaved similarly. For a beam, when the summation
includes a large number of terms, the distribution given by (16.88) is
approximately flat except for ripples near the ends of the beam (see Fig. 16.5). The
same conclusion applies in the present case. We can think of each termin (16.112)
giving the contribution of one mode to the total kinetic energy. We conclude that,
for each mode, the average kinetic energy per unit area of the plate is

2738
u,, = (Average kinetic energy per unit area per mode) = e °

(16.113)

This result, that energy is distributed equally between modes, is the basis of the
approximate method of statistical energy analysis for calculating the distribution
of vibrational energy in structures subjected to random excitation (Lyon [86]).

Single degree-of-freedom analogy

We conclude by specializing the problem to the case of a simply-supported
rectangular plate, for which we can show that (16.113) may be obtained by
drawing an analogy with the response of a single degree-of-freedom system.
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Consider a system with deterministic excitation whose equation of motion is
my + cy + ky = p(t) = poe™". (16.114)

The time-average of the excitation squared, calculated over a complete cycle, is
(P*(1)) = 1p5. (16.115)

At resonance, when w = /k/m, the steady-state velocity response is
y(e) = o e (16.116)
and the time-average velocity squared is

200y = L(Po)
Gy = z(c ) . (16.117)

The average kinetic energy, u, of a single degree-of-freedom system subjected to
steady-state harmonic excitation at resonance is therefore given in terms of its
average excitation squared by

u=m(p*()) = 2%(pz(t)) (16.118)

Now, for the same single degree-of-freedom system, suppose that there is
broad-band random excitation. From the first section of Chapter 14, we can use
(14.7) to calculate the approximate average kinetic energy. In this case, we have

Average value of Peak value \ 2
S () in the of H(w) for Mean square
—1 52(0)] = 4, 4
u=3mE[y*()]=2m () . o k the velocity (bandwidth )
region of w = P response

(16.119)

But, if we let E[ p?(t)], denote that part of the total mean-square excitation which
may be considered to excite the resonance,

Average value of
S,(w) in the Mean square)

E[p*(0], = ) k (bandwidth
region of w = [—
m

so that

Peak value \?

of H(w) for
the velocity
response

E[P*()], (16.121)

c
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[
3
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which gives

U= 2%5[,;2(:)]l (16.122)

corresponding to (16.118) for deterministic excitation.

Now we return to the case of a rectangular plate. We assume, as before, that the
plate is subjected to excitation which has a spectral density S, that is uniform over
all frequencies and all wavenumbers. We want to estimate that part of the mean-
square value of the excitation p(x,, x,, t) which excites any individual mode of the
plate. The mean-square bandwidth in time frequency is still given by the formula
in the first section of Chapter 14

(Mean square bandwidth) = n{w, = il (%) (16.123)

Now we have to calculate the bandwidth of wavenumbers associated with a single
mode. The normal modes of a simply-supported rectangular plate of area
L, x L, are given by

W o(xy,X5) = 25in(jnfxi>sin(m ”—xi) (16.124)

1

where we now use double indices to represent each normal mode. As integer j
increases by 1, wavenumber y, increases by n/L,; as integer m increases by 1,
wavenumber y, increases by n/L,. Hence the wavenumber increments are /L,
and n/L,. Remembering that S, is a three-dimensional spectral density function,
we have to integrate S, over time frequency w and both wavenumbersy, and y, in
order to calculate mean-square level. Using (15.48) to do this, we find that the
three-dimensional spectral density S, contributes a mean-square excitation per

mode of
e T nc

In this equation (16.125), E[ p?(t)], is the mean-square excitation per unit area of
the plate, and so we now consider the average kinetic energy per mode for a unit
area of plate, which is what we have calculated in (16.113). Rewriting (16.113)
and then using (16.125) gives

2m3S, 1 m( nic

m
= = — E[p? 16.126
“  LiLyc 2c* ) 2¢2 [p*0]: ( )

°L,L,m
which is the same result as for the single degree-of-freedom case. Its validity
depends on the assumption that the plate’s distributed excitation is uncorrelated
in space and time.



Chapter 17

Discrete wavelet analysis

A disadvantage of Fourier analysis is that frequency information can only be
extracted for the complete duration of a signal f(t). Since the integral in the
Fourier transform equation (4.10) extends over all time, from —oc to + o, the
information it provides arises from an average over the whole length of the
signal. If, at some point in the lifetime of f{(t), there is a local oscillation
representing a particular feature, this will contribute to the calculated Fourier
transform F(w), but its location on the time axis will be lost. There is no way
of knowing whether the value of F(w) at a particular e derives from frequencies
present throughout the life of f{t) or during just one or a few selected periods.
This disadvantage is overcome in watelet analysis which provides an alternative
way of breaking a signal down into its constituent parts. The original impetus
for wavelets came from the analysis of earthquake records (Goupillaud et al.
[107]), but wavelet analysis has found important applications in speech and
image processing and is now a significant new tool in signal analysis generally.

Basic ideas

To illustrate how wavelet decomposition works, Fig. 17.1 shows the de-
composition of a signal into its wavelet components. The signal is a square
wave, two cycles of which are shown at the top of the figure. Below it are eight
separate sub-signals which have been obtained by decomposing the square wave
into its wavelet components. For reasons that will become apparent later in
this chapter, each component is called a level and the levels are numbered from
—1 upwards. In this example, levels —1 and 0 are both zero but in general
that is not the case.

When the separate wavelet levels are added together, the original signal is
regained. This is shown in Fig. 17.2. Starting at the top left-hand diagram,
which shows level —1 alone, and moving down the left-hand side of the figure,
successive levels are added until finally, at the bottom right-hand diagram, the
original signal has been regained.

We are concerned with discrete wavelet analysis and the signal to be analysed
is assumed to have been sampled at equally spaced intervals as described in
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Chapter 10. In Fig. 17.1, the square wave f(r) covers a range of r from | to
128. Just as, in the discrete Fourier transform, the sequence length N of the
signal being analysed determines how many separate frequencies can be
represented, in the discrete wavelet transform the sequence length determineg
how many wavelet levels there are. We shall see that when N = 2" there are
n+ 1 wavelet levels, so that when N = 128 = 27 there are the eight wavele
levels shown in Fig. 17.1.

The shapes of the components of the decomposed signal depend on the shape
of the analysing wavelet. There are an infinite number of possibilities for this,
but only a small subset of these meets the conditions that are necessary if the
wavelets are to give an accurate decomposition and also be orthogonal to each
other. There is an extremely efficient numerical algorithm for computing wavelet
transforms, which does for wavelet analysis what the fast Fourier transform
(FFT) algorithm (Chapter 12) does for Fourier analysis. This algorithm works
only for orthogonal wavelets. For that reason we shall be considering only
orthogonal wavelets in this chapter, and we look at their specification and
properties shortly. Having determined which wavelet to use, this wavelet forms
the basis functions into which the signal f can be decomposed. Looking at it
the other way round, the analysing wavelet determines the shape of the building
blocks from which the signal f is constructed.

In Figs 17.1 and 17.2, the D4 wavelet was used (the nomenclature will be
explained later) and the shape of this wavelet can be seen in the top view in
Fig. 17.3. It is drawn to the scale of level 3 in Fig. 17.1 Notice that a wavelet
at this scale occupies only part of the length of the signal being analysed. To
cover the full length, additional wavelets have to be added and, at level 3, there
are 2 = 8 wavelets at equally spaced intervals along the horizontal axis. Each
is displaced 128/8 = 16 places with respect to its neighbour. Three adjacent
wavelets are shown superimposed in the second view in Fig. 17.3, and added
together in the third view. The bottom view in Fig. 17.3 shows all eight wavelets
at this scale added together.

At the next higher scale, corresponding to level 4 in Fig. 17.1, there are 16
wavelets placed 8 spaces apart; for level 5 there are 32 wavelets spaced 4 apart;
at the highest level 6 there are 64 wavelets spaced 2 apart. Going down the
scale, level 2 had 4 wavelets spaced 32 apart; level | has 2 wavelets spaced 64
apart; level 0 has a single wavclet and level —1 has no wavelets and is just a
constant level. This last is necessary because, by their definition, each wavelet
has a zero mean and so a combination of wavelets alone cannot represent a
signal with a non-zero mean.

The position and spread of each wavelet along the horizontal axis is
determined by the structure of the wavelet transform: only the vertical size of
each wavelet may be altered. This is specified by the appropriate term in a
128-term series a(r), r = 1 to 128. The goal of the wavelet transform is to take
the initial data sequence representing a chosen length of the input signal f(r).
r = 1to 128, and convert this into a new sequence of (real) numbers a(r), r = 1
to 128, which define the vertical size of the wavelets at each of the set horizontal
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Wavelet at leve! 3 in Fig. 17.1
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Fig. 17.3 D4 wavelets at the scale of level 3 in Fig. 17.1
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scales and positions in such a way that the addition of all the wavelets, takep
together, faithfully reproduces the original signal. The longer the origing}
sequence, which must be a power of 2, the more levels there are in the transform.
For a given time duration, increasing the number of sampling points increases
the amount of detail available. The highest level of the transform shows thig
fine detail. The sharp edges of the square wave in Fig. 17.1 are responsible for
the small-scale wavelets which occur in the decomposition. The use of local
maxima of the wavelet transform to detect edges is an interesting application
(Mallat and Zhong {111]).

We shall come to the logic of the algorithm for the discrete wavelet transform
and its inverse later, but readers with access to MATLAB may like to experiment
with programs from the toolbox in Appendix 7. This collection of function files
includes wavedn(f,N) to calculate the wavelet transform of a sequence of
numbers f with 2" terms using a wavelet with N coefficients (N even),
iwavedn(a,N) to calculate the corresponding inverse wavelet transform, dcoeffs(N)
to provide the N coefficients that are used by waredn and iwaredn (N < =20);
and displayn({f,N) to display graphs like those in Figs 17.1 and 17.2 for any
arbitrary real signal f with 2* terms using a wavelet with N coefficients.

Dilation equations

We shall now examine the generation of orthogonal wavelets from dilation
equations. These equations have been studied widely only recently. To dilate is
to spread out. so that dilation means expansion. The basic function ¢(x) is a
dilated (horizontally) version of ¢(2x). It has the same height, but is stretched
out over twice the horizontal scale of x, where x is a non-dimensional
independent variable that may represent time or length. depending on the
application. In a dilation equation ¢(x) is expressed as a finite series of terms,
each of which involves (for example) ¢(2x). Each of these ¢(2x) terms is
positioned at a different place on the horizontal axis by making the argument
(2x — k) instead of just 2x, where k is an integer (positive or negative). The
basic dilation equation has a form

P(x) = cop(2x) + c,p(2x — 1) + c,p(2x — 2) + c3p(2x — 3)  (17.1)

where the ¢’s are numerical constants (generally some positive and some
negative). Except for a very few simple cases (see problem [7.1), it is not
possible to solve (17.1) directly to find out what is the function ¢(x). Instead
we have to construct ¢(x) indirectly. The simplest approach is to set up an
iterative algorithm in which each new approximation ¢,(x) is calculated from
the previous approximation ¢;_,(x) by the scheme

@(x) = coj- 1 (2%) + 112X — 1) + 2,1 (2x — 2) + ¢3¢, (2x — 3).
(17.2)

The iteration is continued until ¢ {x) becomes indistinguishable from ¢;_  (x).
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Consider starting from a box function ¢g(x)=1, 0 < x <1, ¢Po(x)=0
elsewhere. After one iteration the box function over interval x = 0 to 1 has
developed into a staircase function over the interval x = 0 to 2 as shown in the
upper view in Fig. 17.4. Each contribution to ¢,(x) is shown separately and
then the four contributions are shown added together. A particular set of the
coefficients cq, ¢;, €5, ¢3 has been used, defined as follows:

o= +/3)/4 ¢ =3+ /34
H=03-J34 o= —-(/3-1A (17.3)

These we shall see later generate an orthogonal D4 wavelet. The D stands for
Daubechies who first discovered their properties (Daubechies [103-5]).

When the iterative process is continued, the function ¢(x) approaches a
limiting shape as shown in the lower view in Fig. 17.4. An unusual feature is
the discontinuous nature of this shape. The same function is shown to larger
scale (see problem 17.2) in Fig. 17.5. The graph has a fractal nature so that
when drawn to larger scale its irregular outline remains. [n order to obtain a
smoother function, it is necessary to include more terms in the dilation equation
(17.1).

The function ¢(x) generated from a unit box (unit height and length) is called
the scaling function and a corresponding wavelet function will be constructed
from it in the next section. However, first we consider in more detail how the
iterative scheme used in Fig. 17.4 works. Representing the initial box function
by the ordinate 1 at x = 0, the first iteration (upper view of Fig. 17.4) produces
four new ordinates ¢, ¢, ¢,, ¢3 at x =0, 0-5, 1, 1-5. At the second iteration.
ordinate ¢, at x = 0 contributes to four new ordinates ¢, cocy, CoC3, CoC3 at
x =0, 0-25, 0-5, 0-75; ordinate ¢, at x = 0-5 contributes to four new ordinates
€1Co, €2, ¢1C5, €yc3 at x = 0-5,0-75, 1, 1:25; and so on. After the second iteration
is complete, the resulting ordinates (third row of the lower view in Fig. 17.4)
are ¢, €oCy, CoCy + €1Co, €oCy + €2, €1Cy 4 C3Co, C€1C3 + CoCy, €3+ C3Co,
€203 + €3y, €305, ¢ at x = 0, 0-25, 0-5,0-75, ..., 2:25. This calculation follows
the matrix scheme

[621= [co co [[11 = MM, [1] (17.4)
¢y ¢
€2 Co )
3 € cy
2 Co
€3
€2 Co
3 €
(]
€ ]
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Construction of é;(x) = Codol2x) + Cibg(2x—1) + €2do(2x=2) + C3d(2x—3)
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Fig. 17.4 Construction of the D4 scaling function by iteration from a box
function over the interval x = 0 to !
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Fig. 17.5 Scaling function for the D4 wavelet calculated for 3 x 2'2 = 12288
points using the recursive method described in problem 17.2

where M, denotes a matrix of order (2"*! + 2" — 2) x (2" + 2"~ — 2) in which
each column has a submatrix of the coefficients ¢, ¢y, c;, ¢; positioned two
places below the submatrix to its left. The number of points on the graph
increases in the sequence 1, 4, 10, 22, 46, ..., 2"*! 4+ 2" — 2 50 that after eight
iterations it reaches 2° 4+ 28 — 2 = 766 with each point spaced 1/2% = 1/256
units apart along the horizontal axis. The graph begins at x = 0 and almost
(but not quite) reaches x = 3. The implementation of this scheme of continued
matrix multiplication lies at the heart of the discrete wavelet transform. Iteration
is not the most efficient method of generating the scaling function ¢ (the recursive
method described in problem 17.2 is better in that respect), but it is simple and
easily programmed and, for orthogonal wavelets (particular choices of the
coefficients ¢, ¢y, . ..), the matrix M, has special properties which are essential
for the discrete wavelet transform to work.

Dilation wavelets

So far we have not defined a warelet. This is described by its wavelet function
W(x) which is derived from the corresponding scaling function by taking
differences. For the four-coefficient scaling function defined by (17.1), the dilation
wavelet function is

W(x) = —c3¢(2x) + c,0Q2x — 1) — ¢, ¢(2x — 2) + co(2x — 3).  (17.5)
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The same coefficients are used as for the definition of ¢(x), but in reverse order
and with alternate terms having their signs changed from plus to minus (the
numerical values of the ¢’s may of course be positive or negative in any particular
case).

The results of making the calculation (17.5) for the D4 scaling function in
Fig. 17.5 is shown in Fig. 17.6. This is the D4 wavelet which appeared in Fig.
17.3 and was used to analyse the square wave in Figs 17.1 and 17.2. Tt retains
the discontinuous, fractal nature of the scaling function and is certainly a rather
surprising shape for a basis function for signal analysis.

The definition (17.5) may be varied and an alternative definition (see, for
example, Strang [115]) is

W(x) = c30(2x + 2) — c,(2x + 1) + ¢,¢(2x) — cop(2x — 1).  (17.6

This 1s essentially the same as (17.5) except that the wavelet is reversed in sign
and, instead of running from x = 0 as in Fig. 17.7, it runs from x = —1 to 2.
For the purposes of this chapter we shall use the definition (17.5) because this
fits in more conveniently with the construction of the numerical algorithm which
is the basis of the discrete wavelet transform.

Consider again the matrix scheme for developing ¢(x) by iteration starting
from a box function of unit height over the interval x = 0 to 1. Suppose that we
have taken the iteration to a stage where ¢(x) is fully developed and that we
want to generate W(x) from this ¢(x) by using (17.5). For simplicity, imagine
that only one iteration leads to the final ¢(x) so that this is represented by

. L

0 05 1 15 2 25

Fig. 17.6 D4 wavelet according to (17.5) from the scaling function in Fig. 17.5
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just four ordinates ¢, ¢;, ¢, ¢3 at x = 0, 0-5, 1. 1-5 as in the upper view of Fig.
17.4. According to (17.5), these 4 ordinates generate 10 new ordinates spaced
0-25 apart. The term —c;3¢p(2x) in (18.5) gives —c¢3¢q, —C3¢;, — €34, —C3; the
term ¢2p(2x — 1) gives ¢,¢q, €5¢,, €3, ¢,¢3 moved two places to the right; and
so on for the other terms, so that the new ordinates (now for the wavelet) are

2 . 2 o . . 2
—C3C, —C3C;, —C3C; + €3Co, —C3 + €2€;, €3 —C1Cg, C2C3 = cf, —CCy + Cp,s
—CC3 + CoCy, CoCay CoC3e

These are generated by the matrix scheme

Wal= [-c 1leo 1 (17.7)
0 —c4 ¢
Cy 0 —c e

0 Cy 0 —c
—c, 0 C, 0
0 —q 0 c;
Co 0 —¢ 0
Co 0 —c

Co 0

_ CO_]

First eight iterations of the development of the D4 wavelet

- [_‘ L
— L, — —
‘_L‘—_\-‘—*g{_‘ J—"_Jf’_FLL\—\“_\_ o
= - =
[ _&R'\-\,‘d ﬁ//-/L“\_\’\f’_

Fig. 17.7 D4 wavelet calculated by iteration
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or, alternatively, by

[Wz]= ’_Co
€1

Ccy Cg

€3 €

C2

C3

~

Co

Cy

€2 Co

C3
C2
(&)

—¢3 | [1].

—C

Co

(17.8)

Notice the zeros between the diagonal lines of coefficients in (17.7). If the wavelet
were calculated after first completing two iterations of the scaling function,
there would be three zeros between each diagonal line. This is because the
ordinates after two iterations of the scaling function are spaced x = 0-25 apart.
As a result of the 2x in the terms on the right-hand side of (17.5), the ordinates
of the wavelet function will be 0.25/2 = 0-125 apart. However, the translations
required by (17.5) are x = 0.5 (¢(2x — 1) is translated 0-5 with respect to ¢(2x),
and so on). The upshot is that the diagonal lines of coefficients in (17.9) are
each 0.5/0.125 = 4 places apart:

(W] =

S S

1M,M, (1]

(17.9)
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The reader can verify (problem 17.3) that just as (17.7) and (17.8) are equivalent
forms, so (17.9) is the same as

Wy = MM, —cy |[1] (17.10)
Ca
—c
Co

where M, is a matrix of order 22 x 10 with 10 submatrices [¢, ¢, ¢, c3]' each
arranged two places below its left-hand neighbour.

Equation (17.10) is important because it is the scheme by which wavelets are
generated in the inverse discrete wavelet transform (IDWT). The calculation is
illustrated in Fig. 17.7. This shows the result of a calculation identical to that
which led to Fig. 17.4 except that the first step is [ —c¢; ¢; —c¢, ¢¢] [1] instead
of [co ¢; €5 ¢5] [1]. Alllater steps of the iteration use the matrices M, consisting
of submatrices [¢q ¢, ¢; ¢5]" staggered vertically two places each. After eight
steps leading to 766 ordinates as before, the calculated wavelet is very close to
that in Fig. 17.6.

Properties of the wavelet coefficients

In order to generate good wavelets, their coefficients have to be chosen carefully.
This section, which is in six parts, sets out the conditions that a good set of
wavelet coefficients have to satisfy and the consequences of these conditions.
The reader who is in a hurry may want to miss out the first five parts, which
are necessarily detailed, and go straight to part 6 where the results are collected
together in the form of a practical recipe to choose the coefficients. Even there
the conditions are complicated and need thinking through carefully. But the
outcome is that there are as many independent equations to choose coefficients
as there are coefficients to be chosen, so that if we decide to use only four
coefficients, there are four equations to be solved and so the values are known;
if we want six coefficients, there are six equations and so again there is only
one set of values. These have been calculated already and published in the
literature by Daubechies [104] and so the numerical values to use in any
practical case are already available. For wavelets with 2, 4, 6, 8, 10, 12, 14, 16,
18 and 20 coefficients the values of the coefficients are stored in the function
file ¢ = dcoeffs(N) where N is the number of coefficients (always even) and ¢ is
an array of order N carrying the coefficients in the order ¢, ¢y, €3, -, CN—;-
With this information, the reader who wants to can jump to the next main
section Circular wavelet transforms and start considering how the discrete wavelet
transform is implemented in practice. But for those who are interested in knowing
how the coefficients have been calculated, we now examine the conditions that
they have to satisfy.

There are three different categories of conditions. The first category has just
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one condition which is that the sum of the coefficients must always equal 2.
This is called the conversation of area condition; it has the consequence that,
as the scaling function is developed by iteration, its area remains constant. The
second category of conditions, which contains N/2 — 1 independent conditions
when there are N coefficients, arises from the need to ensure that the expansion
of a length of signal in a finite number of wavelets represents the underlying
signal as closely as possible. In other words we want the expansion to be
accurate. This produces a hierarchy of conditions called the accuracy conditions.
Thirdly there is the category of conditions required to ensure that the scaling
function and wavelets generated from it are orthogonal. When they are
orthogonal, the orthogonality equations listed in part 5 of this section are
satisfied. Without these orthogonality conditions the discrete wavelet transform
will not work, so for present purposes the orthogonality conditions are essential.
However, it should be noted thatexpansions in terms of non-orthogonal wavelets
are used in special cases, but without the advantages of the discrete wavelet
transform described in this chapter. For N wavelet coefficients. there are N/2
orthogonality conditions.
We now look at all these conditions in detail.

1. Conservation of area

As we have said, a wavelet may have more or less than four coefficients. So-called
compactly supported wavelets have a finite number but, subject to that restriction,
there may be any number of coefficients. To allow for this we write (17.1) in
the general form

d(x) =Y ¢d(2x — k) (17.11)
k

where k is any integer, positive, zero or negative. For reasons that will become
apparent, we shall only consider cases with an even number N of non-zero
coefficients. In (17.1) N = 4 so that all the ¢’s were zero except ¢, ¢, ¢, C3.
Corresponding to this general scaling function (17.11), the wavelet may be
written as

Wx)=3 (- Dep@x + k— N + 1). (17.12)
k

Putting N = 4and k = 0to 3 wesee that (17.12) reduces to (17.5), as it should.
Consider the result of integrating both sides of (17.11) over all x to get

J‘w d(x)dx =) ¢, - ¢(2x — k)dx. (17.13)

—

Changing the variable of integration on the r.h.s. to y = 2x — k, this gives

[ omer=3al[" svrer (17.19)
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from which we find that
Yea=2 (17.15)
k

so that the sum of all the wavelet coefficients must always equal 2. The reader
can quickly check that the four coefficients defined by (17.3) satisfy this condition.
Applying (17.15) to the iterative scheme (17.2), we see that [< ¢,(x)dx
remains the same as [ X ¢;_,(x)dx, so that area is conserved as the iteration
proceeds. Since a unit area box is used to start the iteration, it follows that the
area under the scaling function remains equal to unity and so
KX
d(x)dx =1 (17.16)
is a consequence of (17.15) and the construction of ¢(x) by iteration from a
unit box.

2. Accuracy

In addition to (17.15), the wavelet coefficients have to satisfy two other generic
conditions which Strang, in his excellent introduction [115], has called condition
A (for accuracy) and condition O (for orthogonality). We consider first condition
A.

In Fig. 17.1,a square wave is shown broken down into its wavelet components,
using a wavelet with the four coefficients in (17.3). The square wave was sampled
at 128 points to yield f(r), r = 1 to 128, and the working of the discrete wavelet
transform (DWT) and its inverse (IDWT) is such that these values are exactly
regenerated by the IDWT. But although f(r) is faithfully regenerated at its
sampling positions, in between these positions there may not very good
correspondence between the original signal and its representation by a summation
of wavelets. This is illustrated in Fig. 17.8. Two cycles of a sine wave are sampled
at 32 positions per cycle to give a 64-term series. Using a two-term wavelet (in
which the only two non-zero wavelet coefficients are ¢, = ¢; = 1), the DWT
generates a new 64-term series from which the original signal can be
reconstructed. Successive levels of reconstruction are shown in Fig. 17.8,
including the most exact reconstruction (at the bottom right-hand side of the
figure). It is obvious from 17.8 that, in between sampling points, reconstruction
using a two-term wavelet gives an inexact representation of the underlying
continuous signal.

Strang [115. 116] has studied the conditions that the wavelet coefficients must
satisfy in order to achieve a more faithful representation of the signal being
analysed. He has shown that this depends on the form of the Fourier transform
of the scaling function. In order for a wavelet expansion to represent accurately
a function f(x) that is described by a polynomial expansion with terms like 1,
x, x2, x3, ..., x", Strang has shown that the Fourier transform of its scaling
function must be periodically zero in a particular way. This condition can be
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assured if the wavelet coefficients (which are also the scaling function’s
coefficients) are chosen appropriately.
The Fourier transform of the scaling function is

1 (= .
4 =—j B(x)e > dx. (17.17)
n) -,
On account of the definition (17.1 l)
P(&) _—ch d)(?.x—k)e“*‘"dx (17.18)

bl ¥}

and, after changing the varldble of integration to y = (2x — k), this becomes

1 I I -
P(ﬁ) — _zckc—t(él-)k__'[ (i)(y)e_'(é/“)”dy
2 k 27! -0

= 520 e” Dk P(¢/2) (17.19)
or, putting
p(&/2) = %gcke“‘*‘””‘, (17.20)
then
P(E) = p($/2)P(&/2). (17.21)
Substituting &/2 for £ in this expression gives
P(/2) = p(§/4)P(E/4) (17.22)
and so we see that
P(Q) = p(&/2)p(/4)P(E/4) (17.23)

and so on until the factor on the right of the r.h.s. approaches P(0) which, from
(17.17), is

1 (= 1
= ZJ Bx)dx = - (17.24)

since the area under the scaling function is unity according to (17.16). We
conclude that the Fourier transform P(&) of the scaling function ¢(x) is given
by the infinite product

P(%)

2i ﬁ (&/2%) (17.25)

where, from (17.20),

p(&/2) = Zc e~k (17.26)
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Strang’s accuracy condition (Strang [115] and Strang and Fix [116]) is that
this Fourier transform P(¢) must have zeros of the highest possible order whep
¢ = 2m, 4, 6 and so on (see problem 17.4).

Consider P(¢ = 2n). From (17.25) we have

P(2m) (m)p(n/2)p(n/4)p(r/8) . . .. (17.27)

=37

The first of these factors will be zero to order n if

a"p) _

e 0 whenl=mnform=0,1,2,...,n—1 (17.28)
S

which, from (17.26), will be the case if

Y c(—iky"e ™ =0 form=0,1,2....,n— L (17.29)
k
Since e~ = (— 1), it follows that p(r) will be zero to order n if

S (=1)%k"c, =0 form=0,1,2,...,n—1L. (17.30)
k
If this condition is satisfied, one of the factors of P(2r) is zero to order n, and
therefore P(21) must be zero to the same order (or higher if other factors are
also zero).
Now consider P(¢ = 4r). From (17.25) this factorizes into

1
P(4n) = 7—np(27f)P(7T)P(ﬂ/2)P(7f/4) e (17.31)

Since p(n) is a factor, it follows that P(4r) is zero to at least order n. For P(6n),
the factors are

P(6r) = -zl—p(3n)p(3n/2)p(3n/4) e (17.32)
n
and, because of periodicity p(3n) = p(2n + ) = p(n), so that p(n) is again a
factor. The same conclusion holds for P(8n), P(10r), etc. and the upshot is that
(17.30) is a sufficient condition for the Fourier transform P(S) to be zero to
order n at & = 2n and at all multiples of 2n. Therefore (17.30) is a recipe for
choosing the wavelet coefficients in such a way that the best possible accuracy
is achieved.

An alternative method of arriving at (17.30) is given by the author in a paper
{113] which considers the properties of the discrete wavelet transform. This
alternative analysis does not make use of the Fourier transform of the scaling
function. Instead it depends directly on the conditions which must be satisfied
if the DWT is to have certain accuracy properties. However we cannot follow
that route until we come to the DWT later in this chapter. Interested readers
are referred to the paper [113].
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Writing out the recipe (17.30) in detail, the wavelet coefficients should satisfy
as many as possible of the following equations:

m=0: Co—Ci+Cr—C3+c¢s— =0 (17.33)
m=1: —¢y +2c2—3¢3+4c,—--=0 (17.34)
m=2:. —c¢ +4c; — 93+ 16c, —---=0 (17.35)
m=3: —c¢, +8c; —27c3 +64c, —--=0 (17.36)

and so on for larger values of m. The number of equations that can be satisfied
depends on how many coefficients there are and on the other conditions that
have to be satisfied: the conservation of area condition (17.15) and the
orthogonality conditions to which we come shortly. The combination of
accuracy with stability in the numerical algorithms appears to be best satisfied
by choosing wavelet coefficients which satisfy (17.30) for as many values of m
as possible (Strang [115]).

3. Conditions for M, to be an orthogonal matrix

We have seen that the development of the scaling function ¢(x) by iteration
from a unit box depends on the properties of the matrix M, whose columns
carry submatrices of the wavelet coefficients {¢, ¢, ¢, ¢4 ...]", each submatrix
being two places below that to its left. Consider running this iterative process
backwards. Suppose that there are only two steps so that (17.4) applies and
we have

¢y = MM, [1]. (17.37)

Premultiplying by aM, and aM| where My, M are the transposes of M, M,
and « is at present an undetermined scalar factor,

oaMaMyd, = aM\ oMM, M [1] (17.38)
and if the M’s are orthogonal so that
aMHLM, =1, oMM, =1 (17.39)
then
MM, d, = [1] (17.40)

and the iteration can be reversed.
What are the conditions for (17.39) to apply? In the case of M, we have

aM\ M, = afcy ¢y ¢35 .. 1[co €y €2y ... =1 (17.41)

which leads to the condition that

>t = 1/o. (17.42)
k
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For M,, taking as an example the case of four wavelet coefficients,

oMM, =alcy ¢ ¢y 4y Co
Co € C2 €3 €y
Co € €3 G C2 Co
Co €1 €3 €3] |63 G
C2 Co
€y €
¢, Cg
¢y ¢
C2
(17.43)
Multiplying out the r.h.s. gives
af ¢+ ¢t + ¢+l ¢3¢0 + €3¢y 0 0
CoCa + €4C3 A+t +d+cd €360 + €3¢, 0
0 CoCz + €13 d+ct+aa+cl CyCo + C3€y
0 0 CoCa + C1C3 drcl+ci+l

which leads to the extra condition that

CoCa + C1c3=0.

(17.44)

(17.45)

In the general case, each row of M has to premultiply every column of M, and
produce a zero result except for the diagonal terms. In other words

[[2i zeros][c, ¢ ¢5 -..1[2) zeros]] ~2(i + m).1

Zeros

Co
Cy

C;

26— m)]

Zeros

=0 unlessm=0

(17.46)
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and this gives the condition that
Y ciCiram =0 for all mexcept m = 0. (17.47)
k

Suppose that there are six coefficients, ¢, to ¢s; then the orthogonality conditions
are

CoCa + €103 + 004 + ¢35 =0 form=1 (17.48)
CoCs + C1es =0 form=2. (17.49)

For m = 3, there are no non-zero products since by definition ¢, to ¢ are the
only non-zero coefficients.

4. Consequences of these conditions
If (17.47) is true, then the scaling function ¢(x) is orthogonal to itself in any
translated position ¢(x — m) so that

jn d(x)p(x — m)ydx =0 for m # 0. (17.50)

The proof of this result is rather subtle. Think of how ¢(x) can be constructed
by iteration from a box function. The box is orthogonal to its own translates
because each box only occupies a unit interval so a translated box never overlaps
the original box (remember that translation means translation by one or more
unit intervals). Call the box function ¢y(x). After the first iteration it becomes
¢, (x) where, according to (17.2),

¢1(X):ka¢o(1\'_k)- (17.51)
Then

J $,(x)by (x —m)dx = | 2 cubo@x — k) cio(2x — 2m — j)dx
- J

- k

= Xchchx do(2x — k)po(2x — 2m — j)dx.
ko )

(17.52)

Because ¢g(x) 1s orthogonal with respect to unit translations, the integral is
zero unless k = 2m + j which gives j = k — 2m and so

J dh(x)dh(x—m)dx=chck-sz $3(2x)dx (17.53)
- k -

which is zero for all m except m = 0 on account of (17.47). Therefore the function
produced as a result of onc iterution of an orthogonal funcuon is itself
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orthogonal. This argument can be repeated for the second and later iterations
and leads to the conclusion that the scaling function ¢(x) must itself be
orthogonal, thereby proving (17.50).

A consequence of (17.50) is that the scaling coefficient « in (17.42) must be

I/V/é. This can be seen by substituting for ¢(x) from (17.11) to get

Jw d*(x)dx = Zchcj'[z d(2x — k)p(2x — j)dx (17.54)
k -x

-

which is zero on account of (17.50) unless j = k, giving

JI (j)%x)dx:Zchao ¢(2x - k)dx

- k
l X
= ;ZCZ'J o*(y)dy (17.55)
~ k -
from which it follows that

(17.56)

g
©

=N
Il

8]

We shall now show that, whatever its coefficients, the wavelet function W(x)
1s automatically orthogonal to its scaling function ¢(x) and translates of the
scaling function ¢(x — m) so that

-[ W(x)p(x — m)dx =0 for all m. (17.57)
Substituting for W(x) from (17.12) and ¢(x — m) from (17.11), we have
'[ W(x)p(x — m)dx

-0

=Z(~l)"cch]—J% o(2x + k— N + 1)p(2x — 2m — j)dx (17.58)
k j

- x

and using (17.50) this integral is zero unless 2m + j =N — | — k, so that
j=N-1—k—2mand

jx W(X)p(x — mydx =Y (— 1D)*cin-1—4-2m j‘co $*(2x)dx. (17.59)

k

- x

Suppose that N = 4 and, as for (17.5), there are four coefficients cq. ¢y, ¢,. ¢5.
Then

Z(— 1fCiCs k=2 = CoC3-2m = €1€2—2m + C2C1 = 2m — €3€ 2. (17.60)
k

When m = 0, we have

Z(“ Dferes i = coey — €105 + €2y — €360 =05 (17.61)
k
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when m =1,

Y (= 1feuey - = cocy — €100 = 0; (17.62)

k
and, for m > 1, the coefficients ¢, _,_,,, are all zero, so that X (— l)"ckcyk, am
k

is identically zero for all m. This same symmetry holds whatever the value of
N because the product

(—l)k'Ck,Cn—l—k.—Zm =—(- l)kzckch—l-kl—zm (17.63)

when k, = N — 1 — k; — 2m, provided that N is an even number (so there is
an even number of coefficients). Then if k, is even, k, will be odd, and vice versa.

The conclusion is that (17.57) is always true whatever the wavelet coefficients,
provided only that there is an even number of them; then N is even and
matching pairs of terms always cancel. We can also see that it follows from
(17.57) that ¢(x — m) is orthogonal to W(2x) for all m. This is because, from
(17.11), ¢(x — m) is a summation of terms ¢(2x — 2m — k) and, because of
(17.57), these are each orthogonal to W(2x) so that it follows that their
summation is orthogonal to W(2x). Therefore

.[ W(2x)p(x —m)dx =0 for all m. (17.64)

By the same approach, we can show that W(2x — m) is orthogonal to IW(x)
for all m. This is because, according to (17.12), W(x) is a summation of scaling
functions ¢(2x + k — N + 1) and because of (17.57) these are all orthogonal
to W(2x — m). Therefore W(x) must be orthogonal to W(2x — m) so that

j W(x)W(2x —m)dx =0 for all m except m = Q. (17.63)

-

Lastly, consider the conditions for 1W(x) to be orthogonal to its own translates
W(x — m) in order that

.[ W(x)W(x —m)dx =0 for all m except m = 0. (17.66)

— 0

From (17.12), we have

Jw W(x)W(x — m)dx =

~

ZZ(—I)k(—IPCkC;J dR2x+k—N+1)pQ2x +j— N+ 1—2m)dx.
k j -

(17 67)
The integral on the r.h.s. is zero by (17.50) unless k = j — 2m, so that

J " WeoWix — mydx :z(—nz‘“m’ckcmmr $*2x)dx (17.68)
k

- - w



318 Discrete wavelet analysis
and this will always be zero provided that
chck+2m =0 (17.69)

k

which is the same condition as (17.47) and is true for all m except m =@
Therefore the one set of conditions (17.47) ensures that wavelets with these
coefficients are orthogonal (i) to their own translates (with or without dilation),
(11) to their underlying scaling function and its translates.

5. Summary of orthogonal properties

Provided that there is an even number of wavelet coefficients and that these
satisfy the conditions required by

Y CiChsam =0 m#0 (17.47)

K

then

JL d(x)p(x —m)dx =0 m#0 (17.50)
J x)p(x — =0 (17.57)
r WM2x)¢(x — m)dx =0 (17.64)
j x)W(2x —m)dx =0 (17.65)
j Wx)W(x —m)dx =0 m # 0. (17.66)

Equations (17.50) and (17.66) depend on (17.47); (17.57), (17.64) and (17.65)
are identically zero provided only that the number of wavelet coefficients N is
even. Where there are terms W(2x) in (17.64) and W(2x — m) in (17.65), these
may be replaced by W(2"x) and W(2"x — m), n 2 0, to give

—[ W(2"x)p(x —m)dx =0 n=0 (17.70)
and

'[ W(x)W(2"x —m)dx =0 n = 0, subject to m # 0 when n = 0.
o (17.71)
Their proofs are the same as those for (17.64) and (17.65) except that ¢(x — m)

in (17.70) and W(x) in (17.71) have to be expanded n times by repeated use of
(17.11) and (17.12) before applying (17.57).
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It is a remarkable result that one simple generic condition (17.47) on the
wavelet coefficients allows the orthogonality of the wavelet system to be
demonstrated without ever having an explicit expression for the wavelet or its
scaling function.

Lastly, in this section, there 1s a final detail in respect to equations (17.50)
and (17.66), which is their values when m = 0. We saw earlier that because
Y ¢, = 2, area Is conserved during iteration and therefore the area under the
k

scaling function remains that of the unit box, namely 1 as specified by (17.16).
Because of the additional condition (17.56) that T¢2 =2, a similar result
k

applies for the scaling function squared. From (17.53) with m = 0, we see that

r $2(x)dx = j " g2 dx

which for a unit box as the starting function is 1. The same reasoning applies
for each continuing iteration and leads to the general result that

Jw ¢*x)dx = 1. (17.72)

-

Also, since from (17.68) with m = 0,

'[‘-: Wi(x)dx = J‘n ¢ (x)dx,

- e ¢}

it follows immediately that

r Wi(x)dx = 1. (17.73)

- 20

So a particular feature of the scaling function and its corresponding wavelet
function (assuming that these are orthogonal) is that they remain normalized
so that (17.72) and (17.73) are always true.

The area under the wavelet function is always zero on account of the accuracy
condition on the wavelet coefficients (17.30) which, for m = 0, gives

Y (=1 =0. (17.74)
P
Integrating both sides of (17.12) we get
J:D W(x)dx = %(— l)"ck—;[c o(y)dy (17.75)
which is zero on account of (17.74) and so we always must have

J * Wx)dx = 0. (17.76)

—
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6. Collected wavelet conditions

The even number N of wavelet coefficients ¢,, k = 0 to N — 1, which define the
scaling function ¢(x) by
N—-1

dx)= 3 ad2x —k) (17.11)
k=0
and the corresponding wavelet by

Wi(x) = Nf (—1fcp2x +k— N+ 1) (17.12)

k=0

must satisfy the following conditions:

. N-1

(1) Y a=2 (17.15)
k=0

so that the scaling function is unique and retains unit area during iteration:

N-1

(11) (— 1)k, =0 (17.30)
k=0

for integer m=0, 1, 2, ..., N/2—1 (as high as the available number of
coefficients will allow), in order to achieve accuracy;

N-1
(i11) Y Chram =0 m#0 (17.47)
k=0
form=1,2,..., N/2— 1, in order to generate an orthogonal wavelet system,
with the additional condition that
N-1
Y k=2 (17.56)
k=0

which arises as a consequence of the scaling function being orthogonal. (17.50),
and gives constant mean square during iteration.
For N coefficients, the number of equations to be satisfied are as follows:

from (1) 1
(i1) N/2
(iii) N/2

Total N+ 1

so that there is one more equation than there are coefficients.

The reason that there are N + 1 equations for N coefficients is because the
first of the accuracy conditions (m = 0 in (17.30)) is redundant. It reproduces
a condition derivable from the constant area and orthogonality conditions
(17.15), (17.47) and (17.56). This may be seen as follows. Putting m =0 in
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(17.30) gives (17.33) which can be written as

Y a— 2 a=0. (17.77)
keven kodd
Combining this with (17.15) gives
Y=y =1 (17.78)
keven kodd

so that

2 2
< Y ck> +<Z ck> =2. (17.79)
keven kodd

After multiplying out

N-1 N2-1 -1
Yed+2 Y Y acem=2 (17.80)
k=0 m=1 k=0
which, on account of (17.56), means that
Y S aCiiam =0, m#0. (17.81)
m k

The same result is obtained by writing out each of the orthogonality conditions
(17.47) and adding them together. Hence the result of putting m = 0 1n (17.30)
does not produce a new equation but only reproduces a condition derivable
by combining (17.15), (17.47) and (17.56).

The Haar warelet (named after A. Haar [108]) has only two wavelet
coefficients, N = 2, and we have the following:

from (1) co+cy =2
from (i) co—¢c; =0 (17.82)
from (iii) cg+ei=2

whose solution is just

co=c, = 1. (17.83)
For four wavelet coefficients, N = 4 and we have the following:
from (i) o+ ci+cy+cy3=2 (17.84)
from (i Co—C,+Cy—Cy3=0
) o TR, (17.85)
—cy; +2c; =3¢3=0
from (iil CoCy + Cc3=0
(111) oC2 + €1C3 (17.86)
A+t rcs+ci=2
whose solution is
o= +/3)4 o =03+./3)4
(17.87)

=034 c3=(1-./3)4

Wavelets with these four coefficients are often called D4 wavelets after Ingrid
Danbechies M103. 104. 1051 ho first d'scussed their nroperties.
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For six wavelet coefficients, N = 6 and

from (1) ot +c,+c3 e, +es5=2 (17.88)

from (i1) Co—Ci+Cy—cy+cyg—cs=0
—c; + 2, — 3¢5 +4c,—5¢5=0 (17.89)

—cy +4c, —9¢cy + 16¢c, — 25¢5 =0

from (1i1) CoCy + C1C3 + CoCy + c3¢5 =0
CoCq +C1c5=0 (17.90)

g+t +ci+cl+cl+ci=2.

co = (1 +\/ﬂ5+\/5—+—2_ﬁ)/16
ey = (5 + /10 + 3./5 + 2,/10)/16
= (5 - J10 + /5 + 2/10)8 (17.91)
&= (5= /10— /5 +2,/10)8
co = (5 + /10 - 3/5 + 2,/10)/16
= (1+ /10— /5 + 2, /10)/16.

These values define the D6 wavelet.

For more than six wavelet coefficients, the solutions have to be computed
numerically. Results of such calculations are given in the literature. In Appendix
7, the function file dcoeffs(N) returns a matrix [¢(1) ¢(2) ... c¢(IN)] of the wavelet
coefficients for N =2, 4, 6, ..., 20 using the computed results given by
Daubechies [ 104] who first discovered the properties of these sets of coefficients.

Their solution is

Circular wavelet transforms

The goal of the wavelet transform is to decompose any arbitrary signal f(x)
into an infinite summation of wavelets at different scales according to the
expansion

flx) = Z Z ¢ W(2x — k). (17.92)

j=—xk=-x

The interpretation of this expansion can be seen by reference to Fig. 17.9. Here
the Haar wavelet with N = 2 coefficients is used for simplicity and all the wavelet
amplitudes c;, are taken to be unity. The diagram shows levels —3, —2, —1,
0, 1, 2 corresponding to j = —3, —-2, —1, 0, 1, 2. At level 0 there is 2° = |
Haar wavelet in each unit interval; at level | there arc two wavelets per unit
interval, at level 2 there are four wavelets per unit interval and so on upwards.
At level — 1 there is one wavelet every two intervals, at level —2 there is one
wavelet every four intervals and so on downwards. From Fig. 17.9 we can sce

that fAe |~ Y IR FURIS DU SN SR P PN I T U A -
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Fig. 17.9 Haar wavelets with unit amplitude plotted for levels —3, —2, — 1,
0, 1, 2; for these levels there are §, %, 3, 1, 2, 4 wavelets per unit interval of x

unit interval. Tt follows that the sum of the contributions from all these levels
is also constant. In problem 17.1 we saw that the scaling function ¢(x) for
N = 2 coefficients, which 1s the Haar wavelet case, is itself a constant so that

o(x) =1 0<x<l. (17.93)
Hence, in this example
-1 «© ©
YooY uW@x—k)= Y coudlx — k) (17.94)
j=—w k=~ k=~x
where the c,,, k = —oo to oo is a new set of coefficients. Because of the way

in which wavelets are defined by (17.11) and (17.12), when j is negative,
W(2/x — k) can always be expressed as a sum of terms like ¢p(x — k) (see problem
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17.5). Therefore the result (17.94) is a general one and so the expansion (17.92)
can be written in the alternative form:

< o] o
S)= Y cuudx—k+ Y Y c; W2ix — k). (17.95)
k=-x j=0k=-co
It can be shown that, subject to very general conditions on f(x) and W(x), the
wavelet series (17.92) and (17.95) converge (see, for example, Chui [101]), so
that they provide a practical basis for signal analysis.

In order to set up a discrete wavelet transform algorithm, it is convenient to
limit the range of the independent variable x to one unit interval so that f(x) is
assumed to be defined only for 0 < x < 1. Remember that x is a non-dimensional
variable; if, for example, the independent variable is time ¢ and we are interested
in a signal over duration T, then x = /T and x covers the range 0 < x < 1.

We shall now consider a wavelet series expansion that holds for the interval
0 < x < 1. A complication arises at the edges of this interval because some of
the wavelets W(2/x — k) overlap the edges. For the definitions in (17.11) and
(17.12), they overlap the boundary x = 1; for alternative definitions of the
analysing wavelet, some wavelets may overlap both boundaries. To avoid the
problems that this creates, it is convenient to assume that f(x), 0 < x < I, is
one period of a periodic signal so that the signal f(x) is exactly repeated in the
adjacent unit intervals to give

Fx)=Y f(x — k) (17.96)

where f(x) is zero outside the interval 0 < x < 1. This is the same assumption
as for the discrete Fourier transform (see Ch. 11). As for the DFT, discontinuities
are introduced at x = 0 and x = 1 but, by considering a long enough sample
length, this presents no serious practical difficulty.

Suppose that we are using the D4 wavelet, W(x) (Fig. 17.6) which occupies
three unit intervals, 0 < x < 3. In the interval 0 < x < 1, f(x) will recetve
contributions from the first third of W(x), the middle third of W(x + 1), and
the last third of W(x + 2). This is the same as if W(x) is “wrapped around”
the unit interval as described in Chapter 11. Therefore, when any wavelet which
starts in the interval 0 < x < 1 runs off the end at x = 1, it may be assumed
to be wrapped around the interval (if necessary several times if there are many
coefficients so that the wavelet extends over many intervals). With that
assumption, from (17.95) the wavelet expansion of f(x) in 0 < x < | can be
written as

flx) = agp(x) + a,W(x) + [a, a_‘][ W(2x) :I +[a, as ag a;]] WH@Ex) |+

W(2x — 1) W(dx — 1)
W(dx —2)
W(dx - 3)

oo ay W —k)+ . (17.97)
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The coefficients a|, @,, a3, aq, ... give the amplitudes of each of the contributing
wavelets (after wrapping) to one cycle of the periodic function (17.96) in the
interval 0 < x < 1. We shall see later that, because of wrapping, the scaling
function ¢(x) always becomes a constant. The second term «, W(x) is a wavelet
of scale zero: the third and fourth terms a, W(2x) and a; W(2x — 1) are wavelets
of scale one, the second being translated Ax = with respect to the first; the
next four terms are wavelets of scale 2, and so on for wavelets of increasingly
higher scale. The higher the scale, the finer the detail and the more coefficients
there are, so that at scale j there are 2/ wavelets each spaced Ax = 274 apart
along the x-axis.

Because of the orthogonality conditions (17.50) to (17.71), the general
coefficient a,, 4, can be found by multiplying (17.97) by W(2x — k) and
integrating to get

Jf(x)W(Z"x —k)dx =a,, .y JW'Z(2'x — k)dx (17.98)
and hence

fx)W(@ix — k)dx

L,
> J W=(x)dx
on account of (17.73).

By similar reasoning it follows that

Ay =

= J FEOW2ix — k)dx  (17.99)

ap = fﬂxw(—wdv (17.100)

after using (17.72).

The limits of integration in the orthogonality conditions (17.50) to (17.71)
are given as —x to +cc, but the integrand in each case is only non-zero for
the finite length of the shortest wavelet or scaling function involved. If the
wavelets and scaling function are not wrapped, the limits of integration in
(17.99) and (17.100) may extend over several intervals. But because we are
assuming that f(x) is one cycle of a periodic function, which repeats itsell in
adjacent intervals, these contributions to the integrals from outside the interval
0 < x < 1 are included automatically by integrating from x = 0 to x = 1 for the
wrapped functions. Therefore the formulae (17.99) and (17.100) can be written as

1
Ay i = 2’[ fOW(2ix — k)dx (17.101)
[¢]
and

ap = Jl F(x)p(x)dx (17.102)
¢}
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when it is understood that in (17.97) and in (17.101) and (17.102) the scalip
function ¢(x) and the wavelet functions W(2/x — k) are all wrapped around :
interval 0 < x < 1 as many times as are necessary to ensure that their wh
length is included in this unit interval. The orthogonality conditions (17.70,
and (17.71) still apply for the wrapped functions when the limits of integration
are changed to x = 0to 1 (see problem 17.7). This is because they are constructed
by iteration from box functions that are orthogonal to their own translates.
Although the iterative steps for the wrapped case differ from those without
wrapping, the same basis results are arrived at except that the integration only
has to cover the interval 0 < x < 1. It is of course still necessary for the wavelet
coefficients to satisfy the orthogonality conditions required by (17.47).

the
ole

Discrete wavelet transforms

The discrete wavelet transform (DWT) is an algorithm for computing (17.101)
and (17.102) when f(x) is sampled at equally spaced intervals over 0 € x < 1.
In its embodiment here, it is assumed that f(x) is one period of a periodic signal
and that the scaling and wavelet functions wrap around the interval as described
above. Obviously the integrals in (17.101) and (17.102) can be computed to
whatever accuracy is required after first generating ¢(x) and W(2/x — k).
However, a remarkable feature of the DWT algorithm is that this is not
necessary. Instead, the convolutions (17.101) and (17.102) can be computed
without ever finding ¢(x) and W(2/x — k) explicitly. The DWT algorithm was
discovered by Mallat [110] and is called Mallat’s pyramid algorithm or
sometimes Mallat’s tree algorithm.

We shall approach the algorithm by considering first its inverse. Suppose
that the DWT has been computed to generate the sequence

a=1[aga,a,ay0a,a50a60a;...02;4 ...] {17.103)

which are the coefficients of the wavelet expansion (17.97). Suppose, for example,
that we consider an expansion with the primary scaling function ¢(x) and
wavelets of scale 0, 1 and 2. Then a will have (1 + | + 2 + 4) = 23 terms. In
order to include all the wavelets at any particular scale, the total number of
terms in the transform must always be a power of 2. Consider the case when
there are only eight terms so that

a=1[a, a, a, ay a, as ag a7]. (17.104)

The first element a is the amplitude of the scaling function term ¢(x). Since
¢(x) can be generated by iteration from a unit box over the integral 0 < x < 1
(see Fig. 17.4), ayd(x) can be generated by iteration starting from a box of
height a,. Suppose that we have chosen a wavelet with four coefficients. Then
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the first step in the iteration ts, from (17.4),
b, =1 ¢ |[ap]- (17.105)

The initial box function occupied the interval 0 < x < 1, but we see in Fig. 17.4
that the first iteration extends over 0 < x < 2. If the part that lies outside the
interval is wrapped round to fail back into the unit interval, we get

¢ =[Co +Cz][ao]~ (17.106)

Cy +C2

On taking the second interative step, without including wrap-around, we
have, from (17.4),

¢ = ’_Co ¢y [[acl-
€1 €y
€2 Co C2
3 € C3
2 o (17 107)
C3 €
€2 Co
€y €
Ca
C3
— -

From the third row of the lower diagram in Fig. 17.4, this gives a function with
10 ordinates spread over the interval 0 < x < 2.5. These 10 terms are

b= i CoCy CoCz +C1Co €y + €2 ... (17.108)
€1€; + €300 €163 + €30, A H 30 €aC3 + e3¢y ...
€362 c31" [ao]-
Allowing for wrap-around and adding terms at the same position in 0 < x < 1,
we then get only four terms which are
$2 =] €§ + 103 + €3¢0 + €305 [[ao]-
CoCy + €13 + Cp¢; + €3
CoCy + €1Co + €3 + €3¢

CoCy + €T + €5¢3 + €3¢
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The reader can check by multiplication that this is the same as

= + 7
Pr=|¢ [C" C‘][ao]. (17.109)
¢, o |Ler T
€y Co
Cy C

Notice how the left-hand matrix is formed, by taking a submatrix of order
4 x 2 from the left-hand matrix in (17.107) and then transposing the ¢, and c,
elements that fell below this matrix as follows:

Co
Cy

17.
S (17.110)
¢y G

This recipe also applies for the matrix in (17.106) which is formed by transposing
the same two elements

Cy

{C" ~ (17.111)

o~
(€2}
Cy
-~ 7

\

For the third iterative step, the calculation is

¢y = ’_Co C2ilCo €2 [CO+62:|[00] (17.112)
¢y ey l|ey eyflerte
¢, Co c; Co
C3 € 3 G
€2 Cp
cy €
€ Co
cy €

and this gencrates the eight ordinates in the interval 0 < x < 1 (see the fourth
row of the lower diagram in Fig. 17.4) for the wrapped-around scaling function
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If we revise the definitions of the 3 matrices of the wavelet coefficients so that

M, = ot CZ:I of order 2 x 1 (17.113)
[ €1 + ¢y
M, =[cy c,]of order 22 x 2 (17.114)
C €4
¢, Cp
[ €3 €y
My = [¢, ¢, | of order 2% x 27 (17.115)
¢ C3
€2 Co
C3 €
¢, €
C3 €
€ Co
| e

then the algorithm for generating the contribution of a,¢(x) to f(x) is

fo(x) = MM, M qa, (17.116)
or, in diagrammatic form,
M, M Ms
ap = f*(1) — f°(1:2) — f°(1:4) — £(1:8) (17.117)

where f? (1:8) means an array of eight elements that represents the contribution
of ayp(x)to f(x)at x =0, % ..., 2.

Returning to the sequence (17.104), consider the second term, a;. This is the
amplitude of the wavelet function W(x) which is generated from a unit box by
iteration as shown in Fig. 17.7. The matrix operations for doing this are the
same as for generating the scaling function ¢(x) except that the first step involves
replacing

Co| by | —c4 (17.118)
€y Ca
Ca —C
C3 Co

according to (17.10). The procedure for allowing for wrap-around is exactly
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the same as for the scaling function except that, analogously with (17.111),

T% 1 becomes {_63 } 2[_C3—Cl:|- (17.119)
CZ sz C2+Co

< N

- [—c
| I

Co \ Cot
~

Defining
G, = I:“Ca - Cx]
c, + ¢
the algorithm for generating the contribution of a, W(x) to f(x) is
SO1:8) = MyM,G,a, (17.120)
or, in diagrammatic form,
G, M, M3
a; = fO) — fO)1:2) — fO1:4) — FO(1:8).  (17.121)
The third term in (17.104), a,, is the amplitude of W(2x). Instead of extending

over 0 < x < 3 as for W(x) in Fig. 17.7, this extends only over 0 < x < 3/2 as
shown in Fig. 17.10. Instead of the second iteration being reached by

Co € [—Cs _"1][02], (17.122)
¢, s c2+ ¢

c; Co

€3 €

the first operation is omitted and we go straight to

—¢; |[a.] (17.123)
Ca
—c

Co
as in Fig. 17.10. Thereafter the iteration proceeds as before to get
SED1:8) = My| —c; |[as]. (17.124)
C2

_Cl

Co
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First eight iterations of the development of the D4 wavelet W(2x)

T T T T T

Fig. 17.10 Generation of the (unwrapped) wavelet W(2x) from a unit box by
omitting the first iterative step (compare with Fig. 17.7)

The fourth term in (17.104), a,, is the amplitude of the translated wavelet
W(2x — 1). This is translated x = } to the right in Fig. 17.10, and so it occupies
the interval 05 < x < 2. Allowing for wrap-around, the procedure for
computing the contribution that this makes to f(x) is exactly the same as for
a, except that the elements in the first matrix are arranged in the order

- (17.125)
Co
—cy
Cy
so that (17.124) becomes
FED(1:8) = M| —c, {[as]. (17.126)
Co
—cy

C2
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Combining (17.124) and (17.126) then gives

SO =My —c; —cy ["2] (17.127)
() co [L93
—C —C3
Co c,
or putting
G,=| —c,4 =|—-c; —C
€2 2 Co (17.128)
"'Cl —‘C3 \ —C “CJ
Co Cy ) Co C2
TN
[~ Cq
{ t
\ Co’;
we get B
FO(1:8) = M3Gz[a2] (17.129)
as
and, in a diagram,
a G2 M;
[ ] s fO(1:4) — f(1:8). (17.130)
as

The remaining four elements of (17.104), a,, as, ag, @, are the amplitudes of
wavelets W(4x), W(dx — 1), W(4x — 2), W(4x — 3) which are translated Ax =}
with respect to each other. In this case the first two steps of the iteration in
Fig. 17.7 are omitted and, for eight terms in the sequence, there is only one
step to the calculation. There are eight points in the interval 0 < x < 1, so that
each wavelet is translated two positions with respect to its neighbour. Each

wavelet has the elements [—c; ¢, —¢; ¢o]* and so the single stage of
calculation is

a:8)=[~c, —c, | [a, (17.131)
c,y Co||4s
—Cy —C; Qg
Co c, aq
—Ccp —C
Co C,
—c; —Cy
B Co cy
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or, diagrammatically,

a, —G;»ﬂz’(lz8) (17.132)
as
Qg
as

Lastly, combining the four diagrams (17.117), (17.121), (17.130) and (17.132)
to express the result that

F(1:8) = £2(1:8) + f1O(1:8) + £V(1:8) + f2(1:8) (17.133)

we have the final diagram below:

M, M M,
)y —fL2)—f14) —sf1:8)=f (17.134)
1 G 1 G, 1 G, 1
a=[a(l) a(2) a(3:4) a(5:8)]

where a(l) = a,, a(2) = a,, a(3:4) = [a, a;]" and a(5:8) = [a,4 a5 ag a,]".

This is the inverse of Mallat’s tree algorithm [110]. As drawn above, the tree
has been felled because the trunk is horizontal! The roots of the tree are at the
r.h.s. and the branches are vertical with many branches near the roots and a
decreasing number going up the tree until the branch at the top of the tree
(before it was felled) reaching out to the first coefficient of the wavelet transform
a(l).

This algorithm is implemented in the function file iwaredn(a,N) in Appendix
7. The program takes any array a of numbers of length 2" where n is an arbitrary
integer and computes the function f(r), r = 1 to 2", for which a is the wavelet
transform. The calculation 1s made for a wavelet with N coefficients (N even)
using coefficients imported from the separate file dcoeffs(N) (N < 20). The reader
may like to experiment with this program (see problems 17.5, 17.6 and 17.8).

Now consider how to break down an arbitrary function f(1:2") into its
wavelet transform a(1:2"). Because of the conditions imposed on the wavelet
coefficients to ensure that the wavelets and their scaling function are all mutually
orthogonal, we have seen that the M matrices are orthogonal matrices. The
proof of this was shown by (17.46) and (17.47) and that conclusion is not altered
by the reorganization of the matrices to account for wrap-around. Because of
the orthogonality conditions (17.47) and (17.56), we have

WM, =1 MG, =0
GM,=0 1GG, =1 (17.135)

as can be proved easily by substituting for a typical row of M}

[[2i zeros][ce ¢ ¢, ... 1[2) zeros]] (17.136)
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and corresponding columns of M,
[[2( + m) zeros]{cq ¢, ¢, .. J[2(j — m) zeros]} (17.137)
and the same for G,, for example the column
[[2G + m) zerosl[—cy ¢y-y —cCn-y ...J[2() — m) zeros]Y' (17.138)

and multiplying out using (17.47) and (17.56).
If we define new symbols H and L for the transposes of G and M, so that

H=G'" and L=M (17.139)
then on account of (17.135) we have
M =1 LG=90
HM=0 IHG=1 (17.140)
where the dimensions of the matrices are
G, =G2 x2™1) H=H2 '%x2)
L=L2 ' x2) M, =MQ2 x2r° ). (17.141)

Because of (17.140), each of the steps that make up the tree algorithm (17.134)
can be simply reversed. For example (17.116) becomes

ap = YL, AL AL, f°. (17.142)
Consider replacing f* by
F=12 4 L0+ 04 (17.143)
and calculating
YL ALAL,f (17.144)

Substituting for 19 from (17.120), £ from (17.129) and f® from (17.132) we
have

f=f*+ M;M,G,[a,] + M,Gz[az] +Gyla, | (17.145)
as as
dg
a,
Then
SLALALf=3L AL L, f*+0+0+0 (17.146)

on account of (17.140). We conclude that £ in (17.142) may be replaced by f
to give

ag = 5L 5L, 5L, f. (17 147)



Discrete wavelet transforms 335

similar conclusions hold for the other steps so that, instead of (17.120) we have

o = tHiLa koS, (17.148)
instead of (17.129),
[az] =1L (17.149)
as
and instead of (17.132),
ag | = 3Hf (17.150)
as
Qg
as

Therefore the whole of the tree algorithm can be reversed so that (17.134)
becomes

sL) 3L 1L
S() — f(1:2)e— f(1:4) — f(1:8) = f.
1 1M, | 3H,y | iH; | (17.151)
a=[a(l) a(2) a(3:4) a(5:8)]

This is Mallat’s algorithm for the discrete wavelet transform [110] and it allows
the signal f(1:2") to be transformed to its wavelet coefficients a(1:2") in a very
efficient way. The notation L and H is used because L can be interpreted as a
low-pass filter and H as a high-pass filter [113, 115]. H filters out the fine
structure at each level to generate the wavelet coefficients; L gives a progressively
coarser representation of the detail as the fine structure disappears. This process
is illustrated by the following example.

Example
Find by hand calculation the wavelet transform of the sequence
[—9 —74441226] using the Haar wavelet for which ¢, = ¢, = 1. For
this, the simplest wavelet, the scaling function remains a unit box and the
wavelet it gives is two half-boxes of opposite sign. If the wavelet is generated
by iteration following the scheme in Fig. 17.7, its shape remains unchanged
by successive steps. The transformation matrices are

L =11 1]
1 1
L =
’ [ 1 1]
Ly={1 1 (17.152)
I 1
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H =[-1 1]
w0
-1 1
Hy=[-1 1 . (17.153)
-1 1
-1 1

Because there are only two coefficients, there are no wrapped-around
elements in the matrices. The matrix operations in the tree algorithm
(17.151) then give

Wi =3 -1 Zo] =[1]=Tq,
-1 1 -7 0 as
-1 1 4 ag
-1 1 4 2 a,
4
12
2
=41 1 9] =[-
1 1 -7
11 4 8
1 1 4
4
12
2
_6—
R R
8
4
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2
AL L= 41 1 T |- 1= e

-2
6

(17.154)

SLLAL S = 31 u[ ] (2] = [a0]

so the transform is
2 46 -2 10 4 2]

Figure 17.11 illustrates these results. In the upper graph the expansion
(17.143) is shown where

=201 s@=4[-1] so=6[-1]-2[0
1 —1 ~1 0
1 —1 1 0
1 —1 1 0
1 1 0 -1
! 1 0 —1
1 1 0 !
1] | 1] | 0] | 1]
and
o=t [-1]+0 [ o] +4 [ o] +2 [ o]. (17.155)
1 0 0 0
0 ~1 0 0
0 t 0 0
0 0 -1 0
0 0 1 0
0 0 0 1
| 0] | 0] | 0] | 1]

The result of the low-pass filtering of f that occurs going up the trunk of
the tree is shown in the lower graph in Fig. 17.11. By stretching out the
filtered sequences and plotting these on a common base the relationship
between the high- and low-pass filtering operations can be seen. By
subtracting f'® in the upper graph from f(1:8) in the lower graph, f(1:4)
is obtained; by subtracting f1V from f(1:4), f(1:2) is obtained; by
subtracting 19 from f(1:2), f(1) in the lower graph is obtained. The wavelet
coefficients are therefore generated by filtering off the high-frequency
components at each scale, allowing the residual signal to pass up the tree
for filtering at the next coarser scale at each stage of the transform.
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Expansion of f(r), r=1to 8, into its wavelet components

Fo flOl fIO) £ 20 )

= I e
- L S e e e i
Z_——_—J__——

f(q&)

(0)

st L
- e e S e e e T —

f(2)
e —
0 1 2 3 4 5 6 7

integer {r—1)
Result of low-pass filtering flr)
T ' ' ' i ‘ ]
| f(1:8) 1 , SR
f 1

f{1:4) ) i

f{1:2) . - J . -
oA '
0 1 2 3 4 5 6 7

integer (r—1)

Fig. 17.11 Example using the Haar wavelet to demonstrate the working of
Mallat’s tree algorithm
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Appendix 7 has the function file wavedn(f,N) which takes the array f(1:2")
and generates its wavelet transform a(1:2"), where n is any integer n > 1 and
N is the required number of wavelet coefficients (N even). The numbers in the
above example can be easily checked by this program.

The DWT based on the tree algorithm is extremely efficient computationally.
For a starting array of length 2" = M, the first low-pass filtering operation
involves 1M x N multiplications when N is the number of wavelet coefficients.
There will be the same number for the first high-pass filtering, and so there
are M x N multiplications at the first stage of the transform, ;M x N
multiplications at the second stage and so on. Neglecting the reduction that
comes as a result of the wavelet coefficients overlapping each other, as in
(17.119), there will be a total of (2M — 1)N multiplications, so that the
operations count is approximately proportional to M. This compares with
M log, M for the FFT (see Ch. 10). The number of operations increases in
proportion to the number of wavelet coefficients, but this leads to greater
accuracy from a limited number of terms in the wavelet expansion (17.97) and
to wavelets with properties much closer to the harmonic functions we are used
to in vibration analysis.

Properties of the DWT

As the number of its coefficients increases a wavelet becomes smoother and
closer to a smoothly windowed harmonic function. Figure 17.12 shows wavelets
with 2, 8, 14 and 20 coefficients plotted alongside each other for comparison.
Even for 20 coefficients the wavelet still has some residual irregularities, as can
be seen on the r.h.s. of the larger view in Fig. 17.13.

The wavelets in Fig. 17.12 are for a sequence length of 2° = 512; they have
been obtained by computing the IDWT of a(1:512) when all the a’s are zero
except a(33)= 1. By comparison with the expansion (17.97), a(l) is the
coefficient agy, a(2) is a,, and so on, making a(33) the coefficient a,,. This is the
first of the set of 16 elements which define the contributions of wavelets
W(16x — k). There are 32 of these in the full interval, each spaced 512/32 = 16
points apart, corresponding to k = 0 to 31. The width of each wavelet depends
on the number of its coefficients; if there are N coefficients, the wavelet is N — 1
intervals wide. Hence the D2 wavelet occupies 1 interval, or 16 points in Fig.
17.12; the D8 wavelet occupies 7 intervals or 7 x 16 = 112 points; the D14
wavelet occupies 13 intervals or 13 x 16 = 208 points and the D20 wavelet
occupies 19 intervals or 19 x 16 = 304 points. In Fig. 17.13 the same calculation
has been made for the D20 wavelet, but for a sequence length of 2'* = 8192
points. In that case the interval length for W(16x — k) wavelets is 8192/32 = 256
points so that the full length of the D20 wavelet W(16x) in Fig. 17.13 occupies
19 x 256 = 4864 points and extends from 1 to 4864. The magnitude of W(16x)
outside the range shown in Fig. 17.13 is very small as may be seen from the
smaller view of the same wavelet in Fig. 17.12.

In Fie 17 12 the maenitude of the discrete Fourier transforms of the four
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alj)=0,j=11t0512. except a(33)=1
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15 — —— - T T 1.5 T — ——
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Fig. 17.12 Wavelets W(16x) with 2, 8, 14 and 20 coefficients for a sequence

length of 12 (x = 1/512 for intege

1 extending to x = 1 for int ger 512): their
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iwavedn(a,20) for alj)=0,j=1to 8194, except a(33)=1
T T T T
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Fig. 17.13 Part of the D20 wavelet W(16x) for a sequence length of 8192; the
full wavelet occupies 19 intervals from integer 1 to 19(8192/32) = 4864

1 to 512/2 = 256 are shown. Even for the D20 wavelet, the main frequency
peak is not sharp and there are discernible humps at higher frequencies. For
comparison, a Gaussian-windowed harmonic function has only a single
Gaussian peak in its transform (see problem 17.8). Because dilation wavelets
are compact in the sense that they have a definite beginning and ending in the
x-domain, they cannot also be compact in the frequency domain so that their
Fourier transforms extend over an infinite frequency range. Harmonic wavelets,
which are discussed later in this chapter, are designed to be compact in the’
frequency domain, but they extend over an infinite range in the x-domain.

Figure 17.14 shows graphs similar to Fig. 17.12 except that all the wavelets
at level 6 are included so that instead of a(33) = 1, with all the other a’s zero,
this time we have a(33:64) = 1. There is then a succession of similar overlapping
wavelets 16 points apart. The magnitude of the Fourier transforms of these
graphs is plotted below, this time using a log scale vertically. The predominant
frequency is that of one cycle every 16 points which can be determined from
the horizontal scale. In any specific application this will be known, as the
following example explains.

Figure 17.15 shows, in the upper view, four simultaneous vibration records.
They show vibration in a building close to an underground railway. The building
is isolated above its ground floor so there is reduced vibration in higher floors.
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Fig. 17.15 Four simultaneous vibration records with their D20 wavelet
transforms plotied below; the sequence length is 2048 corresponding to a
sampling interval of 6 x 10™*s. For clarity separate records are displaced
vertically by arbitrary amounts; all records have zero mean
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Table 17.1 Identification of D20 transform levels

Level Elements of Number of  Description  Spacing Wavelet length

transform wavelets between  (unwrapped)
wavelets
-1 a(l) None o(x) — —
0 a(2) 1 W(x) 2048 19 x 2048 =
38912
1 a(3:4) 2 W(2x — k) 1024 19456
2 a(5:8) 4 Wi(dx — k) 512 9728
3 a(9:16) 8 W(8x — k) 256 4864
4 a(17:32) 16 W(l6x — k) 128 2432
5  a(33:64) 32 W(32x — k) 64 1216
6 a(65:128) 64 W(64x — k) 32 608
7 a(129:256) 128 W(128x — k) 16 304
8 a(257:512) 256 W(256x — k) 8 152
9  a(513:1024) 512 W(512x — k) 4 76
10 «(1025:2048) 1024 W(1024x — k) 2 19 x 2 =38

Before recording, high-frequency components were eliminated by a low-pass
filter with a cut-off frequency of 500 Hz and the sampling frequency for digital
recording was 1667 Hz.

The records are out of phase by (1/6)(1/1667) = 10™* s between the basement,
ground and first floors and 3 x 107¢ s between the first and fourth floors on
account of the sampling sequence of the data logger, but this does not affect
the following analysis. The data in the upper view in Fig. 17.15 are for a sequence
length of 2048; therefore this covers a time span of 2048/1667 =12s
approximately. The lower view in Fig. 17.15 shows the D20 wavelet transforms
of the four signals above. The allocation of the elements of the transform
a(1:2048) to different levels is in Table 17.1.

Figure 17.16 shows the reconstructed signals from levels 4 and 5 compared.
For level 4, the reconstructed signal is obtained by computing the IDWT of
a(1:2048) where the a’s are all zero except for a(17:32). These are set equal to
values from level 4 of the original DWT (see Table 17.1). For level 5, all the
a’s are zero except for a(33:64) which are set equal to values from level 5 of
the original DWT. It is evident that in these frequency ranges there is significant
correlation between basement and ground floor and between first and fourth
floors. For level 4, the frequency range is centred at 16 cycles in 2048/1667 s
which is a frequency of 16(1667/2048) = 13 Hz approximately; for level 5 it is
twice this, namely 26 Hz approximately. Figure 17.17 shows similar results but
for levels 8 and 9. There is now very little apparent correlation between these
reconstructed signals. For level 8, the frequency range is centred at
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256(1667/2048) = 208 Hz approximately; for level 9 it is 416 Hz approximately.
The explanation for this behaviour is that the sprung building tends to move
as a unit at low frequencies, as does the ground floor and basement, which is
really a separate lower building. At higher frequencies the structure becomes
multi-modal and specific vibration records are very sensitive to their position
of measurement.

Lastly in this section, we mention a final property of the circular DWT. This
concerns the contribution to f(x) from level — 1 of its wavelet transform. From
(17.97) this 1s

fo(x) = agp(x). (17.156)

That suggests that if f(x) is reconstructed by the IDWT using only the first
element a, = a(1) of its wavelet transform a, the reconstructed f¢ should have
the shape of the scaling function. However, by taking examples using the
program iwavedn(a,N), we soon see that this is not the case and that the
reconstructed f(x) is always a constant. This is because of the properties of
the circular transform. For all cases except N = 2 (when the scaling function
is a box function and therefore constant), the scaling function occupies more
than one interval (if the wavelet has N coefficients the scaling function occupies
N — 1 intervals). It therefore wraps around the interval 0 < x < 1. Take the
D4 scaling function (Fig. 17.5) as an example. This extends over three intervals.
When wrap-around takes place the circular scaling function in 0 < x <1 is
given by

B(X) + dlx + 1)+ p(x + 2). (17.157)

Because these functions may be constructed by iteration from adjacent unit
boxes, they are effectively constructed by iteration from a starting function
which is ¢o(x) = 1 for all x. Because the wavelet coefficients have to satisfy the
accuracy condition (17.30) with m = 0, they satisfy

Y (= =0 (17.158)

X

so that, using also the condition that

Yo=2, (17.15)
we have seen already (17.78) that
Y =Y =1 (17.159)
keven k odd

With this result we find that every stage of the iteration generates ¢;(x) = 1
for all x. This may be seen by considering the matrix calculations (17.106) and
(17.109) for the first two iterations of the D4 scaling function. The upshot is
that, for the circular DWT, the first term in the expansion (17.97) is always

fox)=a, O<x<l. (17.160)
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Mean-square maps

The wavelet expansion (17.97) can be written in the following equivalent form:
fx)=ao + Y Y ay, . W(2'x — k) 0<x<1. (17.161)
ik

The wavelet functions W(2/x — k) are wrapped functions; we have seen that
the wrapped scaling function ¢(x) is always unity, so this no longer appears in
(17.161). The integer j describes different levels of wavelets, starting with j = 0;
integer k covers the number of wavelets in each level, so that it covers the range
k=0to2 - 1.

We can calculate the mean-square value of f(x) by squaring both sides of
(17.161) and integrating over the interval 0 < x < 1 to get

1 1
J f2(x)dx = a2 +2aOZZaZH,‘j W(2'x — k)dx +
0 ok 0

1
+ Zzzzazwaz,ﬂj W(2x — k)W(2'x — s)dx.  (17.162)
o

Jj k r s

We have seen already that the orthogonality and area properties of wavelets
are retained when the wavelet functions are wrapped round the interval
0 < x < 1 (see problem 17.7). The resuits (17.71), (17.73) and (17.76) therefore
apply for the wrapped functions when their limits of integration are altered to
run from O to | instead of from — oz to +oc. With that change, from (17.76)

1
J W(2ix — k)dx = 0 (17.163)
0
and, from (17.71),
1
J W(2x — k)W(2’x —s)dx =0 unlessr=jands=k (17.164)
0

Hence, from (17.162),

1 1
.[ fix)dx = a2 + ZZa%,,,,‘f W2(2/x)dx
0 i 0

1
—ai+ zz(z—) (17.165)
ik

on account of (17.73). Writing out the first few terms of the double summation,
we have

b I 1
J f’(x)dx:aé+af+5(a%+a§)+2(a§+a§ +ak+ad)+
0

1
+ (a§+a§+“'+af5)+ﬁ(af6+~"+a§1)+---.

(17.166)

OO0 | r
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This is a very important result because it shows how the mean square of f(x)
is distributed between different wavelet levels and between different wavelets
within each level (and therefore different positions within the interval 0 < x < 1).
When the series is truncated so that there are 2" terms on the r.hs. of (17.166),
the integral on its Lh.s. can be replaced exactly by

[ 27-1

o 2
2" rgo 'f’

where f, = f(x = r/2") (problem 17.9).

Equation (17.166) can be illustrated graphically by a three-dimensional plot
in which the values of the wavelet amplitudes squared are plotted on a grid
framework as shown in Fig. 17.18. If a surface is erected on this base, the
surface consisting of horizontal planes joined together by vertical walls at the
broken lines and at the edges in Fig. 17.18, the volume under this surface
represents the mean-square value féfz(x)dx. A contour plot of the surface
therefore maps the distribution of the mean square of the function f(x) between
wavelets of different level and different position.

At level j there are 2/ wavelets in the unit interval. For a train of unit wavelets,
all at the same scale, the wavelets are spaced 1/2/ apart so that their fundamental
frequency is 2/ cycles/unit interval (see problem 17.6). Therefore, wavelet level
1s a measure of frequency with the fundamental frequency doubling as we move
upwards from one level to the next. Since, for vibration records, the independent
variable x is usually a measure of time, the mean-square map can be interpreted
as a plot of frequency (increasing in octaves) against time.

In order to achieve a diagram that can be interpreted easily, it is helpful to
locate each wavelet amplitude (squared) at a position which corresponds to the
centre of the corresponding wavelet. Take for example an analysis using the
D6 wavelet. This has six coeflicients and is five intervals long. Consider level
31n Fig. 17.18. Element ag represents the amplitude of a wavelet which extends
over five intervals (each interval at level 3 being 0 < x < 3). This wavelet’s
centre is in the middle of block 3. To locate element ag where the centre of its
wavelet occurs, ag has to be moved 3.V — 1 = 2 intervals to the right in Fig.
17.18.

It turns out that the same result applies to all the elements at levels 1 and
above: they all have to be moved (N — 1 places to the right from the
arrangement shown in Fig. 17.18. Elements moved off the right edge of the
diagram are wrapped round to return over the left edge so that the whole
squence of elements at each level is merely translated !N — 1 steps to the right
before the mean-square surface is plotted.

Figure 17.19 shows two vibration records with the same spectral density.
The upper diagram shows the computed response of a two-degree-of-freedom
system to white noise excitation; the lower diagram is the impulse response
function of the same system. Both records are normalized to have the same
mean-square value. Figure 17.20 shows mean-square maps of these two signals
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Fig. 17.18 Grid base for plotting wavelet amplitudes (squared) in order to
ensure that the volume they enclose is equal to the mean-square value of f(x)

calculated using the D4 wavelet. In this example the logarithm of the wavelet
coeflicients squared has been plotted to accentuate the fine detail at low values
of a.

By comparing Figs 17.19 and 17.20, the relationship between each
mean-square map and the function it represents can be seen. The horizontal
axes cover the same interval in all four diagrams. In Fig. 17.19, the integer j
runs from 1 to 8192 as that number of points are plotted. The wavelet transform
of a sequence of 8192 points has 12 levels (together with an additional zero level

s

Ny=
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Fig. 17.19 Two signals with the same spectral density: the upper is a realization
ofa stationary random process, the lower is a non-stationary impulse response
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and a constant level). The highest level has one wavelet every two positions,
so there are 4096 elements of the wavelet transform at level 12. Therefore the
two-dimensional array of numbers that defines the surface whose base is like
that shown in Fig. 17.18 has 12 + 2 = 14 rows and 4096 columns. Row 1 has
4096 elements all equal to a3, row 2 has the same number all a?, row 3 has
2048 elements equal to a3 and 2048 equal to a3, and so on.

In Fig. 17.20, the contours are plotted with refatively thick lines and the
black regions generated by close contour lines should be distinguished from
the different grey scales. The highest ground is in the lower figure at level 5
and horizontal integer about 200, and this level is not reached anywhere in the
upper figure. Although the transient response in Fig. 17.19 (lower) has been
extinguished at the r.h.s. of the graph, the mean-square map in Fig. 17.20
(lower) shows two promontories of low ground extending from the right-hand
edge of the diagram. These arise because of the circular nature of the transform
and contribute to the signal in Fig. 17.19 at its left-hand edge. To illustrate the
high-frequency behaviour, five contours are plotted, the lowest contour being
at a height of approximately 10~ 3 times the highest contour.

A variety of different examples of the application of the wavelet map in
vibration analysis and a more detailed examination of the properties of
mean-square wavelet maps are given in the author’s papers [112, 113].

To be able to appreciate the information mean-square maps provide, it is
desirable to plot them in colour. The increasing availability of colour graphics
and colour plotters now makes this practicable. As a result, coloured
mean-square maps generated by the discrete wavelet transform are likely to
become an important new tool in random vibration analysis. They offer
considerable scope for studying the time-dependent properties of non-stationary
signals.

Convolution by wavelets

It is possible to make use of the orthogonality properties of wavelets in an
algorithm for computing the convolution integral

ﬂn=thwpu—ema (6.26)

0

In Chapter 6 we saw that this integral allows the response y(t) of a passive
linear system to be calculated when x(¢) is its excitation and h(6), 8 > 0, is its
impulse response function (h(0) = 0 for 6 < 0).

Consider using (6.26) to calculate y(r) for one specific time only. For this
value of t = t, define a new variable

2(0) = x(to — 0) (17.167)
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so that (6.27) becomes

1
¥to) = J h(6)z(0) do. (17.168)

0

The himits of integration are altered to be from 0 to 1 because we shall assume
that h(0) decays fast enough that h(6 = 1) — 0 closely enough.

Now write h(6) and z(6) in terms of their circular wavelet expansions so that,
from (17.161) ’

h(@) = ho + 3.3 has o W(270 — k) (17.169)
ik
2(0) =zo + 3. ) 224 W(26 — 5) (17.170)

and substitute into (17.168) to get

1
¥(to) = hozo + hozzzzwsj W(2'0 — 5)db +

rs 0

1
+zOZZhZ,+kJ W(2/6 — k)do +
ik 0

1
+¥33Y hm,(zz,ﬂj W(2i0 — k)W (20 — 5)df. (17.171)

j k r s 0

Using the conditions (17.163) and (17.164), we then find that

¥(to) = hozp + ZZ (l/zj)h21+l\221+k
j ok

=[ho hy hy/2 hy2 h,/4 hs/d ...]] 2 (17.172)
Zy
Z2
where [hg h, h, ..]Iisthe wavelet transform of h(8) and [z, 2z, z, ...]

is the wavelet transform of z(6). Obviously the transforms must be in terms of
the same analysing wavelet in both cases. The factor (1/2/) in (17.172) arises
because, from (17.73), we have

f' W2(2i0) d6 = 1/2°. (17.173)

The interval over which the calculation is made must be long enough that
h(6) — 0 sufficiently closely outside it. Within this interval h(f) and z(f) are
sampled at equally-spaced distances along the 0-axis to give 2" data points
where n is a sufficiently large integer to ensure that all the fine detail is properly
represented.
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The outcome of a calculation using (17.172) leads to a single point on
the response graph. By translating the input function horizontally, and repeating
the calculation (17.172), a second point is obtained. Unfortunately the wavelet
transform is not invariant to translation. A new transform of z has to be
calculated for however many times t, the response is required. That is a
disadvantage for practical calculations. The consequence is that although
wavelet convolution provides an interesting example of the properties of the
discrete wavelet transform (see problem 17.10), it is not a computationally
efficient procedure. Frequency-domain calculations, using the FFT, provide a
faster route for computing system response.

Two-dimensional wavelet transforms

The discrete wavelet transform can be extended to two dimensions in the same
way that the one-dimensional DFT was extended to two dimensions in Chapter
15. The two-dimensional expansion has terms in ¢(x)d(y), d(x)W(y), W(x)d(3),
W)W (y), p(x)W(2y), d(x)W(2y — 1)and so on. Instead of the one-dimensional
expansion (17.97), we have

f(x,y) = W(x)AW'(y) (17.174)

where
W(x)=[d(x) W(x) W2x) W2x—1) WEx) ... W2x—-k) ..]
(17.175)
W) =[é(y) W) W2y W2y—1) W@y ... W2y-k ..]
(17.176)

and
A=|agy ao; a9, Qo3 Qo4 --.-|- (17.177)

Ao dyy Gy Gy

a0 Qaz,

If the one-dimensional sequence lengths are 2™ and 2™, then the order of the
A-matrix in (17.175) is 2™ x 2.

If the function f(x, y) is represented by a two-dimensional array F(2™ x 27).
its two-dimensional wavelet transform A4(2" x 2™) is calculated by repeated
application of the one-dimensional discrete wavelet transform just as the
two-dimensional discrete Fourier transform is calculated by repeated
application of the one-dimensional DFT (see Chapter 15, page 225). The inverse
two-dimensional DWT is calculated in the same way, beginning with the
A-matrix in (17.177) and making repeated use of the one-dimensional IDWT
The logic for this can be seen as follows.
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Let all the elements of 4 be zero except a,,. This element lies in row r + §
and column s + 1 of the matrix, so that

A= (17.178)

a row r + 1.

rs

column s + 1
Calculate the IDWT of the sequence
[0 OO0 ... a, ...]

which is row r + 1 of A. This generates a wavelet of amplitude a,, that occupies
the whole of row r + 1 of an intermediate matrix

B= (17.179)

_—— — | rowr + L.

Each of its coefficients provides the amplitude of a wavelet in the other
dimension. These wavelets are calculated by finding the IDWT of each of the
columns of B separately. This means that 2™ [DWTs have to be calculated for
sequences like

[0 0 0 ... x ..]
where the x is the only non-zero element, which is in position » + 1. These 2™
wavelets occupy all the columns of the function matrix F(2" x 2™) which
replaces B and becomes

F= (17.180)
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Because superposition applies, s0 that the transform of two elements together
is the same as the addition of the transforms of each element alone, when row
r+ 1 of Aisa full row the same calculation applies. Similarly, if all the rows
of 4 are full, all of the IDWTs are calculated row by row. to give a full matrix
B. Then each of the columns of this new matrix have their IDWTs calculated
to determine the matrix F.

This calculation can be programmed quite simply and is the basis of the
programs wave2dn(F N) and ivare2dn(4.N) in Appendix 7.

Fig. 17 21 Two-dimensional function F(128,128) representing a raised letter D
and a mesh graph of its wavelet transform A calculated by ware2dn(F N) where

A et 1

o 6 st emsch of 4 rorresnonds to the order of the elements
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One application of these programs is to the analysis and modelling of surface
topography. Figure 17.21 shows a raised letter D modelled by a two-dimensional
array of numbers F(128 x 128). Using a D20 wavelet, the discrete wavelet
transform of this F has been calculated by implementing 4 = ware2dn(F.N)
with N = 20; a mesh plot of the result is shown below F in Fig. 17.21. This A
is used in Fig. 17.22 to show successively higher levels of reconstruction of F.
In each case all the elements of 4 are set equal to zero except for a submatrix
in the top left-hand corner in (17.177). The order of this non-zero submatrix
of the elements of 4 is progressively increased to cover the range 4 x 4, 8 x §,
16 x 16,32 x 32,64 x 64 asincreasing definition is built back into the model.

There appear to be many other possible applications (of both single- and
multi-dimensional wavelet transforms). These cover a wide variety of different
fields (see, for example, [102] and [106]). At present, progress on the
mathematical front (there are reviews in [109] and [115]) runs ahead of
applications in science and engineering but this is likely to change as software
for the discrete wavelet transform becomes more widely available. Some
applications of the DWT in vibration analysis are discussed by the author in
(112] and [113].

Harmonic wavelets

The wavelets studied so far in this chapter have all been derived from dilation
equations with real coefficients. As the number N of coefficients (which must
be even) is increased. the wavelet’'s Fourier transform becomes increasingly
compact. Only values of & up to 20 are included in the accompanying program
deoeffs(N), but the numerical values of wavelet coefficients for N > 20 can. if
required, be computed by solving the N nonlinear algebraic equations that
define them. When this is done, it turns out that the underlying spectrum of a
wavelet with N coefficients becomes more box-like as N increases. This fact led
the author to seek [[14] a wavelet w(x) whose spectrum is exactly like a box
so that the magnitude of its Fourier transform W{(w) is zero except for an octave
band of frequencies. A convenient way to define |W(w)| for different level
wavelets is then as shown in Fig. 17.23. All the Fourier transforms are identically
zero for w < 0, and for level zero (for example) the definition of [ (w)} 1s

|Wi{w)| =12z for 2n <o <4n
= 0 elsewhere. (17 181)

If we delete the modulus signs around W(w) in (17.181) and put

Wiw)= 1727 for 2r<o<4r

= 0 elsewhere (17.182)
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Fig. 17.23 Magnitudes of the Fourier transforms of harmonic wavelets of
different level

then. by calculating the inverse Fourier transform of W (), we see that the
corresponding complex wavelet is

wix) = (™™ — ™), i2rx (17.183)

whose real and imaginary parts are shown in Fig. 17.24.

The introduction of a complex function allows two real wavelets to be
represented by a single expression. In Fourier analysis the same thing is done
when the complex exponential form e*™ ' is used to represent both an even
function cos 2rkt/T and an odd function sin 2rks; T in the Fourler expansion

formula (15.1)

Xoy= Y X el (17.184)

k= «

In the present case, it can be seen from Fig. 17.24 that the real part of w(x) in
(17.183) represents an even wavelet (a wavelet for which w(x) = w(—x)) and
the imaginary part represents an odd wavelet (for which w(—x) = —w{x)).
For the general complex wavelet. at level j, and translated by k steps of size
1 2/, we define
Wim)= (1,252 /e 2 for 2r2ig e <4r2!
= elsewhere. (17.185)
On calculating its inverse Fourier transform. this gives
w(2ix — k) = (TR ei2rXx =k iy p(0 iy — k) (17.186)

in which j=0to x, k= —« to x. For level —1, with the frequency band
0 < » < 2r in Fig. 17.23, calculating the inverse Fourier transform of

Wi(w)=(12r)e™™* for 0€o<2r

= () elsewhere (17.187)
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Fig. 17.24 (a) Real part and (b) imaginary part of the harmonic wavelet defined
by (17.183)

gives a different function that, by analogy with previous results, we shall call
the scaling function

d(x — k) = (™R — 1)i2r(x — k), (17.188)

k = — xto oc. Thereal and imaginary parts of ¢p(x) are shown in Fig. 17.25.
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The rationale behind this choice of wavelet and scaling functions is that they
form an orthogonal set and have the properties that

J

=«

— o

w(2ix — kw(2x —s)dx =0 forall j k,r,s
(,r=0)

(17.189)
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J w(2/x — k)w*(2’x —s)dx =0 forall j k. r.s

(J, r = 0) except for
the case when r = j

and s = k, when (17.190)
JTJ (w(2/x — k)|? dx = 1/2/. (17.191)

Also
'(m O(x — k)p(x —s)dx=0 forall k,s (17.192)

j d(x — K)p*(x —s)dx =0 for all k, s except (17.193)

h s =k, when
Jr lblx — k)7 dx = 1 (17 194)
and, finally, ‘
J"’C w(2/x — K)plx —s)dx =0 forallj, ks (17.195)
(=0
J. ’ w(2ix — k)¢*(x —s)dx =0 forallj. k,s (17.196)
(j=0).

The proof of these results depends on the properties of their Fourier
transforms and derives from two results from Fourier transform theory (Problem
17.11) that, if W(w) and V(w) are the Fourier transforms of w(x) and p(x)
respectively, then

Jx w(x)r(x)dx = f’v W)V (- om)do (17.197)

-

J wix)r*(x) dx = J W{(m)V*(w) do. (17.198)
e o
Most of the orthogonality properties can be seen immediately from these two
equations.

First consider (17.189) and (17.192). Since the W (w) are only defined in Fig.
17.23 for w > 0 and are identically zero for w < 0, W(w) is always zero for
negative w. Both results, therefore, follow immediately from (17.197).
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Next consider (17.190). (17.195) and (17.196). Wavelets of different levels
have Fourier transforms that occupy different frequency bands. Hence (17.195)
and (17.196) are true and so is (17.190) when r # .

For wavelets in the same frequency band. each wavelet is only orthogonal
to the complex conjugate of another wavelet if the wavelets are translated by
steps of a specific size. For wavelets at level j, the required spacing is k/27 units
(k any integer); for the scaling function, the required spacing is k units. This
can be proved by substituting the appropriate expressions for the Fourier
transforms from (17.185)and (17.187) into (17.198) and making the integration.
[t will be found (Problem 17.12) that the result is only zero when the wavelets
and scaling function are correctly spaced, which they are when & has any integer
value in (17.186) and (17.188).

The result of all this is that the w(2/x — k) defined by (17.186) together with
the ¢(x — k) defined by (17.188) constitute an orthogonal family of wavelets
that offer an alternative to wavelets derived from dilation equations. As for
dilation wavelets, a series using harmonic wavelets as the basis functions can
be shown to have mean-square convergence as the number of its terms increases,
provided that [~ | f(x)|? dx exists [114]. The principal differences are these.
Harmonic wavelets can be described by a simple analytical formula, they are
compact in the frequency domain, and are described by a complex function so
that there are two real wavelets for each j, k pair. Dilation wavelets cannot be
expressed in functional form, they are compact in the x-domain, and there is
one real wavelet for each j, k pair. The last point is subject to qualification
because research is in progress in which mixed families of wavelets are used,
when there may be more than one wavelet for each combination of order j and
position k. However, the computational algorithms presented in Appendix 7
are for single-family dilation wavelets. A disadvantage of harmonic wavelets is
that, although they have convenient band-limited Fourier transforms, the
penalty for this is that, in the x-domain. they decay only in proportion to 1/x.
In comparison a wavelet derived from a dilation equation with N coefficients
occupies (N — 1) unit intervals and is identically zero outside this range.
Conversely. as we shall see, an advantage of harmonic wavelets is their
computational simplicity. It is shown in the next section that there is a simple
algorithm for harmonic wavelet analysis which uses the FFT and which is
generally faster than the algorithm in Appendix 7 for dilation wavelet analysis.

Discrete harmonic wavelet transform

For complex wavelets we have to define two amplitude coefficients

sz fxw*(20x — k) dx (17.199)

a .

o
~
Il

i, 2JJX [(w(2x — k) dx. (17.200)
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If f(x) is real, 4;, is the complex conjugate of a;, so that d;, = a¥, but to
allow for the case when f(x) is complex we regard g;, and 4;, as two different
amplitudes. Similarly we define

yy = f FOd*(x — k) dx (17.201)

Ay = r SX)b(x — k) dx. (17.202)

In terms of these coefficients, the wavelet expansion of a general function f(x)
for which

r |f () dx < a0 (17.203)

- &L

is given by
fx)= Z (a[,b,kd)(x —k)+ a¢_k¢*(x —k))

k= ~-x

+ 2 Y (aw@ix — k) + a;,w*(27x — k))(17.204)
J=0k=—w

We want a discrete algorithm to compute the coefficients a,,, d,,. a,, and

a;, in this expansion. As an example, consider a;, defined by (17.199). First,

substitute for w*(2/x — k)in terms of its Fourier transform where, from (17.183).

Arl
w*(2/x — k) = ‘j‘ (1/2r)2 - giokit g ~iox 4, (17.205)
so that (17.199) becomes
ar2! . < .
aj, = l/’ZnJ dw e‘“k"z'j dx f(x)e™'¥dx. (17.206)
2r2! - w

Since the Fourier transform of w*(2ix — k) is identically zero outside
2720 < w < 4n2/, it is legitimate to reverse the order of the integrals in this
way. The second integral over x is just the Fourier transform of f(x) multiplied
by 2x, so that (17.206) becomes

4r:
a,, = J F(w) ™ % de. (17.207)
2n2i

Now we replace the integral by a summation. This involves the same sort of
approximation that was made in Chapter 10 when deriving the discrete Fourier
transform as an approximation for the continuous Fourier transform. In this
case we step through the frequency band in increments of 2x (so that there are
2isteps in levelj). Then F(w)is replaced by the discrete coefficient F,,, , where

Fpuy=2nF(w = 20(2" + 5)) (17.208)
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and the integral in (17.207) becomes the summation
201
Uy oh = Z F,, FseiZu(Z‘ Fa)ki 20 (17.209)
$§=0
because Aw = 2r cancels with 1/2n from (17.208). Also since 2™ = 1 for all
integers k, we are left with the formula
211
Ay = Y Fy €™ k=0t02/ —1. (17.210)
s=0
This is the inverse discrete Fourier transform for the sequence of frequency
coefficients F,,,,, s =010 2/ — 1.
The conclusion is as follows. To compute the wavelet amplitude cocfficients
by a discrete algorithm, we begin by representing f(x) by the discrete sequence
. r=0to N — 1 (where N is a power of 2). Next the FFT is used to compute
the set of (complex) frequency coefficients F,, t =0 to N — 1. Then octave
blocks of F, are processed by the IFFT to generate the amplitudes of the
harmonic wavelet expansion of f,.
For coefficients @,, , ,, we begin from (17.200) rather than (17.199) and instead
of (17.210) this leads to the result that
27—
Ay =9 Fogige ™% k=0to2/ — 1. (17.211)
s=0
The negative index of the frequency coefficient F_,, ., is due to the fact that
this is the discrete equivalent of F(—). Since the discrete Fourier transform
does not have negative indices, but instead replaces F_, by Fy_, (which is
possible because of the circular property of the DFT, see Chapter 10), (17.211)
becomes
21-1
Gy = 9 Fy_(aene 2™ k=0to2/ — 1 (17.212)
s=0
For N = 16, Fig. 17.26 shows the algorithm diagrammatically, for the case
when f, is a real sequence in (a) and for the case when it is complex in (b). In
casc (a) it is not necessary to compute the coefficients a,, ., because these are
just the complex conjugates of a,, ., and so can be written across from the left
half of the transform, as shown.
Computation of the amplitudes a,, and ay,, in the algorithm involve special
cases.
First consider a,. This arises from the discrete equivalent of equations (17.201)
and (17.202). Since

Plx — k) = J- D(w) e Wheox de, (17.213)
(17.201) gives o

£ x 2n .
Gyp = j dx j do O* (@) et f(x)e ™ * = -[ do F(w) e (17 214)

0
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because O(») is cero except for 0 < ¢ < 2, when it is 1 2z, The integral is
covered by a single frequency step of 2x. If the value of I'{w = 0) is represented
by F,, where, from Fig. 17.27, F, = 42F(w = 0), then

A, = For2. (17.125)

Similarly,
g0 = Fo/2 (17.216)

and hence
g = Ay o+ Gy = Fo. (17.217)

Now consider ay,,. This is an element that has not been accounted for in
(17.210) or (17.212), see Fig. 17.26. In order to ensure that Parseval’s thcorem
applies so that an appropriate sum of the wavelet amplitudes squared is equal

N-1
to the mean square of f,, I/N Y. fZ,itis necessary to put ay, = Fy , as shown
r=0
in Fig. 17.26. The reason is as follows. The initial FFT operation, which
M- M1
transforms f, to F,, preserves the mean-square so that Y [F /2 =1/N Y |fl|?
k=0 r=0
(see Problem 10.6(ii)). Each subsequent [FFT operation on octave bands of
F, for k < N/2 (or its complex conjugate on octave bands for k > N,2) similarly

preserves the mean square in octave bands so that, for example,
2. -1 2.~

1/22°¥ ay ol = Y |F,, .l Hence provided that a, = Fy and ay,; = Fy.,
k=0 k=0
we have Parseval’s theorem in the form

n-2 20-1 N-

laolz + Z 1/21‘ Z (|a2'+k|2 + |a,\'—z:-k|2) + la.\«‘/2|2 =1/N Z |fr‘2
j=0 k=0 r=0
(17.218)
[Ful
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Fig. 17.27 Arrangement of the discrete approximations F, of the continuous
Fourier transform F(w) where ¢y = 27k, drawn for a scquence length N = 8
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where N = 2". The summation is made over all levels j = 0 to n — 2, the highest
level n — 2 being the maximum that can be reached with an initial sequence of
length 2". For example in Fig. 17.26 an initial sequence length of 24 = 16 can
provide harmonic wavelet amplitudes at levels —1, 0, 1 and n — 2 = 2 only.
In comparison, had a wavelet derived from a dilation equation been used, levels
up to level n — 1 =3 would be included. This is because, for each j, A pair,
there is one (real) dilation wavelet whereas there are two real harmonic wavelets;
these are the even and odd wavelets that are given by the real and imaginary
parts of the complex harmonic wavelet.

The wavelet amplitude ay,, = Fy,, defines a sequence f, which. from the
inverse discrete Fourier transform, is given by

f=0 -1 1 -1 1 -1 .1 (17.219)

This can be shown (Problem 17.13) to be orthogonal to any arbitrary discrete
harmonic e~ r =0to N — 1, k = 0 to N/2 — 1. Since all discrete harmonic
wavelets involve summations of discrete harmonics, it follows that the sequence
(17.219) is orthogonal to all the discrete harmonic wavelets. Therefore, (17.219)
may be thought of as an additional wavelet at the Nyquist frequency which
extends over the complete sequence length r =0to N — 1.

With this interpretation, the algorithm illustrated in Fig. 17.26 is a fast way
of computing the discrete harmonic wavelet transform. For the inverse
transform, the same algorithm works in reverse, starting at the bottom of the
diagrams in Fig. 17.26 and working upwards instead of downwards.

Mallat’s pyramid algorithm (17.151), for wavelets derived from dilation
equations, is a sequential algorithm in the sense that successive wavelets levels
are computed in sequence (starting from the highest level and working
downwards). In contrast, the FFT algorithm for harmonic wavelets is a parallel
algorithm. The FFT is implemented once for the full sequence and then a second
time, in octave blocks, all of which may be computed simultaneously. For
applications which involve very long sequence lengths, or when real-time
processing is required, that may be a significant advantage.

Programs in MATLAB for the harmonic wavelet transform are given in
Appendix 7. The discrete harmonic wavelet transform a of a sequence f of
length 2" (whose elements may be complex) is computed by the function
hwtdn(f) and its inverse is regained by ihwtdn(¢). The defining matrix A for
the harmonic wavelet map is computed by the function hmapdn( f). In this case
A has n + 1 rows and 2"7% columns (compared with n + 1 rows and 2"~!
columns for the comparable array generated by mapdn( f)). This is because A
is an array whose typical element is |a,, /% + |ay— 5 —4/? and at level y = n — 2
the range of k is k = 0 to 2" 2. For level n — 1, all the elements in row n + 1
are just |ay,l®. Two-dimensional transforms can be set up to use the
one-dimensional transforms twice following the same strategy as that for dilation
wavelets in ware2dn(f,N) and iwaceZdn(f,N).
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Concluding comments

The application of wavelets to vibration analysis is still new. The subject is
developing fast and many questions remain to be answered. For example, what
is the best choice of wavelet to use for a particular problem? How should
wavelet maps be interpreted? How far does the harmonic wavelet’s
computational simplicity compensate for its slow rate of decay in the x-domain
(proportional to x ™ ")? For condition monitoring, the discrete wavelet transform
(using families of orthogonal wavelets) will be competing with time—frequency
methods using the short-time Fourier transform and the Wigner-Ville
distribution (scc Chapter 14). Orthogonal wavelets give fast algorithms and
there is no redundancy: N data points give N wavelet amplitudes. Instead of
a signal’s mean-square being given by the arca under its spectral density curve,
mean-square is given by the volume under a two-dimensional wavelet surface
with time (or distance) as one axis and wavelet level (a measure of frequency)
as the other axis. In contrast, the STFT and Wigner—Ville methods provide
redundant information in the sensc that they provide more information than
would be needed to reconstruct the signal being analysed and the computations
take longer to complete.

[n selecting the new material presented in this chapter, the object has been
to explain wavelet theory in sufficient detail to allow practical calculations to
be made. The harmonic wavelet transform has been worked out only recently
by the author [114a]; it has been included because it appears to offer many of
the advantages of dilation wavelets but at reduced complexity. A further
development allows harmonic wavelets to be defined whose frequency
composition is not restricted to octave bands only. For example, one octave
may be divided into twelve contiguous narrow bands so that the octave gives
rise to twelve different wavelets instead of just one wavelet. This allows greater
discrimination in frequency (at the expense of loss of precision in the physical
domain) and is helpful in some problems [114b]. Time will tell how far these
new methods become part of the vibration engineer’s toolbox.
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Table of integrals used in the
calculation of mean square
responss (Chapter 7)

The following list of integrals of the form
I, =J. | Hy(w)]? dw

where

H(w) = {Bo + (iw)B, + (iw)*B, + - + (iw)"~'B,_,
O E1T A + (04, + ()4, + - + ()yA,

has been derived from previously published results.t The system whose mean
square response is being calculated must be a stable system, and this will only
be the case if the roots A of its characteristic equation

(Ap + 44, + 224, + -+ 1"4) =0

all have negative real parts, i.e. they lie in the left-hand half of the A-plane. An
alternative equivalent condition is that the roots w of

(Ag + (iw)A, + (W)Y A; + -+ + (iw)'d,) =0

must all lie in the upper half of the w-plane. Provided that this condition is
satisfied, then the integrals have the following values.

B
F =1 H =2
orn ’ (@) Ay + iwA,’
nB3
,1 = .
AoAy
B, + iwB,

Forn=2, Hj(w) =

Ay + iwA, — 0?4,

- n{A,B} + A,B}}

1
2 AoA A,

tJames et al. [38] p. 369. Similar results for the cases n = 1 to n = 4 are given in Crandall et al.
[18] p. 72.
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By + iwB, — w*B,
Ay + iwAd; — 0?4, — iw’A,
AoA3(2BoB; — Bf) — AgA Bl — A,4;B5}
AoAs(AoA; — A1 A)) ‘
_ By + iwB; ~— w?B; — iw*B,
T Ap + iwA, — 0?4, — 0’4, + 0°A,
n{AoBY(AoA; — A1A4,) + AgA AJ(2B,By — B3) —
— AoA3 4B} — 2B,B,) + A4Bi(A Ay — Ay45)}
AgA(AoAT + ATA, — A A 4))
B, + iwB, — w’B; ~ iw’B; + w*B,
A, + iwd, — 0?4, — iw Ay + WA, + iw'Ay
n{AoBi(AgAL + AZA, — AgA A5 — A A,4;) +
+ AoAs(2B,B, — B)(A4,4, — AA;) +
+ AgAs(2BoB, — 2B By + B)(AoAs ~ A, A4) +
+ AgAs(2BoB, — BY)(AyA, — A245) +
__* AsBJ(A AL + ATAs — AgA As — A3454,)}
37T AgAg(AZAT — 24,4, AAs — AgA, A A +
+ A AZA, + AZAZ + A AZA, — A ALA44,)
Results for two further cases, n = 6 and n = 7, can be obtained from the
reference quoted.

For n = 3, Hi(w) =

]

="

Forn = 4, H,(w)

I, =

Forn =15, Hiw) =




Appendix 2

Computer programs

Fortran computer subprogramt to calculate the DFT of a
sequence A(1), A(2), A(3), ..., A(NB), where NB=2", by
the FFT method

SUBROUTINE FFT (A,N,NB)
COMPLEX A(NB),UWT
C DIVIDE ALL ELEMENTS BY NB
DO 1 J=1NB
A(J)=A(J)/NB
c REORDER SEQUENCE ACCORDING TO FIG 12.8
NBD2 =NB/2
NBM1=NB-1
J=1
DO 4 L=1NBM1
IF (L.GE.J) GO TO 2
T=A{J))
A(J)=A(L)
A(L)=T
K=NBD2
IF (K.GE.J)GO TO 4
J=J-K
K=K/2
GO TO3
4 J=J+K
C CALCULATE FFT ACCORDING TO FIG 12.5
PI= 3.141532653589793
DO6M=1N
U=(1.0,0.0)
ME=2+*M
K= ME/2
W=CMPLX(COS(PI/K).—SIN(PI/K))
DO 6 J=1K
DO 5 L=J NBME
LPK=L+X
T=A(LPK)*U
A(LPK)= A(L)-T
A(L})=A(L)+T
U=UsW
RETURN
END

-

wN

o,

tAfter Cooley et al. 13]. (Courtesy of the Institute of Electrical and Electronics Engineers, Inc
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The same program in Basic}, using real arithmetic only, to
calculate the DFT of a sequence Ar(1)+iAi(1),
Ar{2)+iAi(2), Ar(3)+1iAi(3), ..., Ar(MNb)+iAi(MNb), where

Nb=2", by the FFT method

1 SUB Fft(Ar(*).Ai(*) N, Nb)
2 | Divide all elements by Nb
3 FORJ=1T
4 Ar(J)=Ar(J)/Nb
5  Ai(J)=Ai(J)/Nb
6 N J
7 | Reorder sequence according to Fig. 12.8
8 Nbd2 =Nb/2
9 Nbm1=Nb—-1
10 J=1
1 FOR L=1TO Nbm
12 IF (L>J; OR (L= J) THEN GOTO 19
13 Tr Ar(J
14 =Ai( ,2
15 5 r(L)
16 A| J)=Ai(L)
17 L)=Tr
18 An Ly=Ti
19 K=Nbd2
20 IF (K>J) OR (K=J) THEN GOTO 24
21 J=J-K
22 K=K/
23 GOTO 20
24 J=J+K
25 NEXT L

26 | Calculate FFT according to Fig. 12.5

27 FORM=1TON

28 Ur=1
29  ui=0
30 Me= 2/\M
3 K=Me/

32 wi= COS(PI/K;(

33 W|=—SIN1(PI/ )

34 FORJ=1

35 FOR L=J TO Nb STEP Me
36  Lpk=L+K

37 Tr=Ar(Lpk)*Ur~ Ai(Lpk)*Ui
38 Ti=Ai(Lpl2uUr+Ar(ka)tUi

39 Aréka;= r(L)—Tr
40  Ai(Lpk)=Ai(L)-Ti
141 Ar(L)=Ar(L)+Tr
42 A(L)=Ai(L)+Ti
43  NEXT L

44 Sr=Ur
45 Ur=UrsWr — UisWi
46 Ui=Ui*Wr+ SrsWi

47  NEXT J
48 NEXTM
49  SUBEND

Notes

1. The programs calculate

lNl

Xo=— 3 x,e” %M} =0,1,2,..

NrO

using the FFT algorithm described in Chapter 12.

1The version used is HP-enhanced Basic.

SN -1, (10.8)
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2. The names of some program variables differ from the mathematical symbols
adopted in the text. They are related as follows:

Fortran Basic Mathematical
variable variable symbol used in
name name the text
N N n
NB Nb N=2"
Program input

Ar(J) Real part of x,
A() X,

Ai(J) Imaginary part of x,
Program output

Ar(J) Real part of X,
AW) X

Ai(J) Imaginary part of X,
J=12,..,.NB J=12,..,Nb r,k=0,1,..,N—1

3. The programs will accept an input sequence, y,,r =0,1,2,...,N — 1, whose
elements are complex. For vibration analysis, when y, is derived by sampling
a record of a continuous random variable, the elements of y, are all real and
the elements of the input array have zero imaginary parts. Then the input
array is as follows:

Fortran program Basic program
A(1)=CMPLX(x,,0) Ar(l)=x,
Ai(1)=0
A(2)=CMPLX(x,,0) Ar(2)=x,
Ai(2)=0
A(NB)=CMPLX(xx_,,0) Ar(Nb)=xy_,
Ai(Nb)=0

4. In the Fortran program, the output array A(1), 4(2), A(3), ..., A(NB) is the

series of complex numbers X, X, X, ..., Xy_, wWhich is the required DFT.

In the Basic program, the output array Ar(1), Ar(2), Ar(3),..., Ar(Nb) gives

the real parts and the output array Ai(l), Ai(2), Ai(3), ..., Ai(Nb) gives the
imaginary parts of the required DFT, X,, X;, X3, ..., Xn-y-

5. Toconvert the programs to calculate the inverse DF T according to equation
(10.9), the following changes are needed.
For the Fortran program, lines, 3, 4 and 5 of the program have to be
deleted (so that the division of all elements by NB is eliminated), and the
program line which is 10 from the bottom has to be changed to
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W =CMPLX(COS(PI/K),SIN(P1/K))
(so that the negative sign in front of the SIN term is eliminated).
For the Basic program, lines 2-6 have to be eliminated (so that the division
of all elements by Nb is eliminated) and line 33 has to be altered to read
Wi=SIN(PI/K)
(so that the negative sign is eliminated).

Fortran computsr subprogram to calculate the DFT of a
two-dimensicnal complex array C{J,K) of order NB1 x NB2
where NB1=2" and NB2=2"? by using the subprogram FFT
listed above

SUBROUTINE D12FFT(A,B.C.N1,N2,NB1,NB2)
COMPLEX AéNBﬂ ,B(NB2),C(NB1,NB2)
DO 2K
DO 1 J 1 NBZ
1 B J)=
LL F (B N22 .NB2)

The same program in Basic, using real arithmetic onily, to
calculate the DFT of a twe-dimensional array

Cr{J,X)+i Ci{J,X) of order Mb1 x Mb2 where Mb1 =2" and
Nb2 = 2" by using the subprogram Fft listed above

-

SuUB D12f‘h(Ar *), AI? ; Br(*).Bi(*),
Cr(+),Ci{+),N1,N2,Nb1,Nb2)

FOR K=1TO Nb1

FOR J=1 TO Nb2

Br J;:Cr(K,J)

8i(J) = Ci(K.J)

NEXT J

CALL Fﬁ(Br(') BI(*) N2,Nb2)

FOR J=

Cr(K, J; Br(J)

Gi(K.J}=Bi(J)

NEXT J

NEXT K

FOR K=1 TO Nb2
FOR J=1 TO Nb1
Ar J{=Cr(J,K)

Ai3 =Ci(J.K)
NEXT J

CALL Fh(Ar( AI(“) N1,Nb1)
FOR J=1TO

Cr(J. K; Ar(J)
Clg;. =Ai(J)
NEXT J

NEXT K
SUBEND

NNNNN == aa -
BWN=2COONOORWN=OOONDNEWN
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MNotes

6. These programs calculate
1 N{—1N,-1
Ym — Vrs e—iZn(kr/Nl+nu/Nz) (1511)
= NNs 2 Ly
k=0,1,2,..,N, -1
m=0,1,2,..,N,—1

by calling the appropriate FFT subprogram given above.

7. The names of the program variables are related to the mathematical symbols

as follows:
Fortran Basic Mathematical
variable variable symbol used in
name name the text
N1 N1 n,
N2 N2 n,
NBI1 Nbl1 N =2
NB2 Nb2 N, =2m
Program input

Cr(J,K) Real part of y,,
CUJ,.K) Vrs

Ci(J,K) Imaginary part of y,,
Program output

Cr(J,K) Real part of Y,
CU.K) Yim

Ci(J,K) Imaginary part of Y,

=1,2,..,NBI J=1,2,...,Nbl rnk=0,1,....,N, - 1

J
K=12..,NB2 K=12,..,Nb2 ssm=0,1,..,N, -1

8. For the Fortran program, the dimensions of the complex arrays are A(NB1),
B(NB2) and C(NB1,NB2) where NBl =2 and NB2 = 2" The input
sequence y,,,r =0,1,2,..., N, —1.s=0,1,2,..., N, — 1, is entered as the
complex array C(J, K), where J ranges from 1 to NB1 and K rangesfrom { to
NB2. Usually the elements of y,, will be real so that the imaginary parts of the
input array C(J, K) will be zero. The one-dimensional array A(J) is used to
store each column and B(K) each row of C(J,K) during the calculation.
These must be dimensioned in the calling program but have no data input to
or output from the subprogram.

For the Basic program, the dimensions of the arrays are Ar(Nbl), Ai(Nbl),
Br(Nb2), Bi(Nb2), Cr(Nb1,Nb2) and Ci(Nbl,Nb2) where Nbl = 2" and
Nb2 = 2" The real parts of the input sequence y,.,r=0,1,2,..., N, — 1,
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11.
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s=0,1,2,..., N, — 1, are stored in the array Cr(J,K) and the imaginary
parts of the input sequence in the array Ci(J,K), where J ranges from 1 to
Nbl and K ranges from 1 to Nb2. Usually the imaginary parts of the input
sequence will be zero. The one-dimensional arrays Ar(J) and Ai(J) are used
to store each column and Br(K) and Bi(K) each row of Cr(J,K)and Ci(J,K)
during the calculation. They must be dimensioned in the calling program but
have no data input to or output from the subprogram.

. In the Fortran program, the two-dimensional array Y, k=0, 1,2, ...,

N, - 1,m=0,1,2,...,N, — 1,which is the required two-dimensional DFT,
is returned in the complex array C(NB1,NB2).

In Basic program, the two-dimensional output array Y,,, k =0,1,2,...,
N, —1,m=0,1,2,...,N, — 1, which is the required two-dimensional DFT,
is returned with its real parts in Cr(Nb1,Nb2) and its imaginary parts in
Ci(Nb1,Nb2).

In order to convert these programs to calculate the two-dimensional inverse
DFT, it is necessary to change lines 6 and 12 of the Fortran program and lines
7 and 18 of the Basic program to call a one-dimensional inverse FFT
subprogram, which may be obtained from the appropriate one-dimensional
FFT listed above by making the alterations given in Note 5.

The programs listed in this appendix have been tested on a range of problems
for which they have worked correctly. However, their accuracy is not
guaranteed and no responsibility can be accepted by the author or the
publishers in the event of errors being discovered in the programs.
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The Gaussian probability integral

Prob (x > X) = (Shaded Area) = p(x)dx
JX
= [ 1 e—(x-m)‘/Zazdx
r
© l - 2/2
= —=e ¥ltdz = (Z a
]2 \/ﬂe z = IZ) (say)

where Z = X - m

The integral I(Z) is tabulated opposite for values of Z from 0 to 4-99 (correspond-
ing to values of X from X = m to X = m + 4-99¢). Values of the integral for
Z < 0 can be deduced from the symmetry of the Gaussian curve, as follows:

pix) d d

[
m

Prob (x > X,) =1 — Prob(x < X,)
1 — Prob(x > X,)

I — K2)

X,—m m-—-X,
¢ = o

where Z=
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z 0 1 2 3 4 5 6 7 8 9

00 | © 50000 49601 49202 48303 48405 48006 47608 47210 46812 46414
o1 46017 45620 45224 44828 44433 44038 43644 43251 42858 42445
02 42074 41683 41294 40905 40517 40129 39743 39358 38974 3859
03 38209 37828 37448 37070 36693 36317 35942 35569 35197 34827
04 34458 34090 33724 33360 32997 32636 32276 31918 31561 31207
05 30854 30503 30153 29806 29460 29116 28774 28434 28096 27760
06 27425 27093 26763 26435 26109 25785 25463 25143 24825 24510
07 24196 23885 23576 23270 22965 22663 22363 22065 21770 21476
08 21186 20897 20611 20327 20045 19766 19489 19215 18943 18673
09 18406 18141 17879 17619 17361 17106 16853 16602 16354 16109
1-0 15866 15625 15386 15151 14917 14686 14457 14231 14007 13786
11 13567 13350 13136 12924 12714 12507 12302 12100 11900 11702
12 115Q7 11314 11123 10935 _ 10749 10565 _ 10383 10204 10027 (98525
1-3 00 96800 95098 93418 91759 90123 88508 86915 85343 83793 82264
14 80757 79270 77804 76359 74934 73529 72145 70781 69437 68112
15 66807 65522 64255 63008 61780 60571 59380 58208 57053 55917
16 54799 53699 52616 51551 50503 49471 48457 47460 46479 45514
1-7 44565 43633 42716 41815 40930 40059 39204 38364 37538 36727
18 35930 35148 34380 33625 32884 32157 31443 30742 30054 29379
19 28717 28067 27429 26803 26190 25588 24998 24419 23852 23295
20 22750 22216 21692 21178 20675 20182 19699 19226 18763 18309
21 17864 17429 17003 16586 16177 15778 15386 15003 14629 14262
22 13903 13553 13209 12874 12545 12224 11911 11604 11304 11011
2:3 10724 10444 10170 {99031 96419 93867 91375 88940 86563 84242
2:4 00 81975 79763 77603 75494 73436 71428 69469 67557 65691 63872
25 62097 60366 58677 57031 55426 53861 52336 50849 49400 47988
2:6 46612 45271 43965 42692 41453 40246 39070 37926 36811 35726
27 34670 33642 32641 31667 30720 29798 28901 28028 27179 26354
28 25551 24771 24012 23274 22557 21860 21182 20524 19884 19262
29 18658 18071 17502 16948 16411 15889 15382 14890 14412 13949
30 13499 13062 12639 12228 11829 11442 11067 10703 10350 _ 10008 _
31 003 96760 93543 90426 87403 84474 81635 72835 76219 73638 71136
32 68714 66367 64095 61895 59765 57703 55706 53774 51504 50094
33 48342 46648 45009 43423 41889 40406 38971 37584 36243 34946
34 33693 32481 31311 30179 29086 28029 27009 26023 25071 24151
3-5 23263 22405 21577 20778 20006 19262 18543 17849 17180 16534
36 15911 15310 14730 14171 13632 13112 12611 12128 11662 11213
37 10780 10363 {99611 95740 92010 88417 84957 81624 78414 75324
38 00" 72348 69483 66726 64072 61517 59059 56694 54418 52228 50122
39 48096 46148 44274 42473 40741 39076 37475 35936 34458 33037
40 31671 30359 29099 27888 26726 25609 24536 23507 22518 21569
41 20658 19783 18944 18138 17365 16624 15912 15230 14575 13948
42 13346 12769 12215 11685 11176 10689 _ 10221 {97736 93447 89337
43 00% 785399 81627 78015 74555 71241 68069 65031 62123 59340 56675
44 54125 51685 49350 47117 44979 42935 40980 39110 37322 35612
45 33977 32414 30920 29492 28127 26823 25577 24386 23249 22162
46 21125 20133 19187 18283 17420 16597 15810 15060 _ 14344 13660
47 13008 _ 12386 11792 11226__ 10686 __ 10171 {96796 92113 87648 83391
48 00 79333 75465 71779 68267 64920 61731 58693 55799 53043 50418
49 47918 45538 43272 41115 39061 37107 35247 33476 31792 301%0

Reproduced by permission from Fisher et al. [28].
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Distribution of xZ

p(X2)

Y X x:X%

Prob (y > X) = (Shaded Area) = j I *xI2=1) g =x/2 gy

x 22 T(K/2)
(see problem 9.3)
= I(X,K).

The table gives values of X when the number of degrees-of-freedom « (left-hand
side) and the value of the integral I (along the top) are specified.
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Prob (/! > X)

099 098 095 09 080 070 0S0 030 020 010 005 002
1 [00%157 00%28 000393 00158 00632 0148 0455 1074 1642 2706 3841 s412
2| 00201 00408 0103 0211 0446 0713 1386 2408 3219 4605 5991 7824
3| o11s 0485 0352 0584 1005 1424 2366 3665 4642 6251 71815 9817
4| 0297 0429 0711 1064 1649 2195 3357 4878 5989 7779 9488 |, ees
S| 055 0752 1145 1610 2343 3000 4351 6064 7289 9236 11070 338y
6| 0872 1134 1635 2204 3070 3828 5348 723F 8558 10645 12592 15033
7| 1239 1564 2167 2833 3822 4671 6346 8383 9803 12017 14067 16622
8| 1646 2032 2733 3490 4594 $527 7344 9524 11030 13362 15507 15168
9| 2088 2532 3325 4168 5380 6393 8343 10656 12242 13684 16919 19679
10| 2558 3059 3940 4865 6179 7267 9342 11781 13442 15987 18307 2) 161
11| 3053 3609 4575 S5578 6989 B148 10341 12899 14631 17275 19675 22618
12] 3571 4178 5226 6308 7807 9034 11340 14011 15812 18549 21026 24054
13| 4107 4765 5892 7042 B634 9926 12340 15119 16985 19812 22362 25472
14| 4660 5368 6571 7790 9467 10821 13339 16222 18151 21064 23685 26873
15| 5229 5985 7261 8547 10:307 11720 14339 17322 19311 22307 24996 28 259
16| 5812 6614 7962 9312 11152 12624 15338 18418 20465 23542 26296 29633
17| 6408 7255 8672 10085 12002 13531 16338 19511 21615 24769 27587 30995
18| 7015 7906 9390 10865 12857 14440 17338 20601 22760 25989 28869 32 346
19 | 7633 8567 10117 11651 13716 15352 18338 21689 23900 27204 30144 33687
20 | 8260 9237 10851 12443 14578 16266 19337 22775 25038 28412 31410 35020

x
E 21| 8897 9915 11591 13240 15445 17182 20337 23858 26171 29615 32671 36143
T 22| 9542 10600 12338 14041 16314 18101 21337 24939 27301 30813 33924 37659
E 23| 10196 11293 13091 14848 17-187 19020 22337 26018 28429 32007 35172 38968
5 24 | 10856 11992 13848 15659 18062 19943 23337 27096 20553 33196 36415 40270
§ 25| 11524 12697 14611 16473 18940 20867 24337 28172 30675 34382 37652 41 566

o0
S 20| 12198 13409 15379 17292 19829 21792 25336 29246 31795 35563 38885 42856
T 27 | 12879 14125 16151 181148 2070 22719 26336 0 MY 32912 36741 40113 44140
B 2| 13565 14847 16928 18939 21583 23647 27336 31391 34027 37916 41337 45419
€ 29 [ 1425 15574 17708 19768 22475 24577 28336 32461 35139 39087 42557 46693
3 30 | 14953 16306 18493 20599 23363 25508 29336 33530 36250 40256 43773 47962
32 | 16362 12783 20072 22271 25148 27373 31336 35665 38466 42585 46194 50487
34 | 17789 19275 20664 23952 26938 29242 33336 37795 40676 44903 48602 52995
36 | 19233 20783 23269 25643 28735 31115 35336 39922 42879 47212 50999 55 4%9
38 | 20690 22304 24%¥84 27343 30537 32992 37335 42045 45076 49513 53384 57969
40 | 22163 23838 26509 29051 32345 34872 39335 44165 47269 51805 55759 60436
42 | 23650 25383 28144 30765 34157 36775 41335 46282 49456 54090 58124 62892
44 | 25148 26939 29787 32487 35974 38641 43335 48396 51639 56369 60481 65137
46 | 26657 28504 31439 34215 37795 40529 45335 S0SO7 S3SI8 S864l 62830 61771
48 | 28177 30080 33098 35949 39621 42420 47335 52616 55993 60907 65171 10197
S0 | 29707 31664 34764 37689 41449 44313 49335 54723 S8164 63167 67505 72613
52 | 31246 33256 36437 39433 43281 46209 SI335 56827 60332 65422 69832 25021
54 | 32793 34856 38116 41183 45117 48106 $333S 58930 62496 67673 72153 77422
56 | 34350 36464 39801 42937 46955 S0005 S5335 61031 64658 69919 74468 79815
58 | 35913 38078 41492 44696 48797 51906 57335 63129 66816 72160 76778 82201
60 | 37485 35699 43188 46459 50641 S3}BO9 $9 335 65227 68972 74397 79082 84 580
62 | 39063 41327 44889 48226 52487 55714 61335 67322 71125 76630 81 38! 86953
64 | 40649 42960 46595 49996 54336 57620 63335 69416 73276 78860 83675 89320
66 | 42240 44599 48305 51770 56188 59527 65335 71508 75424 81085 85965 91681
68 | 43838 46244 50020 53548 SBO042 61436 67335 73600 77571 83308 88250 94037
70 | 45432 47893 51739 55329 59898 63346 69334 75689 79715 85527 90531 96 KR

Y
6635
9210
t1345
13277
15086

16812
18475
20090
21 666
23209

24725
26217
27688
29141
30578

32000
33409
34 805
36191
37566

38932
40-289
41638
42980
44314

45 642
46963
4% 278
49 SR8
50 %92

53486
56061
8619
61162
63691

66 206
68 710
71 201
73683
76 154

78616
81 069
K1513
85950
88379

90802 I
93217 1
95626 1
98028 I
100425 !

For odd values of x between 3G and 70 the mean of the tabular values for x — 1 and x +

Reproduced by permission from Fisher et afl {28].

| may be taken
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Random numbers

The table gives 1250 two-figure random numbers and may be used to generate
random sequences of digits 0 to 9. Select any row, column or diagonal (in
advance of looking at the numbers) and read the digits as they occur (see
problem 13.4).
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03 47 43 73
97 74 24 67
16 76 62 27
12 56 85 99
55 59 56 35

16 22 77 94
84 42 17 53
63 01 63 78
33211234
57 60 86 32

18 18 07 92
26 62 38 97
23 42 40 64
52 36 28 19
37 8594 35

70 29 17 12
56 62 18 37
99 49 57 22
16 08 15 04
31 16 93 32

68 34 30 13
74 57 25 65
27 42 37 86
00 39 68 29
29 94 98 94

16 90 82 66
11 27 94 75
35241016

31 96 25 91
66 67 40 67

68 05 51 18
20 46 78 73
64 19 58 97

05 26 93 70
, 07 97 10 88
68 71 86 85
26 99 61 65
14 65 52 68

17 53 77 58
90 26 59 21
41 23 52 5§
60 20 50 81
91 25 38 05

34 50 57 74
85 22 04 39
09 79 13 77
83 75 80 18
90 96 23 70

36
62
66
26
64

39
3
59
29
44

36 96
42 81
56 SO
96 96
38 54

49 54

57 24
16 95

2
39 00

47 36 61
14 57 20
26 71 07
68 27 31
82 46 22

66 47 54
78 80 70
36 22 41

61 50 72
2333 12
49 69 96
73 68 68
28 41 36

33 00 91
53 94 79
97 22 21
75 42 49
03 06 %0

33 62 46
05 03 27
39 32 82
55 85 78

Reproduced by permission from Fisher et al. {28].

33 26
27 07
13 55
57 12
06 18

87 35
21 76
12 86
15 51
90 52

06 76
20 14
32 98
30 22
54 42

17 76
70 33
04 43
12 72
52 85

04 33
13 58
96 46
10 45
34 25

60 47
76 70
16 92
40 01
00 52

76 83
22 98
59 33
39 54
30 78

59 56
06 51
44 95
3217
13 08

44 95
07 02
13 41
24 30
90 35

74 94
08 31
72 89
02 48
94 37
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Distribution of reverse
arrangements for a random series

In a series of N terms, all of which are assumed to be derived from a continuous
series and therefore be different, a reverse arrangement can be defined as
occurring:

either (i) when the value of a term in the series is greater than a later term in
the series,

or (1)) when the value of a term in the series is less than a later term in the
series.

Forarandom series of N terms, i.e. a series in which the order of terms is random,
the probability P of there being not more than ¢ reverse arrangements (defined
according to either of the above two definitions) has the following values:
(see problem 14.4)

N=S5 N=6 N=17 N =8 N=9 N =10 N=12
c P c P c P ¢ P ¢ P 4 P c P
0 0008 0 0-00t 1 0001 2 0001 4 000t 6 0001 12 0002
1 0042 t 0008 2 0005 3 0003 5 0003 7 0002 14 0004
2 0117 2 0028 3 0015 4 0007 6 0006 8 0005 16 0010
3 0242 3 0068 4 0035 5 0016 7 0012 9 0008 18 0022
4 0408 4 0136 5 0068 6 0-031 8 0022 10 0014 20 0043
5 0592 5 0235 6 0119 7 0054 9 0038 11 0023 21 0058
6 0758 6 0360 7 0191 8 0089 10 0060 12 0036 22 0076
7 0-883 7 0-500 8 0281 9 0138 1t 0090 13 0054 23 0098
8 0958 8 0640 9 0386 10 0199 12 0130 14 0078 24 0125
9 0992 9 0765 10 0500 1t 0274 13 0179 15 0108 25 0155
10 1000 10 0864 11 0614 12 0360 14 0-238 16 0-146 26 0190
11 0932 12 0719 13 0452 15 0-306 17 0190 27 0230
12 0972 13 0809 14 0-548 16 0381 18 0242 28 0273
13 0992 14 0881 15 0-640 17 0460 19 0300 29 0319
14 0999 15 0932 16 0726 18 0-540 20 0364 30 0369
15 1-000 16 0965 17 0-801 19 0619 21 0431 31 0420
17 0985 18 0862 20 0694 22 0500 32 0473
18 0995 19 091t 21 9762 23 0569 33 0527
15 0999 20 0946 22 0821 24 0636 34 0-580
21 1-000 21 0969 23 0870 25 0-7C0 35 0631
22 0984 24 0910 26 0-758 36 0681
23 0993 25 0940 27 0810 37 0727
24 0997 26 0962 28 0854 38 0770
25 0999 27 0978 29 0-892 39 0810
28 1-000 28 0988 30 0922 40 0845
29 0994 31 0-946 41 0875
30 0997 32 0964 42 0902
31 0999 33 0977 43 0924
36 1000 34 0986 44 0942
35 0992 45 0957
36 0-995 46 0969
The last value of ¢ 37 0998 48 0984
in each column gives 38 0999 50 0993
the maximum possible 45 1-000 52 0997
number of reverse 54 0999

arrangements. 66 1-000
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N =14 N =16 N =18 N=2 N =24 N =27 N =130
c P c P c P c P c P c P c P

18 0001 28 0002 36 0001 60 0-003 80 0002 104 0001 136 0002
20 0002 32 0006 40 0003 64 0007 88 0006 112 0004 144 0004
22 0005 34 0010 44 0007 68 0-013 92 0011 120 0010 152 O010
24 0010 36 0016 48 0016 72 0024 96 0019 128 0025 160 0021
26 0018 38 0026 50 0024 74 0032 100 0031 136 0052 168 0-040
28 0031 40 0039 52 0034 76 0043 104 0048 140 0073 176 0072
30 0051 42 0058 54 0048 78 0055 108 0072 144 0099 180 0094
32 0079 44 0083 56 0-066 80 0070 112 0104 148 0132 184 0121
33 0096 46 0114 58 0088 82 0088 114 0123 152 0170 188 0152
34 0117 48 0153 60 0115 84 0109 116 0145 154 0192 192 0188
35 0140 49 0175 62 0-147 8 0134 118 0169 156 0216 196 0228
36 0165 50 0199 64 0184 88 0162 120 0195 158 0241 200 0274
37 0194 51 0225 66 0227 90 0193 122 0223 160 0268 202 0298
38 0225 52 0-253 68 0275 92 0-228 124 0254 162 0296 204 0323
39 0259 53 0282 70 0327 94 0265 126 0286 164 0325 206 0349
40 0295 54 0313 71 0354 96 0306 128 0320 166 0-355 208 0375
41 0334 55 0345 72 0383 98 0349 130 0-356 168 0386 210 0402
42 0374 56 0-378 73 0411 100 0394 132 0394 170 0418 212 0430
43 0415 57 0-412 74 0441 102 0-441 134 0432 172 0451 214 0458
44 (457 58 0-447 75 0470 103 0-464 136 0471 174 0-484 216 0486
45 0500 59 0-482 76 0500 104 0488 137 0490 175 0500 217 0500
46 0543 60 0518 77 0530 105 0512 138 0510 176 0516 218 0514
47 0585 61 0553 78 0559 106 0536 140 0549 178 0549 220 0-542
48 0626 62 0-588 79 0-589 108 0-583 142 0-587 180 0-582 222 0570
49 0-666 63 0622 80 0617 110 0629 144 0625 182 0614 224 0598
50 0705 64 0-655 81 0646 112 0673 146 0662 184 0645 226 0-625
51 0741 65 0687 82 0673 114 0715 148 0697 186 0675 228 0-651
52 0775 66 0718 84 0725 116 0754 150 0730 188 0-704 230 0677
53 0806 67 0747 86 0773 118 0790 152 0762 190 0732 232 0-702
54 0835 68 0775 88 0816 120 0-:823 154 0791 192 0759 236 0-749
55 0860 69 0801 90 0-853 122 0853 156 0819 194 0784 240 0-792
56 0883 70 0-825 92 0885 124 0879 158 0844 196 0808 244 0831
57 0904 71 0847 94 0912 126 0902 160 0866 198 0-830 248 0864
58 0921 72 0-867 96 0934 128 092t 162 0887 200 0850 252 0-893
60 0949 74 0903 98 0952 130 0938 164 0905 204 0885 256 0917
62 0969 76 0930 100 0966 132 0951 168 0934 208 0915 260 0937
64 0982 78 0952 102 0976 134 0963 172 0956 212 0938 264 0953
66 0990 80 0968 104 0984 136 0972 176 0972 216 0956 272 0975
68 0995 82 0979 108 0993 140 0985 180 0983 224 0980 280 0988
70 0998 84 0987 112 0997 144 0992 184 0990 232 0992 288 0995
72 0999 88 0996 116 0999 148 0996 188 0994 240 0997 296 0998
91 1-000 120 1-:000 153 1-CCO 210 1000 276 1000 351 1000 435 1-000

Similar results for values of N up to 20 are given in Kreyszig [45], Table 55 p. 840.
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Wavelet programs

This appendix provides computer programs to calculate and display wavelet
transforms using the methods described in Chapter 17.

It has been found convenient to program in the language of MATLAB"*.
This is an interactive software package for scientific and engineering numerical
computation which uses matrices that do not require dimensioning. Readers
who wish can reprogram in Fortran or another basic level language, but the
resulting programs are more cumbersome. MATLAB has been developed by
and is a registered trade mark of The MathWorks Inc. Details of how to obtain
it are given at the end of the book.

An M-file is the name given in MATLAB to a subprogram of normal
MATLAB statements which are executed by a single-line command. The M-files
here are function files in which arguments are passed from and to the main
program; variables that are defined and used inside a file remain local to that
file and do not operate globally on the main program. There are ten M-files:

function a=wavedn(f,N)

to compute the wavelet transform a of an array f of 2" elements (2 an
integer) using a wavelet with N coefficients

function f=iwavedn(a,N)

to compute the inverse wavelet transform f of an array a of 2" elements
(n an integer) using a wavelet with N coefficients

function A =displayn(f,N)

to compute and display the one-dimensional wavelet transform of an
array f of 2" elements (17 an integer); each row of A (of order n+1
rows and 2" columns) gives the contribution to the reconstructed signal
of each level of the wavelet transform

function A=mapdn(f,N)

to compute the two-dimensional array A which defines the
mean-square wavelet map of function f; the function f has length 2,
the wavelet has N coefficients and the order of A is n41 rows and
20~V columns

*MATLAB 15 a registered trademark of The MathWorks Inc.
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function A=wave2dn(F,N)

to compute the wavelet transform A of a two-dimensional array £
using a wavelet with N coefficients; the orders of A and F are b:om

2" x 2" (nl and n2 integers)

function F=iwave2dn(A,N)

to compute the inverse wavelet transform F of a two-dimensional array
A using a wavelet with N coefficients; the orders of A and F are both
2" % 2"2 (nl and n2 intcgers)

function ¢c=dcoeffs(N)

to compute the array of N coeflicients (N even) required by the wavelet
transform; called by the above functions

function a=hwtdn(f)

to compute the harmonic wavelet transform a of an array f of 2"
clements {1 an integer)

function f=ihwtdn(a)

to compute the inverse harmonic wavelet transform f of an array a
of 2" elements (n an integer)

function A=hmapdn(f)

to compute the two-dimensional array A which defines the
mean-square harmonic wavelet map of function f; the function [ has
length 2" and the order of A is n + 1 rows and 2 2 columns

A description of each M-file, giving its purpose, calling statement, algorithm,
source reference and limitations, is given below, followed by the program listing.

Legal disciaimer

These M-files have been tested on a range of problems for which they are
believed to have worked correctly. However, their accuracy is not guaranteed
and no responsibility can be accepted by the author or the publishers in the
event of errors being discovered in the programs. We make no warranties,
express or implied, that the programs are free from error, or are consistent with
any particular standard of merchantability, or that they meet any particular
requirements. They should not be relied upon for solving a problem whose
incorrect solution could result in injury to a person or loss of property. The
application of these programs is at the user’s own risk and the author and
publisher disclaim all liability for damages, whether direct, incidental or
consequential, arising from such application or any other use of the material
in this book.
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Copyright

The text of this book, including the computer program listings, is protected by
copyright. Purchasers of the book are authorized to make one machine-readable
copy of each program for their own use. Distribution of the programs to any
other person is not authorized. Information about purchasing additional copies
of the programs is given at the back of the book.

wavedn, iwavedn

Purpose:

Wavelet transform and its inverse
Synopsis:

a=wavedn(f,N)
f=iwavedn(a,N)

Description:

wavedn(f,N) returns an array whose elements are the wavelet transform
of the sequence of elements in f. The analysing wavelet has N coefficients
where N is even. iwavedn(a,N) is the inverse transform.

Algorithm:

Mallat’s pyramid algorithm (Mallat [110]; Strang [115]) adapted for a
circular transform, see Chapter 17.

Limitations:

It is necessary for the sequence f to have 2" elements (n an integer); its
transform a also has 2" elements. The wavelet’s coefficients are imported
from the M-file dcoeffs(N) which is restricted to even values of N in the
range 2 to 20.

If f is complex, so that f =fr +i*fi, the wavelet transform a is also complex
so that a=ar+i*ai where ar is the transform of fr and ai is the transform
of fi, and vice versa.

function a =wavedn(f,N)

%

% Copyright (c) D. E. Newland 1992
% All rights reserved

%

M =length(f);
n=round({log{M)/log(2)};

c =dcoeffs(N);

clr =fliplr(c);

for j=1:2:N-1, clIr(j) =-clr(j); end
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a=f;
for k=n:-1:1
m=2"(k-1);

x=[0} y =[O0k
fori=1:1:m
forj=1:1:N
kijy=2*i-2 +j;
while k(j)>2*m, k{j} =k(j)-2*m; end
end
z=alk);
[mr,nc] =sizelz);
ifnc>1,z=z."; end
x({i)=c*z;
yli)=clr*z;
end
x=x/2; y=v/2;
all:m)=x;
alm+1:2*m)=y;
end

function f=iwavedn(a,N}

%

% Copyright (c) D. E. Newland 1992

% All rights reserved

%

M =length(a);

n=round(log(M)/log(2));

c=dcoeffs(N);

fl1y=al1);

for j=1:1:N/2
c1(1,j)=-c(2*});
c1(2,j) =c{2*-1);
c2(1,j)=ciN-2%j+1);
c2(2,j)=c(N-2*j+2);

end

fork=1:1:n
m=2%(k-1);
fori=1:1:m

for j=1:N/2

k(l=m+i-N/2 +j;

while k(jj<m+ 1, kij) =k(j)+m; end
end
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z=a(k); [mr,nc] =size(z); if nc>1, z=2."; end
x(2*-1:2*%)) =c1*z;
zz =flk-m); [mr, nc}=sizelzz); if nc>1, zz=22."; end
xx(2*i-1:2*i) =c2*zz;
end
f(1:2*m) =x + xx;
end

displayn
Purpose:

To display the reconstruction of a (real) signal from its wavelet transform.

Synopsis:
A=displayn(fN)

Description:

Uses a =wavedn(f,N) to compute the wavelet transform of f which is a
sequence of length 2"; then iwavedn(b,N) is used repeatedly to generate
successive rows of the matrix A which has n + 1 rows and 2" columns.
Row 1 1s the level —1 reconstruction (always a constant), row 2 is the
level O reconstruction, row 3 the level 1 reconstruction and so on. All the
rows of A added together regenerate the original signal f. The results are
plotted for examination.

Algorithm:
The wavelet transform a is partitioned into # + 1 adjacent subarrays of
length 1, 1, 2, 4, 8, 16, ..., 2"~V elements. Each array b of length 2"
consists of a null matrix except for an embedded subarray from a. The
corresponding level of the reconstruction of f is obtained by computing
iwavedn(b,N). A detailed description is given in Chapter 17.

Limitations:
Restricted to even values of N in the range 2 to 20. The signal f must have
only real clements. Plotting instructions are for MATLAB version 3.
Example:
f=[-9 -7 4 4 4 12 2 €]

A — Aienlaun(f 2\
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gives

A= 2 2 2 2 2 2 2 2
-4 -4 -4 -4 4 4 4 4
-6 -6 6 6 2 2 -2 -2
-1 1 0 0 -4 4 -2 2

function A =displayn{f,N)
%
% Copyright {c) D. E. Newland 1952
% All rights reserved
%
M =length(f);
n =round{log(M)/iog(2}};
subplot{211)
plot(f), grid, title(’signal t')
a =wavedn(f,N);
plot{a}, grid, title(['wavelet transform wavedn(f,’,int2str{N),"}'})
xlabel{"PRESS TO CONTINUE ... AND WAIT PLEASE’)
pause
%
b=2zeros(1,M);
b(1)=a(1);
A(1,:} =wavedn(b,N);
fori=2:1:n+1
b =zeros(1:M);
b(27(i-2) + 1:27(i- 1)) = a(27(i-2) + 1:27(i-1));
Ali,:) =iwavedn(b,N);
end
%
i=0;
fori=1:1T:n+1
plot{Ali,:)},grid, title(['wavelet level *,int2str(i-2)])
j=j+1;if j= =2, xlabel("PRESS TO CONTINUE’), pause, j=j-2; end
end
plot{sum(A)),grid, title{’'Reconstructed signal: all levels added’)
xlabel(’PRESS TO CONTINUE'}
pause
clg, subplot{111)
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mapdn
Purpose:

Computes a two-dimensional array A which defines the mean-square map
for a one-dimensional function f.

Synopsis:
A=mapdn(f,N)

Description:

Uses a=wavedn(f,N) to compute the wavelet transform of f which is a
sequence of length 27; then reorders and arranges the square of the elements
(1:2") to form the two-dimensional array A which has (n + 1) rows and
2=V columns; the volume under this surface is proportional to the
mean-square value of f.

Algorithm:
The elements of the wavelet transform a are reordered according to the
strategy described in Chapter 17 so that when the matrix A is formed each

clement (squared) is located at the centre of the wavelet 1t represents. The
location of the elements (before reordering) is as shown in Fig. 17.18.

Limitations:

Restricted to even values of N in the range 2 to 20.

Example:

f=[-9 -7 4 4 4 12 2 6]
A=mapdn(f,2)
gives
A= 4 4 4 4
16 16 16 16
36 36 4 4

1 0 16 4

function A =mapdn(f,N)}

%

% Copyright (¢} D. E. Newland 1992
% Ali rights reserved

%

M =length(f);
n=round(log(M}/log{2});
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a=wavedn{f,N);
b(1)=al(1); b(2)=a(2);
for j=1:n-1
for k=1:2%
index=2%+k +N/2-1;
while index> 2%(j+ 1), index =index-2"j; end
blindex) =a(27] +k);
end
end
a=b;
forj=1:2"(n-1)
All,j)=al1);
end
forj=2:n+1
for k=1:2%(j-2)
for m=1:2"(n-j+ 1)
Al (k-1)*2%(n-j + 1) + m) =a(27(j-2) + k);
end
end
end
A =A.*conj(A);

wave2dn, iwave2dn
Purpose:

Two-dimensional wavelet transform and its inverse.

Synopsis:
A=wave2dn(F,N)
F=iwave2dn(A,N)

Description:

wave2dn(F,N) returns a matrix whose elements are the wavelet transform
of the elements in F. The analysing wavelet has N coefficients where N is
even. iwave2dn(A,N) is the inverse transform

Algorithm:

Mallat’s pyramid algorithm (Mallat [110]; Strang [115]) adapted for a
circular transform as described in Chapter 17.
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Limitations:

It is necessary for the matrix F to have 2"! x 2"2 elements (n! and n2
integers): its transform A also has 2"' x 2" elements. The wavelet's
coefficients are imported from the M-file dcoeffs(N) which is restricted to
even values of N in the range 2 to 20.

If F is complex so that F=Fr+1*Fi, the wavelet transform A is also
complex so that A=Ar+1*Ai, where Ar is the transform of Fr and Ai is
the transform of Fi, and vice versa.

function A =wave2dn(F,N)

%

% Copyright (c) D. E. Newland 1992
% All rights reserved

%

[M1,M2] =size(F),;

tor k=1:M1

B(k,:) =wavedn(F(k,:},N};
end

forj=1:M2

A(:,j) =(wavedn(B(:,j).".N}}).";
end

function F =iwave2dn(A,N)

%

% Copyright (c) D. E. Newland 1992
% All rights reserved

%

[M1,M2] =size(A);

for k=1:M1

B(k,:) =iwavedn(A(k,:},N);
end

for j=1:M2

F(:,j) =(iwavedn(B(:,j}).",N}}).";
end

dcoeffs
Purpose:

To generate the N coefficients required by the wavelet transform.

Synopsis:

c =dcoeffs(N)
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Description:

Generates an array with the N coefficients required by the wavelet
transform.
Algorithm:

Numerical data are derived from results published by Daubechies [104].

Limitations:

Restricted to even values of N in the range 2 to 20.

function ¢ =dcoeffs(N)

%

% Copyright (c) D. E. Newland 1992
% All rights reserved

%

if N==2,
c{lj=1;
c(2)=1;

end

if N==4,

c{1)=(1+sqrt(3))/4;
c{2) =(3 +sqrt(3))/4;
¢(3) =(3-sqrt(3))/4;
c(4) =(1-sqrt(3))/4;

end

%

it N==6,
s=sqrt(5 +2*sqrt{(10}};
c(1)=(1+sqrt(10) +s)/16;
c(2)=(5+sqrt{10) +3*s)/16;
c(3) =(5-sqrt(10) +s)/8;
c(4) =(5-sqrt(10})-s)/8;
c(5) = (5 +sqrt{10)-3*s)/16;
c(6)=(1+sqrt(10})-s)/16;

end

%

if N==8,
c(1)=.325803428051;
c(2)=1.010945715092;
c(3)=.892200138246;
c{4)=-.039575026236;
c(5)=-.264507167369;



c(6) =.043616300475;
c(7)=.046503601071;
c(8)=-.014986989330;

end

%

if N==10,
c(1)=.226418982583;
c(2)=.853943542705;
c{3)=1.024326344260;

c(4)=.195766961347;
c{5)=-.342656715382;

c(6)=-.045601131884;
c(7)=.109702658642;
c(8)=-.008826800109;
c{9)=-.017791870102;
c(10)=.0047174273938;

end

%

ifN==12,
c(1)=.157742432003;
c(2)=.699503814075;
c(3)=1.062263759882;
cl4)=.445831322330;
c(5)=-.319986598891;
c(6)=-.183518064060;
c(7)=.137888092974;
c(8)=.038923209708;
c({9)=-.044663748331;
c{10)=.000783251152;
c(11)=.006756062363;

c{12)=-.001523533805:

end

%

itN==14,
c{1)=.110089430746;
c(2)=.5607391283626;
c(3)=1.031148491636;
c(4)=.664372482211;
c(5) =-.203513822463;
c({6)=-.316835011281;
c(7)=.100846465010;
c(8)=.114003445160;
c{9)=-.053782452590;
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c(10) =-.023439941565;
c{11)=.017749792379;
c(12) =.000607514996;
c(13)=-.002547904718;
c({14) =.000500226853;

end
%
it N==16,

c(1)=.076955622108;
c(2)=.442467247152;
c(3) =.955486150427;
c(4) =.827816532422;
c{5) =-.022385735333;
c(6)=-.401658632782;
c(7}=.000668194093;
c{8)=.182076356847;
c{9) =-.024563901046;
c(10)=-.062350206651;
c{11)=.01977215929¢;
c(12)=.012368844819;
c(13)=-.006887719256;
c(14) =-.000554004548;
c(15)=.000955229711;
c(16)=-.000166137261;

end

%

if N==18,
c{1)=.053850349589;
c(2) =.344834303815;
c({3) =.855349064359;
c(4)=.929545714366;
c(5}=.188369549506;
c(6)=-.414751761802;
c(7)=-.136953543025;
c{8)=.210068342279;
c(9) =.043452675461;
c{10)=-.095647264120;
c{11}=.000354892813;
c{12)=.031624165853;
c{13)=-.006679620227;
c{14)=-.006054960574,
c{15) =.002612967280;
c{16) =.000325814672;
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c(17)=-.000356329759; c(9)=.131602987102;
c(18) =.000055645514; ¢{10) =-.100966571196;

end c(11)=-.041659248088:

% c(12)=.046969814097;

if N= =20, c(13) =.005100436968;
c(1)=.037717157593; c(14)=-.015179002335;
c(2)=.266122182794; c(15)=.001973325365;
c(3)=.745575071487; c(16)=.002817686590;
cl4)=.973628110734; c{17)=-.000969947840;
c(5)=.397637741770; c{18)=-.000164709006;
c{6) =-.353336201794; c(19)=.000132354366;
cl(7) =-.277109878720:; c(20) =-.000018758416;
c(8) =.180127448534; end

hwtdn, ihwtdn
Purpose:

Harmonic wavelet transform and its inverse.

Synopsis:

a=hwtdn(f)
f=ihwtdn(a)

Description:

hwtdn(f) returns an array whose elements are the harmonic wavelet
transform of the sequence of elements in f. ihwtdn(a) is the inverse
transform.

Algorithm:

The harmonic wavelet transform algorithm using the fft described in
Chapter 17 and illustrated in Fig. 17.26.

Limitations:

It is necessary for the sequence f to have 2" elements (n an integer); its
transform a also has 2" elements. The elements of f may be real or complex;
those of a are complex.
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function a =hwtdn(f}

%

% Copyright (c) D. E. Newland 1992

% All rights reserved

%

N =lengthi(f);

n=round(log(N)/log(2));

F=fft(f)/N;

a(1)=F(1); a(2) =F(2);

forj=1:n-2
al2%+ 1: 2%+ V) =iffF (27 + 1: 2% + 1)) * 2%;
alN-27(1+ 1) + 2:N-27) + 1) = flipIr(fft{fliplr(F(N-27(j + 1) + 2:N-2% + 1))));

end

alN/2+1)=FIN/2+1);

a(N) =F(N);

function f = ihwtdn(a)

%

% Copyright (c} D. E. Newland 1992

% Ali rights reserved

%

N =length{a);

n =round(log(N)/log(2)};

F(1)=3a(1); F(2)=a(2);

forj=1:n-2
F(2%+1:2%) + 1)) = HH(al2% + 1:2°( + 1))1)12%;
FIN-2%(+ 1)+ 2:N-2%+ 1) = fliptrtifft(fliple(alN-2"( + 1) + 2.N-2%1+10));

end

FIN/2Z+ 1) =a(lN/2+1);

F(N) =a(N);

f=ifft(F)*N;

hmapdn
Purpose:

Computes a two-dimensional array A which defines the mean-square
harmonic wavelet map for a one-dimensional function f.

Synopsis:
A =hmapdn(f)
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Description:

Uses a=hwtdn(f) to compute the harmonic wavelet transform of f which
is a sequence of length 2%; then arranges the squares of the elements (1:2")
to form the two-dimensional array A which as (n + 1) rows and 2"~ 2
columns; the volume under this surface is proportional to the mean-square
of f.

Algorithm:

Each element of A is the sum of the squares of the moduli of a(r) and
a(N+2-r),r=2toN/2;a(1) and a(N/2 + 1) are special cases, see Chapter
17, Fig. 17.26.

Limitations:

The length of sequence f must be 2" (n an integer). The elements of f may
be real or complex.

function A =hmapdn(f)
%
% Copyright (c) D. E. Newland 1992
% All rights reserved
%
N =length(f);
n =round{log(N)/log(2)};
a=hwtdn(f);
%
for j=1:2%(n-2)

Al1,j)=abs(al1))"2;

Aln+1,j) =abs(a(2%(n-1) + 1))"2;
end
forj=2:n

for k=1:2"(j-2)

for m=1:2%(n-j)
Afj. (k-1}*27(n-j) + m) = abs(a(2°(j-2) + k)) "2 + abs(a(N + 2-2"(j-2)-k))*2;
end

end

end



Problems

Note: Problem numbers are prefixed by the number of the chapter to which
they relate.

1.1

1.2,

1.3.

A random variable x is distributed between 0 and 1 so that

Kx) =1 for 0<x<

and

px)=0 for x<0

and x> L
Determine E[x], E[x*] and o,.
A random variable x is obtained by sampling a regular saw-tooth wave-
form x(t) at randomly chosen times, all times being equally likely. Con-
struct the probability density function p(x) and the probability distribu-
tion function P(x) for x when the amplitude of the saw-tooth wave is +a.
A random variable y is defined by
y=x

where x is another random variable which satisfies a Gaussian distribu-
tion with zero mean and unit variance (62 = 1). Find E[y], E[y*] and g,
Hint. Equations (1.20) may be extended by adding the results

@©
J yle el dy = 20*
0

J yre 2 dy = 3 [2n o’

0

Show also that the probability distribution function P(y) for y may be
written as

P(y=a2>=f P dx
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14.

L.5.

2.1.

Problems

and differentiate P(y) to verify that

e for y20
py) = VI
0 for y < 0.

Two random variables x and y have mean values E[x] and E[}] res-
pectively. If x and y are statistically independent, the average value of the
product of x and y, E[xy], is equal to the product of the separate mean
values, i.e.

E[xy] = E[x] E[y].
If z = x + y, where x and y are statistically independent, show that
E[z*] = E[x*] + E[y*] + 2E[x]E[y].

If, in addition,

px) = {0'5 for 0<xx2

0 for x<0 and x>2

”(y)={(]) ;Z: 2ig<a:1d y> 1
find E{2*] and a,.
A random variable z is defined by

z=x+y

where x and y are two separate, statistically independent random vari-
ables. If p(x) is the probability density function for x and P(y) and P(z)
are the probability distribution functions for y and z, verify that

P(z) = Jz P(y = z — x)p(x)dx.

Hence determine P(z) and, by differentiation, p(z) when p(x) and p(y)
are as given in problem 1.4,

Hint. Notice that the three cases (i) 0<z <1, (i) 1 <z< 2 and
(ii)) 2 < z < 3 must be considered separately because of the discontinui-

ties in p(x) and P(y).

Two random variables x and y have the joint probability density function
c

1+ x?+ yr + x%y2.

where ¢ is a constant. Verify that x and y are statistically independent

and find the value of ¢ for p(x, y) to be correctly normalized. Check that
E[x] = E[y] = 0 and that E[x*] and E[y?] are both infinite.

px,y) =
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Problems 403

Two Gaussian random variables x and y both have zero means and the
same variance a’. If their normalized covariance p,, = 1/2, write down
the second-order probability density function p(x, y) and check that the
first-order probability density functions p(x) and p(y) can be obtained
from p(x, y) by applying (2.6). Hence determine the conditional proba-
bility density function p(x|y) and find the mean value of x when y is fixed.

. The joint probability distribution function P(x, y) for two continuous

random variables x(t) and )(¢t) is defined so that

P(x, y) = Prob (x(t,) < x and y{ty) < y)
where x(t) and y(t) are sampled at arbitrary time t,. Verify that

pix, y) = P(x, y)
and check also that
P(x, y)
P =
(x|y) = P0y)

where P(x|y) is the probability that x(ty) < x when y{to) < y.
For the case when

c for 0<x<1

X

plx, y) = y and 0<y<l1
0 elsewhere

find the value of the constant c if p(x, y) is to be correctly normalized, and
determine

(i) Prob(x > 1/2), (i) Prob(x > y) and (iii) Prob (x > 1/2[y < 1/2).
Hine. For (ii) and (iti) integrate p(x, y) over the appropriate regions of
x and y.

A random process 1s composed of an ensemble of sample functions, each
of which is a sine wave of constant amplitude x, and frequency w. The
frequency is the same for all samples but the amplitude varies randomly
from sample to sample. Each sample also has a different (constant)
phase angle ¢ which also varies randomly from sample to sample. A
typical sample is therefore represented by the equation

x(t) = xgsin(wt — @)
where x,, @ and ¢ are all constant for the sample. If the joint probability
density function for x, and ¢ is

5%\;{1 + (2{‘_9 - l)cosq&}

X
p(x0v¢) = for{o <
<

0 elsewhere
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determine the ensemble averages E[x?] and E[x?|¢,] where the latier
denotes E[x?] for only those samples for which ¢ = ¢, (i.e. ¢y < b <
¢ + do). Is x{t) an ergodic process? Is it a stationary process?

(i) If x is a random variable and c is an arbitrary constant, show that the
mimimum value of E[(x — ¢)?] is a2.

(i1) If x and y are two correlated random variables with mean values m,
and m, and variances ¢ and o}, verify that (3.6) gives the line of
regression of y on x and (3.7) gives the line of regression of x on y.

(ii1) Consider the case when x and y are both continuous Gaussian
random variables with zero means, and roughly sketch their joint proba-
bility density function (2.12) against rectangular axes representing x/o,
and y/o,. Show that the probability surface is a circular bell when p = 0
but becomes distorted when p # 0 and planes of symmetry through the
axis of the bell make angles of 45° and 135° with the x/o, axis where
they cut the x—y plane. Hence show that, on a graph of x/a, against y/q,,
the lines of regression of y on x and of x on y are bisected by the planes of
symmetry of the probability surface.

A random process x(t) consists of an ensemble of sample functions, each
of which is a square wave of amplitude +a and period T, Fig. 3.8(a).
The “phase” of each sample is defined as the time ¢t = ¢ at which the
sample first switches from +a to —a (for t > 0). ¢ varies randomly
from sample to sample with a uniform probability distribution of the
form shown in Fig, 3.8(b).

Show that the time history of a single sample function may be
represented by the Fourier series expansion

s =25 —sin?';n((;)—t)

and hence calculate the ensemble average E[x(t)x(t + 7)] to find the
autocorrelation function for the x(t) process. Verify that this agrees with
the result shown in Fig. 3.9.

Hint. The Fourier series “recipe” is given by equations (4.1) and (4.2).

Each sample function x(t) of a random process is given by
x(t) = a, sin{w,t + ¢,) + a;sin(w,t + @;)

where a,, a,, w, and w, are constants but ¢, and ¢,, although constant
for each sample, vary randomly from one sample to the next. If ¢, and ¢,
are statistically independent and each is uniformly distributed between
0 and 2r, determine the autocorrelation function R (7).

The corresponding sample functions of a separate random process
are given by

Wt) = b, sin(w,t + wte + ) + bysin(w,yt + ¢3)
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where b,, b, and t, are constants and ¢, varies randomly from one
sample to the next. If ¢, is statistically independent of ¢, and ¢, and is
also uniformly distributed between 0 and 2=, find the cross-correlation
functions R, (7) and R (7).

A forging hammer operates at regular intervals and generates in its
foundation a stress x(¢) which has the approximate time history shown
in Fig. P3.4(a). The duration of each impact is short so that b« T.

ﬁ x(t)

g Je Je 1.

0

(a)

(b)

Fig. P3.4

As a result, the ground acceleration at a location some distance away
from the hammer has the time history p(t), Fig. P3.4(b), which is
represented approximately by

MNt) = csinQt — zo)sinz?n(t — to)

where ¢, Q, T and t, are all constants.
Determine the cross-correlation functions R, (7) and R, ().

Hint. Calculate a sample average by integrating x{t)/{t + 1) over one
period.

How will the results change if }{t) becomes
AE) = esinQt — tg)sin 27"(1 — 1) + 1)

where z(t) is the response to an independent source of high-frequency
noise with zero mean?

Use equation (4.10) to determine the Fourier transforms of the six
different functions of time shown in Fig. P4.1. Approximately sketch
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X(w) against w in each case and compare particularly cases (a) and ()
and also cases (e) and (f) when T » 2n/w,.

(2) lx(t) (b) l x(t)
a L]
- t
-7 ) Tt ~“T+Ty O T+To
x(t) x(t)
(c) (d)
y 260"
-T 0 T 1t 0 -t
x(t) x(t)

(o) (1)
acoswyt asinwp!?
| n - -r 0 A -t
t V \j T

Fig. P4.1

Hint. Make use of the standard result (1.20) to evaluate case (d).

Determine the Fourier transform of the function x(t) shown in Fig. P4.2
and compare this with the discrete Fourier series representation of a
continuous square wave of amplitude a and period 27. Show that the
values of Im{X(w)} at @ = n/T, 3n/T, 5n/T, etc., are in proportion to the
amplitudes of corresponding terms in the discrete Fourier series.

i x(t)

s x(t)=0fort <0

and fort > 47
4T

~

Fig. P4.2
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4.3. Prove Parseval’s theorem which states that, if x(t) is any arbitrary periodic
function of time represented by (4.1), then

T )
ij x¥(t)dt = al + Y Ha? + b}).
T ] k=1

Show also that, if x,(t) and x,(t) are aperiodic functions of ¢ which satisfy
(4.7) and whose Fourier transforms are X(w) and X,(w), then

j' x,(t)x,(t)dt = j dtx,(t)J~ dw X,(w)e™!
and, by reversing the order of integration,

Jm x,(t)x,(t)dt = 2n J'm do XHw)X,(w)

- -®

where X{(w) denotes the complex conjugate of X,(w). Hence prove that
Parseval’s theorem for an aperiodic function x{t) has the form

1[{* 2 _[” 2
an_wx (t)dt _J‘_mp((w)] do.

4.4. (i) Prove the duality theorem of Fourier analysis which states that, if
X(w) 1s the Fourier transform of x(t), then (1/2n)x(— w) is the Fourier
transform of X(t).

(i) Consider the Fourier transform of the rectangular pulse shown in
Fig. P4.1(a) and take the limiting case when T — 0 and a — -0 but the
product aT remains finite so that 2aT — c. Hence find the Fourier trans-
form of an impulse of magnitude c at time t = 0.

(ii1) Beginning with the Fourier transform of a rectangu;ar puise centred
at time T, Fig. P4.1(b), find also the Fourier transform of an impulse
of magnitude c at t = T,

(iv) Hence find the Fourier transforms of the pairs of iiLpulse functions
shown in Figs. P4.4(a) and (b).

x(t) x()
area ¢ area ¢ ares ¢
T
T, © To t 0 To t
areac
(2) (b)
Fig. P4.4

(v) Now use the duality theorem to show that the Fourier transform of
the function x(t) = acos wyt is a pair of “impulse functions” of area a/2
each at frequencies +w, and —w,. Similarly show that the Fourier
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transform of x(t) = asinwgt is an imaginary quantity represented by a
pair of equal and opposite impulse functions of area a/2 at —w, and
—aj2 at +w,.

Note. An impulse function is an example of a generalized function by
which the scope of Fourier analysis can be greatly extended. Notwith-
standing the condition (4.7), every generalized function has a Fourier
transform. A constant and sine and cosine waves are other examples of
generalized functions and so, as shown above, we can calculate their
Fourier transforms even though (4.7) is not satisfied. The formal definition
of a generalized function is quite complicated (see Lighthill [46]), but,
for practical purposes, if we can find the Fourier transform of a function
then it must be a generalized function. Impulse functions (also called
delta functions) are applied in Chapters 5 and 6 and used frequently
throughout the later chapters of this book.

The single-sided spectral density of the deflection x{t) of a machine
component is

W, = 001 cm?/Hz (constant)

over the frequency band 0 to 200 Hz and is zero for frequencies above
200 Hz. Determine the mean square deflection E[x*] and obtain an
expression for the autocorrelation function R, (7) for the x(t) process,
where the units of 7 are seconds.

The autocorrelation function for a stationary random process x(t) with
zero mean and variance o is given approximately by the expression

2, —(oy)?

R (1) = gle cosSw,T

where w, and w, are constants. Calculate and sketch the corresponding
spectral density.

Hint. Put cos w,7 = }(e*** + e~ ") and use the standard integrals (1.20).

A stationary Gaussian random process z(t) has zero mean and variance
2. If the spectral density function for the z(t) process is given by

Siw) = Spe™,
find expressions for
(1) the autocorrelation function R,(1),
and (ii) the autocorrelation function R,(7) for the 2(t) process where

. d
H) = c—lfz(t)'
Also (ii1) show that, for any stationary process z(t),

£ R(5) = E[040)] = — E[20)2(0]

t=0
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and hence prove that E[zz] =0, i.e. that z(t) and its derivative (t)
(provided that this exists) are always uncorrelated, and that the slope of
R,(r) at T = 0 must be zero.
Hence find
(iv) the joint probability distribution for z(t) and 2(z).

Hint. If z(t) is a Gaussian process then so is #(t) and so is any other
process which describes the response of a linear system to z(t) (see
Chapter 7).

Each sample function x(t) of a stationary random process is defined by
the expression
x(t) = acos(wt + ¢)

where a, w and ¢ are all constant. The amplitude a is the same for all
samples, but w and ¢ vary randomly from one sample to the next.
Consider the case when w and ¢ are independent and

1/2n for 0K<K¢<2n
0 elsewhere

P(¢)={

1/2w, for —Wy S WK W
plw) =

0 elsewhere.
Find the autocorrelation function R,(7) and hence show that the spectral
density of the x{t) process is constant for |w| € w, and is zero for all
higher frequencies.

Figure 3.9 shows the autocorrelation function R,(7) for a random process
whose sample functions x(t) are each periodic square waves, Fig 3.8.
Find the discrete Fourier series representation for R (t) and for one
sample of x(t) when the time origin of the latter is adjusted so that x(t)
switches from —ato +aatt = 0.

Use the result of part (v) of problem 4.4 to draw a graph of S {w)
against @ and of X(w) (the Fourier transform of the periodic function
x(t)) against w.

If S is the area under the “impulse” at w = , and X, is the area
under the corresponding impulse at w = w, on these two graphs, show
that

S = XX,

This is a special case of an important result which will be used later in
Chapter 10 when we are considering digital spectral analysis.

Determine the cross-spectral densities S, (w) and S, (w) for the correlated
functions x(t) and y{t) described in problem 3.4.

Hint. Make use of the result of part (v) of problem 4.4.
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6.1. Find the frequency response function H(w) and the impulse response

function h(t) for the four different systems shown in Fig. P6.1. In each case
x(t) is the input and () the output.

Displacement Displscement

Force x(t)
(v y(t) x(t) (b)
[ k c
H Displacement
y(t)
VTTTTT7PT 777 777777777777 77777, L
massiess trolleys A
(c)
Fixed ends Torque x(t) 7777777777777

massiess flaxible
cantilever, bending
stiffness £I

Angle y(t)

Displacament Displacement

Rigid wheels

x(t) a y(t)
massless shafts l k

torsional stiffnesses ¢ m
¢ 6 o0 3
(d) 77777 7

Notes:
All parts. The physical units of H(w) are those of (output/input) while
those of h(t) are (output)/(unit impulse of input) = {output)/(input x
time).

Parts (a) and (d). The impulsive displacement input x(t) = 15(t) requires
x(t) to move rapidly forward and then immediately backward to its
initial position in such a way that the area under the displacement-time
curve during this brief period is unity.

Part (b). The deflection at distance x from its fixed end for a cantilever of
length a loaded at its free end by a lateral force P is

{(P/6EI)(3x%a — x3).

Part (c). Assume that the system has very small damping and that it is at
rest before the impulsive input is applied.

Part (d). The initial conditions for h(t) are
KO+) =c¢/m  and RO +) = k/fm — c*/m?.
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To find these, note that, since there are discontinuities in both y and y
att = 0, we can put, fort = 0,

] {aé(t) +b for t>0
1) = ad(t) for t<0

) = ac%é(t) + bé(t)

where a and b are constant.
Assume that ¢? < 4mk, i.e. that damping is less than critical.

A vehicle moving in a straight line carries a mass m which is attached by
a spring k and a viscous dashpot c, Fig. P6.2. The distance travelled by the
vehicle is described by the coordinate x(t) and the displacement of the
mass m relative to the vehicle by the coordinate y(t). Assuming that the

y(t) x(t)
k
m
QO Q ¢
[ venhicle
5 0 ¢ 0 0 O
77777777 777777777 777777
Fig. P6.2

paths of motion of the vehicle and the mass and the axes of the spring
and the dashpot are all parallel, determine:

(i) the frequency response function H(w) relating the output y(t) to the
input acceleration X(t};

(1) the impulse response function h(t) in response to a delta function
input acceleration of unit magnitude (dimensions of velocity) at ¢ = 0
(assuming ¢ < 4mk, i.e less than critical damping);

and check

(iii) that H(w) can be determined from h(t) by applying the Fourier
transform relation (6.21).

The system shown in Fig. P6.1(a) is subjected to a step input x(t) = a.
suddenly applied at ¢ = 0 and lasting for time 7. At t = T, x(t) suddenly
returns to zero. Assuming that x(t) = 0 for t < 0 and t > T, determine
the system’s response ){t) to this input:

(i) by classical methods of solving the governing differential equation
of motion;

(i) by applying the convolution integral (6.24):

and

(iit) by determining the Fourier transform of the input, applying (6.20),
and then calculating the inverse transform of Y(w).
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Hint for part (iii). The definite integral in the final step of part (iii) shoulg
be determined by the method of residues. See, for instance, Kreyszig (45],
Ch. 15. Knowledge of this method is not required elsewhere and, if
desired, it is sufficient to accept the result stated in part (iii) withoug
proof.

(i) Take Fourier transforms of both sides of equation (6.27) to show that

Y() = ir dt r df e~ hO)x(t — ).

Now (i) integrate with respect to © = (t — 6), keeping 0 constant, and (ij)
integrate with respect to 8, to prove that

Y(w) = H(w)X(w)

where the complex frequency response function H(w) is defined by (6.21).
(i) Prove also that, if y(t) = w(z)x(t), then

Y(w) = '[ W)X (w — Q)dQ
where X(w), Y(w) and W(w) are the Fourier transforms of x(t), y(t) and
w(t) respectively.

Convolution in the time domain is therefore equivalent to multiplication
in the frequency domain (part i), and vice versa (part ii).

For the system described in problem 6.2, determine the mean square
displacement of the mass m, E[y*]. when the spectrum of the input
acceleration x is white with (constant) spectral density S,.

Calculate also the r.m.s. force in the spring when the input acceleration
is a white noise process with spectral density S, superimposed on a
constant acceleration of magnitude a. i.e. when

Xt) = a + blt)

where (1) is a white noise process with spectral density S,. Assume that
the initial transients excited by first application of the steady input
acceleration have disappeared.

For the system shown in Fig 6.3(a), determine the mean output dis-
placement E[y] and the mean square value E[y?] when:
(1) the spectral density of the excitation S,(w) = S, (constant), i.e. when
there is white noise excitation,
and when
(1) S,(w) =5, for —Q < w < Q but S (w) =0 for other values of w,
1.e. when the excitation is “band-limited™ white noise.

For case (i) only, determine also the autocorrelation function for the
input and use (7.10) to calculate the output autocorrelation function
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Ry(1). Check that the correct output spectral density may be obtained
from this R(r) by applying (5.1).

The dynamic characteristics of a block of visco-elastic material may be
modelled approximately by two springs and a viscous dashpot, arranged
as shown in Fig. P7.3. If the block is subjected to a randomly varying
force f(t) and responds by moving distance x{t), determine the mean
square response E[x*] when f(t) is a member function of a stationary

random process whose mean square spectral density is given by

So

S =—
7<) (1 + 0?*/w}d)

Hints. Introduce an additional coordinate y(t) (say) between the spring
k, and the dashpot and obtain two equations of motion relating x(t),
yt) and f(t). Then put f(t) = " and eliminate y{t) to find H{w) where
x{(t) = H(w) €. Write

So

Sile) = |1 + iw/w,|?

in order to obtain E[x?] in the standard form given in Appendix 1.

AN

x(t)

4

] kg C v
7

f(t) AN 1 T é

4

ANV
ky

T//77777777 /7777777777 7777777777777/ 777, ///
massless trolley

Fig. P7.3

For the two degree-of-freedom system shown in Fig. P7.4, determine
the frequency response function H{w) relating the output displacement
x,(t) to the input force F(t) and hence find the average kinetic energy of
the mass m, when the spectral density of F(t) is Sp(w) = S, (constant).

xq(t)

ANN\\\Y
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A linear system has two inputs x,(z) and x,i{t) and two outputs y,(t) and
y,(t). The frequency response functions relating output y,(t) to inputs
x,(t) and x,(t) are H,(w) and H,,(w) respectively and those relating
y2(t) to x,(t) and x,(t) are H,,;(w) and H,,(w) respectively. Show that the
cross-spectral densities between the two outputs, S, , (w) and §, | (w),
are related to the input spectra by the equations

Syiya(@) = Hj(0)H,, (@)S,,(w) + HYy(w)H,5(0)S;, . (w) +
+ H}j(w)Hy,(0)S, (@) + HY2(@)Hzp(0)S, ()
Syami(@) = HE (0)H} 1 (0)S,, (@) + HE{(0)H,5(0)S, (@) +  (7.30)
+ Hi(w)H, (0)S,,,, (@) + HE(w)H,2()S, ()
and to the cross-spectra between inputs and outputs by the equations
Syu(@) = H21(@)S,,,,(0) + HE(0)S, 5,(0)
Sunl(©) = H31(@)S,,,,(0) + HE(0)S, ()

Hint. Derive the cross-correlation function R, ,(7) in a form similar to
(7.10) and then take its Fourier transform to find S, (w). The result,
equation (7.30),is needed in Chs 14 and 16. Make use of (7.22) to show that
(7.30) can be reduced to the alternative form given.

2Xy

94

Use equation (7.24) to investigate the form of the frequency response
function relating the output y(t) to the input x(t) in problem 3.4. Assume
that x(t) is a series of deita functions of magnitude ab at spacing T.

(i) Calculate the Fo:ri  series representation of x(t) and hence show that,
if the sysiem '« | nea., frequency Q must equal 2rn/T where n is an integer.
(11) Use the result of the last part of problem 3.5 to find an expression for
the input spectral density S,(w).

(i1i) Hence, using the 1csult of problem 5.6, show that |H(w)| = cT/4ab
at w = +(n 1)2n . and +(n + 1)2x/T, and is zero at all other
frequencies for which S,(w) and S, (w) are defined.

(v, Lastiy sketch | H(w)| versus w for the system of problem 7.4 for the
case whea ¢ and y are both small. Compare the response of this system

when
k k
[L and [=2
my my

are similar in magnitude with the response of the system described in
problem 3.4.

For an ergodic Gaussian narrow-band random process x(t) with zero
mean and variance ¢2, determine
(i) the proportion of time which x(t) spends outside the levels x = +0,;
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(it) the probability that any peak, selected at random, has a magnitude
greater than g, ;

(iti) the average level of all peaks;

and

{(iv) the level which is exceeded by only 1 per cent of all peaks.

Hint. For part (i) refer to Appendix 3 for values of the Gaussian proba-
bility distribution function.

Consider the response y{t) of the single degree-of-freedom oscillator
shown in Fig. 7.2(a) when it is excited by a stationary Gaussian process
x(t) with spectral density

So

R

Find expressions for the following statistics of the oscillator’s response:
(i) the average frequency of positive slope crossings of the level y = a;
(ii) the probability density function for the distribution of peaks;

(ii1) the average frequency of occurrence of maxima in y{t).

Compare the frequency of positive slope zero crossings and the frequency
of maxima. Explain why these are different and verify that, when there is
vanishingly small damping, they become the same.

Hint. See the note following problem 7.3.
Calculate the statistical average frequency v, and the peak probability

density f.unction.pp(a) for a stationary random process y(t) whose joint
probability density function is

(constant) for — —yo <y <o
P ) = 4yo¥o and —JoSYS Yo

0 elsewhere.

Use the result of problem 1.2 to describe the time history of sample
functions of such a process.

Hint. Remember that p(y) and p(y) can be found from p(y, y) by using
(2.6) and (2.7).

Calculate the statistical average frequency v§ and the frequency of
maxima u for the response x,(t) of mass m, of the two degree-of-freedom
oscillator shown in Fig. P7.4, when its excitation F(z) is a stationary,
Gaussian, white noise process.
Check that, when y —» 0,
\/ (k, + k
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Should this value not be
1 (k, + kz' 0
2n\ \my + myl -

Hint. Remember that, to find v and , it is only necessary to calculate
the ratios oy/0, and o,/c; so that the evaluation of integral I, from
Appendix 1 is greatly simplified; the denominator of I, does not need
to be found.

Verify that the time history x(t) of the simple harmonic motion

Explain the discrepancy.

x(t) = rsinwt

(where r and w are constant) can be represented as a circle of radius r
on a graph of x/w versus x, Fig. P8.5. If point P denotes the combined
values of x(t) and x(t)/w at time t, P progresses round the circle in a
clockwise direction as t increases.

SIS

A

.

O=cwt

Fig. P8.5

Now consider the trajectory of point P when x{t) is a sample function
of a smooth narrow band random process. P spirals slowly inwards and
outwards as the magnitude r of individual cycles falls and rises. Verify
that the probability that, at any arbitrary time, the radius of the
trajectory is less than r will be given by

dx X
j’dx J‘ EP‘X, 5

integrated over a circle of radius r and that, if p(r) is the probability
density function for r, then

p(r)dr = j de %p(x, EXB)

integrated over an annular ring of width dr.
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Hence show that, for a stationary Gaussian process x{t), p(r) is given by

pr) = Lze—(rZ/Zaxl)
ax
which is the density function for the Rayleigh distribution (8.25).
Although, in this case, the encvelope distribution p(r) and the peak
distribution p,(r) are the same, in general this is not so. Why? Consider,
for example, the joint distribution given in problem 8.3.

Hint. Express x and X/w in terms of polar coordinates (r,8) and put
0;/6, = w from (8.21).

An analogue spectrum analyser has a filter bandwidth of 1/10th octave
and a 10 s averaging time. Calculate the standard deviation of a measure-
ment as a percentage of its mean value when the filter centre frequency
is set at (i) 10 Hz, (ii) 100 Hz and (iii) 1000 Hz.

In order to improve the accuracy obtained, measurements are taken
at 10 s intervals and the results averaged. Assuming that the input is a
sample from a stationary random process, calculate the time for which
readings would have to be taken in the three cases to reduce the standard
deviation of the measurement to 1 per cent of the true mean spectral
density at the appropriate frequency.

A numerical procedure for calculating estimates of spectral density
introduces a spectral window whose shape is given by

ccosg(ﬁQ—) for -Q,£Q<Q,
w(EQ) = 0

0 elsewhere.

Determine the constant ¢ if W(£) is to be normalized correctly, and find
the window’s effective bandwidth, B,.

If the record being analysed is a sine wave of constant amplitude a and
constant angular frequency Q, and the record length T is very long
(assume that T is infinite), find an expression for the smoothed spectrum
S(w) obtained by using this window.

The chi-square probability density function for x degrees of freedom is
given by

1

— A 2—1) ,—y/2 r 0
2————K/ZF(K/2)} € or y >

p(y)
where y = y2 and T" denotes the gamma function defined by

In) = jw y e rdy for n>0.

o]
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() Verify that the expression for ['(n) can be integrated by parts o give
I'n)=(n- NIHn-1).
(1) Show that
=1

and

rd) = V().

Hint. Put y = 1z% and use {1.20).

(iif) Check that, for one degree-of-freedom, p(y) agrees with the resuit
derived in problem 1.3.

(iv) For the case of two degrees-of-freedom, find the limiting values
within which there is an 80 per cent chance of finding 3.

(v) Lastly, for the case of 10 degrees-of-freedom, calculate the probability
that yi, exceeds (m + o), where m and ¢ are the mean and standard
deviation of yZ,, and compare this with the corresponding probability
for a quantity with a Gaussian distribution with the same mean and
standard deviation.

When a measurement of spectral density is taken for long enough that
o/m =1 per cent (see problem 9.1), what are the 80 per cent and the
99 per cent confidence limits for the true mean value m in terms of the
measured value S,?

Hint. Assume that the distribution of measured values may be approxi-
mated by a Gaussian distribution (why?) and refer to Appendix 3 for
values of the Gaussian probability distribution function.

Calculate the DFT’s of the discrete time series:

() (0 1/y2, 1, 1/J2,0, = 1/2, =1, —1/2)

and
@) (I Uy2.0, =1/J2 ~1, =1/y2,0. 1/\/2)
and compare the results with the (continuous) Fourier transforms of the
periodic functions sin2nt/T and cos2nt/T. Then generalize the con-
clusion to find the DFT of the series:
(iii) {x,}, r=0,1,2 ..., (N — 1), where x, = sin2ar/N.
Check that equation (10.18) is only true when the terms in the {x,}
series are all real and use (10.17) and (10.18) to show that, in this case,
X, and Xy, (assuming N even) are real.

For an eight-term DFT of a series of real terms, verify that

X, = X
X =X3
X6=X’Z'

X, = X¢}



10.3.

10.4.

10.5.

Problems 419

and use this information to help find the DFT of the series
(,L1,1, =1, =1, =1, —1).

Compare the result with the (continuous) Fourier transform of a periodic
square wave (see problem 3.2) and comment on the difference.

Use the computer program listed in Appendix 2 to calculate the DFT
of the 64-term series

__{ 1 for r=012..31
¥T1-1 for  r=132,33..,63

and compare this with the (continuous) Fourier transform of a square
wave (found in problem 10.2).

Use the IDFT to find the discrete time series {x,},r =0, 1,2,...,(N — 1),
whose DFT’s are:
(i) X, = Oforall kexcept k =0

Xo=1
(i1) X, = Ofor all kexcept k = N/2 (N even)
XN/2: 1
(i) X, = Ofor all k except k = N/4 and 3N/4 (N/2 even)
1 .1
XN/4 = 5 - li
1.1
X3N/4 = E + l'i
(tv) X, =Oforall kexceptk=1andk =(N - 1)
1
X, = —iz
1 ‘2
1
Xy-1 = 12.

Find the discrete time series {x,}, r =0, 1, 2,..., (N — 1), whose DFT is
X, =0fork=0,1,2...,(N— 1)except k =mand k = (N — m)
Xn=a,—ib,

Xy-m=a, +ib,.

Hence show that, if

{Xe} = {ao, ay — iby, ay — iby, ..., Gy;3, .., Gy + iby, @) + iby)

where N is even, then

eSS 2rtm . 2mm
X, =a,+ 3 2a, cos = + 2b,, sin===r| + ayj; cos nr

m=1

forr=0,1,2..,(N - 1)
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10.6.

10.7.

Problems

Compare this result with equation (10.1) and confirm that harmonicg
with frequencies up to the Nyquist frequency 1/2A can be detected in data
sampled at intervals A. Note that the harmonic whose frequency is
exactly 1/2A cannot be properly detected. Hence show that, if x(t) can be
represented by a continuous Fourier series 6f period T = NA in which
the frequency of the highest harmonic is less than 1/2A, then x(t) can be
exactly reconstructed (for all ¢) from the DFT of the discrete series {x,}.
This is a special case of Shannon’s Sampling Theorem (Shannon [61],
p. 10).

(1) Use the result of the first part of problem 4.3 to show that, if x{t) is
given by equation (10.1), then

T =]
_‘j X()di=ad +2 5 (@} + bY)
T Jo k=1
where a, and b, are as defined in (10.1) (instead of by equation (4.1)).

(i) Prove also that Parseval’s theorem for discrete transforms becomes,
if the terms of {x,} are all real,

l N-1 N-1
< L X=X
N,/ 2o k=0
Hint. Begin by writing | X,|* = X, X} and substitute for X, and X}
from (10.8) using index r for X, and s for X}.
(111) Hence show that if, as required by (10.17) and (10.18),
Xo = a,
X, = a, — ib, for k=1,2,...,(N/2 - 1)
Xnj2 = anya
Xy_x = ay + ib; for (N—-Kk=(N/2+1),..,(N=-1

(N is assumed even) then

LA 2 RS 2 2
NZX,=a0+2 Y (af + b}) + afy,
r=0 k=1

and compare this result with the result of part (i).

Consider a discrete time series {x,},r =0, 1,2, ..., (N — 1), whose terms
are given by

x, = 2a,, cos%;t—vmr + 2bmsin2n—mr

N
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where a,,, b,,, and the integer m are constants and 0 < m < N/2. Deter-
mine the series {R,} whose terms are the discrete autocorrelation function

N—-1
Rr=l Y XX, r=0,12..,(N-1
N =%

and find {S,}, the DFT of {R,}.
Hence show that, if {X,} is the DFT of {x,}, then
Sk = X:Xk

in agreement with (10.24).

. Consider the discrete series

{Xs} = (x()a xlr XZ’ X3, 0, 03 00 Oy 0’ 0:)
and
{ys} = (yO’ Y V2o V3 0» 0, 0, 0, Oa 0’)

Determine
(i) the series {R,} where R, is defined by equation (10.20);
(i) the series {R,} and {R_,} where R, and R_, are defined by (11.8)
and (11.9);
and verify that
(iii) corresponding terms of these series satisfy (11.10).

Now assume that the six zeros have been artificially added to the {x,}
and {y,} series (so that N = 4. L = 6) and determine:
(iv) the corrected series {R,} and {R_,} from (11.42) (why are these
different from (11.8) and (11.9)7);
and verify that
{v) corresponding terms of {R,} may be interpreted as arising from the
summation of a train of functions each of the form

N -

— R, ~N<r<N,
(N+L)' r

and spaced (N + L) points apart.

Consider the triangular wave 1(t) shown in Fig. P11.2(a). Check that

a 4da nt 1 3nt 1 Snt
L(t)—§+?{COS?+§COST+ECOST+ }

and hence obtain the coefficients } in the expression
nk

V) = Y Vé(w——
h=‘-‘-r . T

where V{w) is the (continuous) Fourier transform of «(r).
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If U(w) is the Fourier transform of the triangular function u(t) shown
in Fig P11.2(b) (see problem 4.1), show that each of the coefficients ¥,
is given by

b nk

Vo= =Ulo ==

5T U(“’ T

which is in agreement with (11.18) allowing for the fact that the period
here is 2T (rather than T).

If a new function /() is made up of a train of overlapping functions
similar to u(t) and spaced at regular intervals T (not 2T as before) find by
inspection the coefficients ¥; and verify that these also satisfy (11.18).

fa) vt

) u(t)

Fig. P11.2

11.3. The spectral density of an ergodic random process x(t) is
So for —wy € ® < wWo

S{w) = {
0 elsewhere.
(i) What is the value of S, when wo = 200x rad/s and E[x*] = 1-0 cm??
(i) Member functions of the ensemble x{t) are sampled at interval
A = 00025 s to form an ensemble of discrete time series {x,}. Each of
these series has 2'? terms. The DFT {X,} of each series {x,} is calculated
and a new series {S,} formed where

S, = XX,

There is then an ensemble of discrete frequency series {S,} and corres-
ponding terms are averaged. What will be the value of each term in the
final (ensemble averaged) series {S,}? Assume that the inherent spectral
window, Fig 11.4(b), may be approximated by a rectangular function
of width 2n/T where T is the record length.

(iti) Determine how the result of part (ii) will be altered by the presence
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of a deterministic sine wave of constant amplitude 0-1 cm and frequency
350 Hz superimposed on the random process.

Use equation (11.18) and the result of problem 4.1(¢) to find the (continu-
ous) Fourier transform X{w) of the periodic function x(t) shown in Fig.
P11.4a).

x(t) acos wgt for -T<t<T

[
1

NAAMNANSMNANNMD .
VAVRVAVARVAViVAVARVAVAVAVARY

11.5.

2r 2T 2r

Fig. P11.4(a)

X,
)
A /2 8/2 —
R \
it ]
- i \ ! k
0
240 approx 4/10 approx
wol
3 Nl N
T
Fig. P11.4(b)

Check that, when w,T = nn where n is an integer, X(w) correctly
reduces to a pair of delta functions of area a/2 at w = +w,.

Now consider sampling x(t) at interval A (where n/A » w,) between
time t = 0 to t = 27 to generate the discrete time series {x,}. Verify that
the DFT of {x,} is zero except in the regions k ~ (w,T/n) and
(N — woT/n). Check that unless w,T = nm, there is more than one
non-zero value of X, in each region, Fig. P11.4(b), but that not more
than two of these values of | X, | can be greater than (a/10) approx. Check
also that, when w,T 1s large, the sum of squares of X, is approximately
equal to a?/2. Why is this sum not exactly equal to a?/2?

Would it make any difference to {X,} if {x,} were derived by sampling
x(t)fromt = —Ttot = T (instead of from t = 0 to t = 2T)? Assume
that N is even so that the same data points are used in both cases.

(i) Consider an ensemble of series {R,},r =0,1,2,...,(N — 1), and take
the ensemble average of both sides of equation (11.4) to show that

E[R,] = %Rn(r =rA) + ‘_—:',R,y(r = —(N — r)A) O0<r<nN
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where Ry = R,, because of the circular property of R, arising from
(10.21). Hence prove that

E[R,] = T—;—IR,y(r) + 7Ry = T) (11.51)

wheret=rA and 0< 1< T

Now put

1—|d/T O<|4sT
0 elsewhere

o =1

and show that the terms of {E[R,]} are discrete values of a train of
overlapping functions

W1)R,,[(7)

spaced at intervals T.

F{S}. k=012 .., (N ~1),isthe DFTof {R,},r=0,1 2 ...,
(N — 1), and there is an ensemble of the {R,} series, confirm that
{E[S,]} is the DFT of {E[R,]}. Here terms in the {E[S,]} and {E[R,]}
series are the average of corresponding terms in the ensembles of series
{Sk} and {Rr}

Use these results to show that, assuming that the sampling interval is
small enough that aliasing does not occur, then from (11.18),

E[S] = %f w(t) R, (1)e TP N gr

11.52
= lJ‘T {T__ll_l} va(f)e_"(lﬂ'«/‘r) de ( )

T T

in agreement with (11.21) and (11.22).

(i) Now consider the case when the series {x,} is modified by a sym-
metrical weighting function {d,} (see Fig. 11.8) before analysis, to form
the new series {x,d,}. The DFT of {x,d,} is calculated and a modified
spectral estimate S, found by the usual procedure. Following the
approach used in part (i), show that the modified lag window w(t) is now
given by

-T

w(t = rA) =

2| -

N-1-r
y dd,., (11.53)
s=0

and that the resulting spectral estimates must be divided by a correction

factor

N-1

15 g
N r=0 "

M

to account for the loss of amplitude caused by the weighting {d,}.
Hint. w(t) must satisfy the second of (11.23). Why?
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(ii1) Investigate the effectiveness of a cosine taper data window as follows.
Using the computer program listed in Appendix 2, determine the DFT’s of
(@) {x,},r =0,1,..., 127, where
x, = sin l7rr
" 256
®) {y,},r=0,1,..., 127, where

d .
y, = -'Fx' with x, as in part (a)

;(1 - cosl6r) r=01, ...,15

d, =4 10,r=16,17,.... 112
My cos (128 = n) r = 113, 114,...,127
2 16 » I’ F RS ]

and
1 127
= 55 L4
(¢ {x,},r=01,2..., 1023, where

x, = sin

nr,

2048
and
(d)y,,r=012 ..., 1023, where

rxr

y, = with x, as in part (c)

i n
-1 - — =01,...,127
2( cosler’, r=01,...,12

d =< 1-0,r = 128,129, ..., 896
1 n
5(1 — cosl—2—8(1024 - r)), r = 897, 898, ..., 1023

and
l 1023

1024 ,;0
Cases (a) and (b) involve a sine wave of length 73 cycles and cases (c) an
(d) a sine wave of length 633 cycles. The step length is

1 1
A= “(g‘m

D= d2.
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in the first two cases and

Lo
A=qalto L
”‘8 2048

in the last two cases. Compare the results obtained and so form a
judgement about the effectiveness of tapering data before analysis.

. Show that, by putting R(t) = R,,(1) and

1—m for 0<|<<T
wx) = T
0 elsewhere, (11.31)
equation (11.51) of problem 11.5 may be written in the form
E[R,] = MDR(t) + W(T — 7)R(T — 1)

where © = rA.
Hence show that

l =y — i(2nkr,
B[] = L E[R]e ™

r=
N-1

-1
w(rA)R(rA)e—i(an'/N) +1_:/__ Z w(sA)R(sA)e‘““'“’M
s=-N

2| -

I

r

o

N-1
Z W(,,A)R(rA)e—i(Zﬂkr/N)
r=-N

Z|-

Now introduce the generalized function

i 8t — rA)

r=-—o

to show that, assuming w{t) and R(7) are continuous, an alternative form
of this result 1s

E[S,‘]=% T |7 6c — rAWOR@e ™M (11.54)

r=-—w J—-o®

where T = NA. Lastly, use equation (11.16) to show that
E[S] = % Z j w{T)R(1) e~ {wx*ir/aNc 47

and hence prove that

n & & 2n

where $(w) is the weighted spectrum defined by (11.24).

j=-o
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Notice that S, is now the “aliased” version of the result given in the
text (equation (11.21)). Check that, provided S(w) 1s zero for w = n/A,
then all terms in the summation except the j = 0 term are zero, and so

21 =
E[S,) = (@)
in agreement with (11.21).

Beginning with equation (11.55) of problem 11.6, show that, if S, is
related to the true spectrum S(w) by the equation

E[S,])= 2—T—n I _w W(w — 0)S(w)dw (11.56)

(compare equations (11.21) and (11.28)), then the aliased spectral window
function W (w) is given by

W)= 5 W(w—j%) (11.57)

j= -
where W(w) is defined, as before, by equation (11.25).
Now find an expression for the aliased spectral window corresponding
to the basic window

T

W(w) = _( (11.32)

sinwT/2\?
2n

wT/2
and show that, since

@ i 7'[2
L
220~ j)*  sin’nf

(see, for instance, Jolley [40] p. 152), this may be written as (Cooley et al.
[10])

Wiw) =

T (sian/2 }2. (11.58)

2nN2\sin wT/2N
Sketch W,(w) against @ and compare this with a similar graph of W(w)

against .

A random process is made up of an ensemble of member functions
x(t) = asin(wyt + ¢)

where a and w, are constants and ¢ is constant for each x(t) but varies
from one member function to the next. The distribution of ¢ is defined by

1
plg) =4 2m

0 elsewhere.

0<d<2n
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(i) A discrete time series with four terms {x,}, r = 0, 1, 2, 3 is constructed
from a member function x{t) by putting

x, = x(t = rd)

where A is the sampling interval. Consider calculating the DFT {X,},
k=0,1,2 3 of {x,} and find the ensemble averaged values of the four
terms of {S,} where

S, = XX,

(i) Show that the true spectral density of the x(t) process is
SHw) = 3a?{8(w — we) + Slw + we)}

and use equation (11.56) of problem 11.7 to calculate an expression for
the terms S, using the aliased spectral window (11.58).

(i) Verify that values of S, obtained from part (ii) are in agreement
with those found in part (i).

The method of digital spectral analysis described in Chapter 11 involves
calculating a set of coefficients {S,} which are related to the DFT {X,}
of a sample record {x,} by the equation

S, = XX,

We have seen that S, is an estimate for a weighted spectral density value
S(w = w,) where, from (11.21),

E[S] = 2%S'(w = wy) (11.59)

when T is the record length analysed. According to (11.28), the weighted
value S(w) 1s related to the true spectrum S(w) by the convolution

S(w) = r W(w - Q)SQ)dQ (11.28)

where W(w) is the spectral window function associated with the calcula-
tion. W(w) is defined as the (continuous) Fourier transform of the lag
window w(t), which for the basic calculation using unweighted data
values is given by (11.31).

The theoretical development in Chapter 11 assumes that aliasing is
not a problem, but in problem 11.7 we showed that equation (11.59) still
holds when aliasing occurs, provided that an aliased spectral window

W = Y Wl —j%")

j==w

(11.57)
replaces W(w) in (11.28) to give

S(w) = J. N W(w — QS(Q)dQ. (11.60)
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The weighted spectral density S(w) calculated from the latter equation
is often referred to as the periodogram.

(i) Beginning from (11.59) and (11.60) show that the average values of
the coefficients S, are given by the following equation (Cooley et al. [ 10]):

N
E[S] = % Y w(t = mAR(c = mAjcos(wymd).  (11.61)
m=—-N
Hints. (a) First substitute for W(w — Q) in (11.60) from (11.57).
(b) Express W(w) as the Fourier transform of w(t) using (11.25).
(c) Introduce R(7) as the Fourier transform of S(w) remembering
that R(—1) = R(1).
(d) Make use of (11.16) after replacing w by t and T by 2n/A.
(i) Beginning from (11.57), show also that the aliased spectral window
W,(w) is given by (Cooley et al. [10])

A

N
o z w(t = mA)cos wmA (11.62)

m=~-N

Ww) =

and use this expression to calculate W,(w) when, according to (11.31),

1—m for 0<|t<T (11.31)
w(t) = T
0 elsewhere.

Check that the result agrees with that given in equation (11.58) of problem
11.7.

Hints. To derive (11.62) use steps (b) and (d) of part (i). To obtain (11.58)
from (11.62) the following two summations are needed together with
some determined trigonometry:

Nt cos {N + 1)fsin N6/2

..gl cosmf = o~ — cos N6
Nt Nsin(N — 18 (1 — cosN#@)
El meosmd = 5 —G06n asn2

(see Jolley [40] pp. 78 and 80).

(i) Follow the logical steps illustrated in Figs. 12.2 and 12.4 to calculate
the IDFT of the series

(Os 0) Oy Oa 1) Oa 0) 0))

by the FFT method.
(i) Then modify the FFT computer program of Appendix 2 so that it
calculates the IDFT (instead of the DFT) of the input array and use it to
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calculate the IDFT of { X, }, k = 0, 1,2, ..., 63, where

X, = 1 for k=132
7o for all other values of k.

12.2. (i) The DFT of the series {x,},r =0,1,2,...,(n — 1),is {X,}, k=0, 1, 2,
.,{n — 1). Consider a new series { y,} of length N = mnterms constructed
by taking adjacent values of {x,} and separating them by (m — 1) zeros,

so that

S Xe=sim for s=0,m2m,....(n — I)m
Y = 0 for all other values of s.

Ifthe DFTof {y,},s =0,1,2,...,(N = 1),is{¥},1=0,1,2,...,(N = 1),
show that

1
Y= —Xie (12.15)

(ii) Consider also another new series {z,}, r =0, 1, 2, ..., (n — 1), con-
structed from the x, series by putting

Z, = x(r—-l)

where t is a constant integer and show that, if {Z,} is the DFT of {z,},
then

Z, = X, W~ (12.16)

where W = e~ i#(20/M

(1)) Now apply these results to the following problem. A series {y,},
s=0,1,2 ..., (mn — 1), is partitioned into m sub-series each of length n
which are called {x, }, {x, }, {x,.}, etc, where r =0, 1,2, ..., (n — 1).
Successive terms of the sub-series {x; } are the j-th, m + j-th, 2m + j-th,
etc., terms of the series {y,}.

Show that the DFT { ¥} of the original series can be expressed in terms
of the DFT's {X, } of the sub-series by the equation

i X, w (12.17)

1
T m;
where W = ¢~ #Zn/mm),

(iv) Check that the computational “butterfly” equation (12.9) is a special
case of this result when mn = N and m = 2.

12.3. Calculate the DFT of the following series of 64 terms

LLLL =L -L-L-LLLLL =L -1, -L-1.. L1
-L -1, -1L -1
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by partitioning this series into eight sub-series, and then combining the
DFT’s of the sub-series by using equation (12.17) of part (iii) of problem
12.2.

(i) The series {x,}, r =0, 1,2, ..., (N — 1), where N is even, has DFT
{X,}, k=0, 1,2 ..., (N — 1). Consider two new series {y,} and {z]},
s=0,12, ..., (N/2 — 1), constructed from the {x,} series in such a way
that

Ys = (xr=s + xr=s+N/2)
and s 12.18
Zg = (xr=s - xr=s+N/2)W ( )
where W = e~ 2"™, Determine the DFT's {,} and {Z,} of the two new
series and hence show that

Y, = 2X,.z
Z = 2Xk=(2[+l)

(ii) Construct a signal flow graph similar to Fig. 124 to show how
repeated application of equations (12.18) and (12.19) can serve as the basis
for an alternative version of the FFT algorithm. Take a sequence of
eight terms, {x,}, r =0, 1, 2, ..., 7. Draw the butterfly graphs by which
two 4-term sequences {y,} and {z,}, s =0, 1, 2, 3 are generated by
equation (12.18) and verify that the terms of their DFT’s are, in order,
2X,, 2X,, 2X,, 2X,, and 2X,, 2X;, 2X;5, 2X,. Now draw another line
of butterflies to generate four 2-term sequences according to (12.18) and
verify that the DFT’s of these sub-series are, in order, 4X,, 4X,; 4X,,
4X,; 4X,, 4Xs; and 4X;, 4X,. Finally draw the last line of butterflies
to generate eight single-term sequences which (since the DFT of a single-
term sequence is the term itself) are, in order, 8X,, 8X,, 8X,, 8X,, 8X,,
8X,, 8X;, 8X,.

This is called a decimation in frequency algorithm because alternate
terms of the DFT are calculated from each sub-series. Notice that com-
putation begins with the terms of {x,} in their original order but the
terms of {X,} are generated in “bit-reversed” order.

and

} 1=0,1,2...,(N2 = 1). (12.19)

Each sample of a random binary process x(t) is the result of “tossing
coins” at regular intervals At, and its value is either +a or —a for each
interval. The phase ¢ of each sample function x(t) is defined as shown in
Fig 13.1(a) and has the distribution shown in Fig 13.1(c). In this case,
however, the coin is biased so that +a {for “heads”) occurs more fre-
quently than —a (for “tails™). Consider the case when for every n heads
there are only n — 1 tails, and find the autocorrelation function R (1)
and the spectral density S (w) of the x(t) random process.

How would these results differ if the bias was reversed and there were
n — 1 heads for every n tails?
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Each sample of a random binary process x(t) is the result of “tossing
unbiased coins” at regular intervals At, and its value is either +aor —g
for each interval. The phase ¢ of each sample function is again uniform
as shown in Fig. 13.1.

A four-level random process y(t) is constructed from the x{t) process
by summing three adjacent values of x(t) on the same sample so that

M) = x(1) + x(t — At) + x(t — 2At).
(1) Verify that

az<
E[x(t)x(t + 7)] = At
0 elsewhere.

(ii) Show that R/(7) can be expressed as the sum of nine terms of the
form E[x{t,)x(t,)}, each of which satisfies (i).
(111) Hence prove that

2 |r|
- = fi 0< < 3A
Ry(®) = a (3 A or 7| t

0 elsewhere.

(i) Each sample function x{(t) of a random process is periodic, and is the
same except for its “phase” ¢ which is defined in Fig. Pi3.3. The
distribution of ¢ from sample to sample is given by

1
~  for 0<¢<T
pio) =< T
0 elsewhere
Arbitrarily chosen
reference point
(which is the
sama for all \ x(t)

sample tunctions)

/\/\/\n\/\m/f

°v[ ]
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where T is the period. Show that the ensemble averages E[x] and R.(7)
are given by

i T
E[X] = ?J; x(t)dl

and [T (13.27)
R (7) = —J x(t)x(t + 7)de.
T Jo
(i) Consider the generation of pseudo random binary numbers by a
feedback shift register which performs the operation

X, = (x,_; + Xx,_,,) modulo 2.

Starting from an initial state in which the content of each stage of the
register is 1, determine the sequence of states of x, for the cases m = 3,
m = 4 and m = 6. Verify that the length of the sequence in each case is
N = (2" — 1) and that each sequence has one more state 1 than it has
state 0.

This result is only true for certain values of m, when the resulting
sequence is called a full length sequence. Check that a full length sequence
is not generated for m = 5, but that by changing the feedback connections
so that

X, = (x,- 2 + X,_s) modulo 2

a full length sequence can be obtained.

(i1i) Now consider pseudo random binary signals x(t), each generated by
the full length sequences obtained in part (i1). The clock interval is At
and x(t) = +a for the interval when x, =1 and —a when x, = 0. If
x, = x(t = rAt), check, by taking several test cases, that

N
Y x,=a
r=1

and

2

i . = Na? for s = O, N, 2N, etc.
ST —a for other values of s.

(iv) A random process {x{t)} consists of an ensemble of sample functions,
each of which is generated from the same full-length pseudo random
binary sequence as described in part (ii1). Each sample is the same but
has a different randomly chosen phase as defined in part (1). Use the
above results to confirm that the autocorrelation function for this
process is

<\ . lde
- —la* - —— fi (UE K4 a4
(l i GEYS or |7
R (7) = , repeating at intervals NAr
a
—— elsewhere
N Clsew
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and find the corresponding spectral density S, (w). Compare your results
with those from problem 13.1.

(i) Consider the discrete time series {x,}, r =0, I, 2, ..., (N — 1) where

rie
5, =23 (sk)'“cos(@"—’ - ¢k)
N

and n < N/2, and use the result of problem 10.5 to show that, if {X:}
is the DFT of {x,}, then

S, for k=1,2,...,n and for

Xrx, = k=(N—=n),...(N=1

0 for other values of k.

(ii) Then write a computer program to generate a typical series {x,} for
the case when the phase angles ¢, are randomly distributed between 0
and 2n. Take n = 100 and N = 1024 and use equation (13.26) with
m = 6 to generate the random phase angles. The initial six random
numbers required in (13.26) should themselves be randomly distributed
between 0 and 1. Suppose that each number is to have five digits. It can
be generated by devising an experiment which has ten equally likely
possible results and allotting the numbers 0 to 9 to each different result.
The experiment is then carried out five times to generate the first random
number, five more times to generate the second number, and so on.
However a quicker method is to refer to a table of random digits,
Appendix 5, which have already been generated by such a process and
to use 30 digits in order from this table. Put §, = 0-005fork = 1,2, 3, ...,
1CO, so that ¢ = 1 (see the result of problem 10.6).

Calculate values of the probability distribution function P(¢) for the
distribution of phase angles by including in the program a sub-routine
to count the number of points for which ¢, < ¢ where ¢ has a series of
values between 0 and 2n and compare this with the uniform distribution
intended.

Calculate also the probability distribution function P(x) by counting
the number of points for which x, < x where x has a series of values
between —30, and + 30,. Compare this with the Gaussian distribution
predicted by the central limit theorem when n — cc.

(iii) Use the FFT program in Appendix 2 to generate the DFT of the
{x,} series and verify that the original values of S, can be regained
correctly.

The height z of a point on a road surface above a horizontal reference
plane is a function of the position of the point (x,y), Fig. P14.1(a). It
has been found (Dodds et al. [24]) that many typical roads have surface
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irregularities which may be described by a correlation function

E[Z(xx,y,)z(xz,yz)]

which depends only on the horizontal distance

p= \/{(Xz = %) + (y2 — ¥1)*}

435

between the points (x;, y;) and (x,, y,). The surface is then said to have
properties which are homogeneous (the same at all points) and isotropic

(the same in all directions). Let this correlation function be R(p).

(i) Consider the displacement excitation which such a surface imparts
to the four wheels of a vehicle when it is driven along a straight path
across the surface at steady speed V. Let the wheelbase of the vehicle be |
and the wheel spacing b, and number the wheels 1, 2, 3, 4, as shown in
Fig. P14.1(b). Find expressions for the time spectral densities S,(w),

Height above
datum plane
y
4 . . 2
<8 S

(a) Surtace height z is x t
measured from the (b) Plan view of
horizontal datum plane (x,y) surface showing

vehicle’s path

Mass of trailer M
Moment of inertia
about C-1

datum
. - . v
: plane
o ]

(c) Elevation of two-wheeled vehicle

Fig. P14.1

- 1
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S,(w), etc., and the cross-spectral densities S;,(w), S, 5(w), Sys(w), etc, in
terms of R(p), V, [ and b.
(ii) Now let the “vehicle” be a two-wheeled trailer, Fig Pl4.1(c). The
only vibration inputs to the trailer come through its wheels which are
assumed to be small enough to follow the surface profile exactly. Obtain
the two differential equations for vertical and roll motion of the trailer,
in terms of the (small) vertical displacement v of the centre of mass of the
trailer and the (small) roll angle 6. Assume that, when the trailer is in
static equilibrium with z;, = z, = 0, then v = 0 = 0. Verify that these
equations have the form of (14.29) where the corresponding input is
Hz, + z,) for the vertical mode and (1/b)(z, — z,) for the roll mode.
(ii1) Let
1 1

u= i(z, + zz) and ¢ = t—)(z2 - zl)
and show that the time spectral densities S (w) and Ss(w) can be expressed
in the form (Dodds [23])

o) = 35 1+ e
and
2
Se(w) = b—ZS(w){l - g(w)}

where S(w) is the time spectral density of the input to one wheel and g(w)
is defined by

S ow) _ Sz1(w)

99) = 5o = S)

where S;,(w) = S,,(w) is the time cross-spectral density between the
inputs to the two wheels.

Hint. Begin by calculating the correlation functions E[u(t)u{t + 1)] and
E[p(t)d(¢t + 7)] in terms of z, and z, and then take their Fourier
transforms.

By following the same approach and making use of the results of part
(i), show that the cross-spectral densities

Su¢(w) = Swu(w) = 0

thus confirming that 1(t) and ¢(t) are uncorrelated inputs.

(iv) Calculate the mean square response statistics E[v*] and E[6%] and
also the mean square displacement at a point on the trailer distance b/2
from its centre for the highly idealized case when

R(p) = 2nS, &(p)-
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This correlation function corresponds to a “white” spatial spectral
density of level S,; in practice it has been found (Dodds et al. [24]) that
the spatial spectral density S(7) of road surfaces depends on the wave-
number y and typically has the form
So

o) = —

T (/vo)
where n is approximately 2 for values of y greater than about 0-01
cycle/m (wavelengths less than 100 m).

A linear system has two uncorrelated inputs x(t) and z(t), Fig. P14.2,
and a single output y{t). If the spectral density of the output is S, (w) and
the ordinary coherence function between y(t) and x(1) is n2(w), show that,
when the input x(t) is removed, the spectral density of the residual output
process S, (w) is given by

Syyi@) = S, (@){1 = nj(w)}.

Hint. Since the system is linear, Fig. P14.2 can be re-drawn in the same
form as Fig 14.9 where H,(w) in the latter is replaced by H(w)H,(w).
Then apply equations (7.22) and (14.60).

Fig. P14.2

Fig. 14.9 shows a linear system with two inputs x,(¢) and x,(t) and a
single output ){(t). Consider the case when the input process x,(t) is the
addition of (a) the response of another (unknown) linear system to x,(t)
and (b) uncorrelated noise z(t), as illustrated in Fig P14.3.
1f S,,(w) = the output spectral density
S,,ix,(@) = the spectral density of the residual output when
x,(t) =0
S}’lexl(w) = Syllll(w)
= the cross-spectral density between the residual output
when x,(t) = 0 and the input z(t)
= the ordinary coherence function between ){t) and x,(¢)
= the ordinary coherence function between x,(f) and
Xx,(t)

()
72, (@)
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rzﬁ_x(w) = the multiple coherence function between y{(t) and the
two inputs x,(z) and x,(z)

show that
() 5d0) = Sepim = Seam {1 — 12, (@)}
() Sy (@) = 5,,{1 — n},,(@)}

N

(i) S, (w) = szy{l - i‘;s—"‘—'}

x 11

xy(t) x,(t)

Hiw)

z(1) wnm

Hints. Use the result of problem 14.2 to obtain (i) and (i) and apply
equations (7.24) and (14.58) to derive (iii).

Fig. P14.3

If the partial coherence function n3,,, () between the residual output
and the residual input x,(¢) when x,(¢) = 0 is defined as

q2 _— Isylexulz
e sznlxnsyyln
show that (Jenkins et al. [39] p. 489)
. 1 -y
(iv) L= 2, = —
yx2| l — n)zm

Notice that, since 52, is unity for a linear system, the partial coherence
function #Z,,,,, will also be unity. Similarly nZ,),, will be unity. This is
not the case for the ordinary coherence functions between the output
and one of the inputs; these will in general be less than unity (see
equation (ii) above).

A possibly nonstationary random process x{t) is being studied. Only one
sample time history exists, so this is divided into N “slices” of equal
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length and the short-time mean square value for each slice is calculated.
These values are then set down in order of their occurrence to form a
series of length N.
(1) Show that there are N! different orders in which the N values could
have occurred and confirm that, if x{t) is stationary, the probability of
any particular order is 1/N!.
(i) Consider the first value in the series. If this exceeds all the other
values, it will contribute (N — 1) reverse arrangements. If it is less than
all the other values, it will contribute no reverse arrangements. Confirm
that, if the values are in a random order, the first value is equally likely to
be larger or smaller than each succeeding value, and so the average
number of reverse arrangements it contributes is ¥~ — 1). Similarly
show that the average number of reverse arrangements contributed by
the second value in the series is (N — 2), and so on.

Hence prove that, if the series is drawn in a random order, the average
total number of reverse arrangements is

IN(N = 1)

(iif) Now take the case of a random series with N = 4 and, by considering
all the possible ways in which the terms may be ordered, draw up a
table to show the probability that there will be 0, 1, 2, 3, 4, 5 and 6 reverse
arrangements. Hence show that the probability of 2 or less reverse
arrangements is 3/8.

(iv) The method of part (i) may be extended to the case when N = 5
and 1t is not difficult to show that the probability that there will be
0,1,23,45, 6,7, 8 9 and 10 reverse arrangements is

1 4 91520 22 20159 4 . 1
510 5 50 510 510 510 51 51 sp sy 245

respectively. Use this result and the result of part (iif) to check that
corresponding results in the general case may be obtained by successive
application of the following algorithm:

Py(c) = —1\177 for c=0

PUO = Pe = D)+ LPyal)  for  1<e<N -1
1 1
PUO) = Pl = 1) + 1Py (= 1Pusle = N)
for N<c<%(N—-l)(N—2)

MQ=m«-n-%mﬂ@—M
for HN—-1)(N—-2)<c<iNIN-1)
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in which

¢ = number of reverse arrangements
Py(c) = the probability of ¢ reverse arrangements in a series of N terms
Py (c) = the probability of c reverse arrangements in a series of (N — 1)
terms.

(v) By using this algorithm, find the probability of there being 0, 1,2, .., 12
reverse arrangements when N = 10, and hence find the probability of
there being not more than 12 reverse arrangements in a series of 10 values.
(vi) Now consider the situation when a reverse arrangement is defined
as occurring whenever the value of one term in the series is less than
(instead of greater than) the value of a later term in the series. How are
the above results changed by this new definition?

Note. Appendix 6 gives a limited tabulation of the probability of there
being not more than ¢ reverse arrangements in a random series of N terms
for values of N up to 30. These values have been calculated by using the
algorithm in part (iv); if required, results for N > 30 can be obtained by
the same method. The reverse arrangement trend test is discussed briefly
in Kreyszig [45] p. 820 and in Otnes et al. [52] pp. 399-405.

(i) For a narrow band process {y(t)} with zero mean, show that, if y and y

are statistically independent,
(dp(y))
dy /Jy=a

p(y)y=0

where p,(a) is the probability density function for peaks of height a and p(y)
is the probability density function for y.
(1) Hence show that, if

pola) = —

X

{t e}

e

pyla) = :—a {Prob (Peak <a)} =

for a Weibull distribution of peaks, the probability density function p(y) is
given by
p) = p()y-oe™™,  y>0
(iti) For p(y) to be normalized correctly, it is necessary for
f p(y)dy =1L
Check that this requires

kot/®
PO)y=0 = IR
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where I is the gamma function defined in problem 9.3.
(iv) Use the above result to show that

@ 1\**I'(3/k
> =2L LIy =<5) i

(v) Lastly, verify that the median peak height g, is given by
In 2\
ao - <——>
a

r'G/k)
r(/k)

Check that, for a Rayleigh distribution, when k = 2, this result reduces to

and hence show that

qQ

2
Y = (n2)"%*

ag

2
% _ |

ai 2In2

in agreement with (14.98).

15.1. The random processes {x(t}} and {y(z)} have sample functions x(¢) and y(z).
For a specified time interval, corresponding lengths of the sample records
x(t) and y(r) are represented by the discrete time series {x,} and {y,},r = 0,
1,2,..., (N — 1). Consider synthesizing {x,} and {y,} using the algorithm

N-1
x, = Z \/5; @il + 2xthe/N)]

k=0

N—-1
— 0, +'¥y + 2xtkr/N)
y,= z /Syy,e[.+ [ R rIN)}
k=0

where {6,} is a set of randomly chosen phase angles (which differ from one
pair of sample functions to the next pair), uniformly distributed in the range
0to 2r,and {¥,} is a set of defined phase angles which is the same for each
pair of the sample functions.

Find the ensemble-averaged discrete cross-spectral density between
the synthesized {x(t)} and {y(¢)}, and hence confirm that the (discrete)
coherence between the two artificial processes is always unity.

Show also that, if

N—1 N-1
y, = { Z M, Sxx, ellts+2xtkr/N)] 4 kzo /1 — ’Ify. /Sxx. el + 2xtkr/N)]
k=0 =

where {¢,} is a second set of randomly chosen phase angles uniformly
distributed between 0 and 2=, then, after ensemble averages have been
taken,

E[Sxy.] = ﬂxy.sxxl
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and the ensemble-averaged coherence between the two processes is thep
’Ifh'

Prove that, for the two-dimensional discrete Fourier transform, (15.12) is
the exact inverse of {(15.11).

Hint. Begin by rewriting (15.11) with the integers t and u replacing r and s.
Then substitute this revised expression for Y,,, into (15.12) and interchange
the order of summation, making use of the fact that all the summations of
the complex exponential functions become zero unless the exponent of the
exponential is zero (see page 116).

Also prove Parseval’s theorem for the continuous two-dimensional case
(15.23) and for the discrete two-dimensional case (15.25).

Hints. To prove (15.23), begin by expressing y*(x;,x,) in the form

VX, x5) = {Z Y Y, ekt *"“Z’LZ’} x

k m
x {Z Z Y"pe~|‘2n[nx,/L|+px,/Lz)}_
np

Substitute this expression into the left-hand side of (15.23), and then
interchange the order of integration and summation and show that the
double integral is zero unless n = —k and p = —m.

To prove (15.25), use (15.11) to substitute for Y, and Y% in the rhs. of
(15.25), using subscripts r, s for Y,, and t, u for Y%. Then make the
summations over k and m.

(1) Use one of the two-dimensional Fourier transform programs in
Appendix 2 to calculate the two-dimensional DFT’s of the array of
numbers given by

3
(a) Vrs = COS 27((%)‘05 27t<—85>
and by

b — sin27{ 2ﬁ
(b) Yrs = sin2nf ¢ os 2m 3

(i) Write a program to compute the double summations on both sides of
Parseval’s equation (15.25) and hence verify that the results in part (i) satisfy
Parseval’s theorem.

(1i1) Calculate the two-dimensional DFT of the array of numbers given by

55
Vs = €COS 2n<%>cos 271:(8;‘)

r,s=0,1,2,...,7

r,s=0,12,...,7.

r,s=0,1,2,...,7
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and check that, because of aliasing, this is the same as the result for part
(i)(@) of this problem.

{(iv) Now modify the program to calculate the inverse two-dimensional
DFT (as described in the notes in Appendix 2) and check that the inverse
two-dimensional DFT of the array

Yem =0, kkm=0,1,2,...,7
except for

Na=hs=Y:=Y;;=1/4
yields the starting arrays used in part (i)(a) and part (iii).

Consider a two-dimensional stationary random process { y(X;, X,)} which
has correlation function R, (x,, x,) and spectral density S, (y;, y;) where

Ryy(xl’x2)=E[y(XDXZ)y(XI +x11X2 +x2)] (i)
and

@

Syy()’l’ })2) = J_

According to the theory of generalized Fourier analysis, if the sample
function y(X,, X,) is physically realisable, then we can expect it to have a
Fourier transform (which will be a generalized function of some sort). Let
Y(y:,y,) be this transform, defined by

ke o)
dx, j dx; Ry (x;, xz) e it t1xa), (ii)
—~ 0

@

Y(y1,72) =J‘ Xmj dX, y(X,, X,)e i Xi+nXa), (iii)

Consider the ensemble-averaged value of the product Y(3,,y,)Y(¥1,75)-
From (i), we find that

E(Y(,y)Y(1,v2)] =

=J dXIJ‘ dXzJ dX’;J dX5 E[y(X,, Xo)y(X1, X5)] %

-0

% e-inXi+nXa e XXy, (1)

Now substitute for R, (X} — X,;. X, — X,) in the rhs. of (iv) from (i),
change the vanables X, X’ to x,, x, defined by

Xy =X, +x,
X’2=X2+X2

W)
and use the result that

2rné(y) = J e "¥dX

to show that (see Dowling et al. [80], p. 222)
E[Y(1,72) Y1 92)] = Qr)2S,, (01, 72) 6 (ry + 71)0(v2 + 72)- (vi)
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This means that E[Y(y,,y,)Y(y},y2)] is zero everywhere except where
Y1 = —y;andy; = —y,, whenitisinfinite. Use (vi) to demonstrate that the
two-dimensional spectral density function S(y;,7,) is a non-negative
function.

Hint. From (ii1), Y(—7y,, —y,) is the complex conjugate of Y(y;,y,), and we
know from (15.31) that S(y,,y,) is an even function.

() Show that the random variables A,,, and B,, defined by equation
(15.111) will have zero means provided that the y,, in (15.111) are derived by
sampling a random process {y(X, t)} for which E[y(X,t)] = 0.

(1) Consider the mean-square value of 4,, and show that this may be
written as

E[4L]=

Ny—1 Nz=1 N~ 1 Np—1

Y Y Z Z R, {(t — NA;, (u — 5)A,} x

(N N )2r 0 s=0 (= u=0
X €Os 2 kr +ms 0s 27 kt +mu
NN, N,

where R ,(x, 1) is the two-dimensional correlation function for {y(X, )}
which is assumed to be homogeneous and stationary, and for which the
sampling intervals are A, over X and A, over t.

(i11) Hence show that, when the correlation function is zero unless r = t and
s = u, so that

R, {(t — r)A,, (u—s)A,} = E[y*] forr=tands=u
= 0 elsewhere

then

ELAL] = G EDPI0

and that, in this limiting case, A,,, and B,,, have the same variance.

(1) Show that the DFT of the circular spectral sequence

k k
sc,=sk(1—p>+s,,_k(ﬁ) k=0,1,2,...,N~1 (15132

may be wntten in the form

- £ ofi W) 0

k=-N
when S_, =S,

(i) When the ensemble-averaged coefficients S, are related to the true
spectrum by
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E[S,]) = S(v = %n)(yﬁ) (i)

where, in the usual notation, y, = 2rn/A, show that by taking the ensembie
average of equation (i) we obtain

N
E[R,] =% Y Wesee (iii)
km—-N
where
_ 2rk i)
Y= NA v
and
A
1- 2—le for 0<|yl <2n/A V)
W) = { T

0 elsewhere.

(iii) By following the steps used to derive equations (15.82), show that
equation (iif) may be written as
_ ° o YoA . .
E[R,] = dx| ¥ on? w(x + jNAR(rA — x) (vi)
where w(x) is the inverse Fourier transform of W(y) and R(x) is the inverse
Fourier transform of S(y). Hence prove that

E[R]= J dxw,(rA — x)R(x) (15.133)
where
wa(x) = 3 wix +jNA) (15.134)
j=-=
and
' sin y‘;{ 5
wix) = 2o (15.135)
| rex
2

(i) The height of a surface is defined by ordinates y, , on a rectangular grid
with spacing A, in the s-direction and spacing A, in the t-direction. If ¥} is
the DFT of the sequence {y, o}, s =0,1,2,...,N, — 1,and Y/?isthe DFT
of the sequence {y, ,},r=0,1,2...., N, — 1, show that the cross-spectral
density coefficients S¢' - for two parallel tracks distance tA, apart are given
by
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(1,2) 1 2 l Mot (2n/N ]
W 2) (1) — —o2m, Wir—s
Sj - Y} 'Yj( )= N2 Z z Vs.oVrs€ !

1 5=0 r=0
j=01,2,..,N, — L

(i) If the ordinates are generated artificially by the algorithm (15.123), show
that, when the phase angles ¢, ,, are distributed uniformly between O and 2
(subject to the conditions (15.124) to (15.127)), then

Ny=1Ny~1

E[,Vs o¥s '] — Z Z Skm ellx[(r—s)/N,]k euZn(ml/Nz)b
' ’ k=1 m=1
Hint. Because the phase angles are distributed uniformly, E[e'¢=*%-] is
zero unless ¢, + ¢,, = 0, which is whenn =N, —kandp=N, —m.
(iij) Hence show that the ensemble-averaged cross-spectral density coef-
ficients E[S{'-?] are given by

Na—1

E[S;l.l)] — Z Slm el:)((’ﬂl/sz
m=0

in agreement with (15.151) except that the coefficients S ,, do not have to be
averaged because the artificial generation of the surface by (15.123) ensures
that they are correct.

15.8. (i) For the same surface as problem 15.7, show that the discrete cross-
correlation coefficients R!!'?) between two parallel tracks distance tA,
apart, which are defined by (15.149), can be written as

t ro\s r s
I R
N, N )TN e

t r roo.
—f1—-— )R w+—R_ N N
+ N, {( Nn) rm =0 TG R 0wy )}

where R, , is an unbiased estimate for R(rA,, t4,), etc.

(ii) Hence show that when S{':? is defined by (15.150), we find that
t \2n [*®
E[s{] = (1 - N_1>Z: f_d W, — 7S () dy +

t 2n [(*®
— = W.(y, — 7)S"3(y)d
N, L, f_m 2 — ) () dy

in agreement with (15.162) where

S-D3) is the exact cross-spectral density between parallel tracks
distance tA, apart

S1-3(y) is the exact cross-spectral density between parallel tracks
distance (t — N,)A, apart

W,(y) is the aliased spectral window defined by (15.83) with L = L,.
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Investigate further the response of a taut string to broad-band random
excitation applied at one point, Fig. 16.2, as follows:
(1) Study the effect of different levels of damping on the mean-square
velocity response. The results shown in Fig. 16.3(c) are for the case when
T=1,L=1,a=L/3, m=1/400 and ¢ = 27/400 in consistent units.
Calculate and plot out the results when the damping coefficient c is reduced
by a factor of 10 to ¢ = 2r/4000. Confirm that both the peaks of mean-
square velocity at L/3 and 2L/3 are now approximately the same height
which is about 50 per cent greater than the average mean-square velocity.
Calculate also the same results when the damping is increased to
¢ = 2n/100 and show that the mean-square velocity now begins to lose its
essentially uniform distribution. The peaks at L/3 and 2L/3 are still present
but there is now a trend for the mean-square velocity response to decrease
from the point of excitation, L/3, towards the two ends of the string.
(ii) Investigate the distribution of mean-square acceleration along the
length of the string. Modify (16.25) to calculate the mean-square accele-
ration at position x

E[j7(x,1)]

and calculate and plot out this parameter for the same numerical data as for
Fig. 16.3(c). Verify that the distribution of mean-square acceleration is
broadly the same as the distribution of mean-square velocity except that
the amplitude of the ripples is increased, although the heights of the peaks
at L/3 and 2L/3 remain approximately the same. There is a notable increase
in the peakiness of the acceleration response close to the two ends of the
string.

Show that the response y(r,t) of a continuous, linear system at position r
and time t can be expressed in terms of the distributed excitation p(s, t) per
unit area at position s and time ¢ in the following form

yr,t)= f ds Jw dOh(r,s, O)p(s,t — 6) (16.127)
R - @

where h(r, s, t) gives the response of the system at position r to unit impulse
excitation applied at ¢t = 0 at position s.

Hence show that the cross-correlation function for the two outputs at r,
and r,, R, (ry,r,,7), can be written in terms of the cross-correlation
function for the excitation at positions s, and s,, R,,(s,,$;, 7) in the form

Ryy(rn 1,1 =
=J’ ds, j dsz{ dé, f d6,h(r,,s,,0,)h(r,52,0)R (51,82, 1 +6, —6,).
R R -—® -~
(16.128)

Show that this equation leads directly to the result (16.34).
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Hint. Before taking Fourier transforms, introduce the multiplying factors

elwﬂ, e—,wa, e—r(wﬂ. —-wly)

and then change the variable of integration for the Fourier transform

calculation to t + 6, — 6,.

(1) Show that the normal modes and natural frequencies of a taut string of
length L, tension T and mass per unit length m are given by

¥ (x) = ﬁsin(j 7%)

n [T
CL)}—]Z m

(i1) Show also that the frequency response function for the displacement of

the string as a result of a unit harmonic transverse force e** applied at x = a
can be written as the summation

2 sinl & Xin[ &
© sin T in I

H(x,a,w) = Z p .
i= 'mL{— w? + (’—n>iw + wf}

and

where ¢ is defined in equation (16.4).

(i) Write a computer program to calculate H(x,a,w)when T=1L =1,
a=1/3,m = 1/400 and ¢ = 2r/400 in consistent units. Compute H(x, a, w)
forx = 1/10,x = 1/3and x = 2/3 at 400 discrete frequencies equally spaced
between 0 and 4C0x rad/s. Make one set of calculations with the summation
covering 20 modes and a second set of calculations with the summation
covering 30 modes. Investigate the effect of including more than 20 modes
in the summation.

Use the results for the 30-mode summation to calculate the mean-square
velocity response of the string at x = 1/10, 1/3 and 2/3 for broad-band
stationary random excitation with a constant spectral density to the cut-off
frequency of 400r rad/s, and hence check the relative heights of three points
on the response curve shown in Fig. 16.3(c).

Consider again the random vibration of a taut string of length L when its
excitation f(x,t) per unit length is independent of position x, so that

fxt) = f).

(i) Confirm that the two-dimensional spectral density of the distributed
excitation can be written
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and that the cross-spectral density of the excitation is
Sff(xl’ X2, UJ) = Sn-(a)).

(ii) When the excitation is uncorrelated in time, so that S (w) = S,, show
that the cross-spectral density of the response can be expressed as

L L
S, (X1, X2, 0) = SO{J ds, H‘(xl,sl,w)}{f ds, H(xz,sz,w)}
0 0

where H(x,s, w) is given by the expression in problem 16.3.

(1ii) On the assumption of small damping, so that the modal bandwidths are
small compared with the spacing between adjacent natural frequencies,
show that § (x, x,, w) may be written approximately as

L)

;oddjz(_wz + Bjw + wl;).

16S,

27t2

Syy(xl’ X2, (L)) =

(iv) Hence show that, for this excitation, the mean-square displacement
response of the string at position x is given approximately by

2 2 2 3 1
ren ZEH ) oo

and the mean-square velocity response is given approximately by

E[5(x,1)] = 2750 (i> 0<

cm \L

(Crandall [76], equations (23) and (24)).

<

)
N —

Hint. The following results will be needed

1 1
l+37+5—2+"'

1+ : + : + - -
3¢ 7 54 "9

14

8

3 S
(cosa+m:—2a+(%a—[+-~>= (m—2%), 0<a<n

3 5
(cosa +(£;;ﬁ +C058—4a + )= %(40{3 —6na’ +1),0<agn
(Jolley [40], series 307, 518 and 331).

(i) For a one-dimensional structure of length L subjected to uncorrelated

excitation for which S, (y,w)=S,, show that the cross-correlation
between the excitation at position s; and position s, is given by
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R, (5,.55.1) = (2n)2S,6(1) (s, — s3)

and use equation (16.128) of problem 16.2 to show that the autocorrelation
of the response at position r may be expressed as

L x X
Ry (r.r.t) = J dsj do, f dO; h(r.s,0))h(r.s.0,)(21)2Sy8(7).
¢} - - x

By following the hint in problem 16.2, check that this result reduces
correctly to equation (16.80) for the case when r\ =r, = r.

(i) Show, by starting from equation (16.87), that the mean-square
displacement of a uniform beam of length L at distance x from one end is

given by
2n2S,2 (x\? x\? x
2 V]
)] =——(-){1-+], 0<~-<1
Elyte 0] = =g, (L)( L) L

by using the results that

I A Y.
PEEE T )T

cos 200 ¢os 3a
COSCX-{—T‘— +-?_ o) =
Tt

2 2 4 &
Zn(a—n)—(a—n)}~;120 0

N
»
N
)
3

—
48"
(Jolley [40]. series 305 and 529).

Find a solution of (17.1) for the case when (i) ¢o =¢; =1, ¢; = ¢3=0;
(i) co=c;=% c,=1, ¢3=0; (ili) ¢cg=2, ¢, =c,=¢3=0; (iv)
Co=0=1,¢, =¢3=0.

Hint. Explore the result of making the iteration (17.2) starting from the
box function ¢y(x) = 1,0 < x < 1.

Generate wavelets from the scaling functions found above by applying
(17.12) where N is the number of non-zero wavelet coefhcients (but put
N =3 for case (iv)).

The Haar wavelet (i) is the simplest useful wavelet. Note that

1 1
j W()W(2x)dx = f W(x)W(2x — 1)dx = 0

0 0

so that this is an orthogonal wavelet. The inverted Mexican hat wavelet
(i) is not orthogonal because, for example,

2
j W(x)W(2x)dx # 0.

0
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The results from (iii) and (iv) are curiosities. The delta function from (ii1)
and the comb function from (iv) do not provide useful basis functions for
signal decomposition.

A recursive method is one in which one or more terms of a sequence can
be determined exactly if other terms are known. Instead of finding the
scaling function ¢(x) by iterating until convergence is achieved, an
alternative approach is to find particular values of ¢(x) exactly and design
a recursive scheme to find all the other values progressively from these
known terms.
Consider the definition (17.1) written for compactness as
3

d(x) = Y cp2x — k)
k=0
which, on replacing x by x/2 becomes
3

G(x/2) = ) cuplx — k). (a)
k=0
If ¢(x), ¢(x — 1), ¢p(x — 2), ¢(x — 3) are all known, then we can find
¢(x/2) exactly. For four non-zero wavelet coefficients, we see from Fig.
17.4 that ¢(x) is zero for x £ 0 and x = 3. It can be shown that this is a
general result. Suppose that we can find ¢(0), ¢(1), $(2), $(3). We know
that ¢(—1), ¢(4), etc. are all zero. Hence from (a) we can calculate

&(1/2), ¢(3/2), (5/2).

Then, by again using (a) and these new values we can calculate

(1/4), $(3/4), ©(5°4), ¢(7/4), $(5/4), $(11/4)
and so on, until all the required ordinates of ¢(x) have been found exactly.
In order to make the recursion work, we must find the starting values
@(0), (1), ¢(2), ¢(3). For the D4 coefficients in (17.3), we know from
Fig. 17.4 that ¢(0) = ¢(3) = 0. Use (a) to express ¢(1) in terms of ¢(2)
to ¢(—1) to prove that
o) 1+./3

62 1- /3

Show that the same result is obtained if (a) is used to express ¢(2) in
terms of ¢(4) to p(1).
The scale of ¢(x) is arbitrary, but set

dy=(1+/3)2  ¢@=(1-./3)
and then use recursion to find by hand

B(1/4), $(172), ¢(3/4), ..., o(11/4).
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Set up a computer program to make this calculation and use it to check
Fig. 17.5.

Find by hand the values of W{l), W(3/2). W(2) by using (17.5). Then
set up a computer program to use this equation to calculate W(x) from
¢(x) and hence check Fig. 17.6.

Verify that the matrix equation (17.7) correctly generates the 10 wavelet
ordinates given in the text above (17.7) and check that (17.8) produces
the same result and so is identical with (17.7). Similarly, verify that (17.9)
and (17.10) give identical results.

According to (17.25), if P(S) is the Fourier transform of a scaling function
¢(x), then it is always possible to write £(Z) as the infinite product
P(3) = p&/2)p(5H)p(S/8) ... (1/2n) (@)
where
L1 -
P(Q):;Z('AC " (b)
~

and ¢, are the wavelet coefficients which appear in the dilation equation
(17.11).

(1) Examine the shape of the function p(Z) for the D4 wavelet coefficients
defined by (17.3) by preparing a computer program to graph the real and
imaginary parts of p(<) against & for the range 0 < & < 9.

(1) Check from (b) that p(¢) and (d, d&)p(Z) are both zero at ¢ = 7 and
confirm that this agrees with the graphs from part (i).

(i1} Hence check that p(S/2) and its derivative are zero when ¢ = 2, 67,
107, etc: also that p(&/d) and its first derivative are zero for ¢ = 4n, 12n,
20z, etc. and that p(¢/8) and its first derivative are zero for & = 8x, 24n,
407, etc.

(iv) Modify the computer program from part (i) to calculate the product
PS5 2)p(s/41p(5/8) and plot its real and imaginary parts over the range
0 < I <35 Hence verify that, for the D4 scaling function, its Fourier
transform P(Z) and its first derivative dP(),d& are zero for & = 2n, 47,
O, .. ..

(v) Because of the result in (iv), the D4 wavelet is the basis for an expansion
of the function f(x) which can reproduce f(x) exactly provided that f(x)
consists only of terms like x + fix where 2 and f§ are constants. Examine
this proposition by calculating the Fourier transforms F($) of f(x) for the
cases when

(@) flxy=1 for =} < x g
= 0 elsewhere

[

(b) fix)=x for =} <x<}
= 0 elsewhere.
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Show that, for case (a), F(Z) has zeros for & = 27, 4n, 67, ... and that,
for case (b), F(S) has zeros at intervals of approximately 2n and dF d¢
becomes progressively closer to zero when F(¢) =0as & — .

(vi) Verify that the D4 scaling function can represent f(x) = + fx
exactly by computing ¢(x)} + ¢(x — 1)+ ¢(x — 2) for 0 < x <5 and
d(x) + 2¢(x — 1) for 0 < x < 4. Use the computer program prepared for
calculating ¢(x) by recursion (problem 17.2) and compute 2% = 256 points
in the unit interval 0 < x < 1.

. Use the program a = wavedn(f,N) to compute the wavelet transforms for

N =2, 4,6, 20 of each of the following sequences:
W f0) =1,
(i) fU) = (/512)7 = 20/512)° + (j/512)7,
(iii) f(j) = sin(2x(j - 1)/64),
(iv) f() = sin(2n(j — 1/50).
when j covers the range j = 1 to 512. In each case plot f and « and
examine how the elements of a are altered as the number of wavelet
coefficients N is increased.

For case (i1), plot log,gla(r)] for N =2, 4, 6 and 20 to compare
higher-order terms in the wavelet transform. Why does the result for
N = 20 show peaks for the amplitudes of wavelets positioned around
x=0and x =1?

Compute [ = iwavedn(a,4) when a(r)=0, r =1 to 512, except for
a(r)=1when r=35,9, 17, 33, 65, 129 and 257.

Compare f(r), r = 1 to 16, with the scaling function ¢ calculated for a
sequence length of 48 using the program prepared for problem 17.2.
Confirm that your conclusion agrees closely with the result suggested by
(17.94) with k = 0. Explore this result when a(r),r = 5,9, etc. have ditferent
values.

Now use (17.12) to show that 1W(x/2) can be expressed as a sum of
terms in ¢(x) and its translates. Show also that W(x/4) is the sum of terms
in ¢(x/2) and its translates and that, because of (17.11), W{(x/4) may also
be expressed as a sum of terms in ¢(x) and its translates.

Use these results to prove that the sum of a sequence of wavelcts at
levels —1, —2, —3, ..., —-oc can always be expressed in terms of the
scaling function ¢(x) and hence that (17.94) is true.

Use the program f = iwaredn(a,N) to compute the inverse wavelet
transforms of the following cases:

(1) a(r)=0,r=1 103512, except a(24) =1 for N =2, 4, 6, 10. 20. Note
that the relative position of the centre of the wavelet changes as N increases.
The scale of the wavelets at this level 4 is such that there are 2* = 16
adjacent wavelets in the unit interval. The most leftward of these is that
for which a(17) = 1.

(ii) Compute the wavelet for which a(r) = 0,r = 1 to 512, except a(17) = 1
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when N = 20. For N = 20, the length of the wavelet is 19 intervals, which
in this case is Ax = 19/16 so that the wavelet wraps round the interval
0 < x < 1. The “centre” of the wavelet lies in the middle of interval 9
whichisat x = 19/32. For 512 ordinates, the wavelet’s centre is at ordinate
512 (19;32) = 304.

(1i1) Mark ordinate 304 on the graph obtained in part (ii).

(iv) Use the f(j), j = 1 to 512, computed from part (ii) with the function
file mapdn(f,N) to compute A = mapdn(f,20). Use MATLAB’s contour
function to draw a contour plot of this A. Check that the centre of the
non-zero block of A is at 304/2 = 152, and that it lies in row 6
corresponding to level 4 of the wavelet transform.

(v) Compute the inverse wavelet transform f(j) of a(r) =0 for r =1 to
512 except af{r) =1 for r =17 to 32. Examine this function, compute
A = mapdn(f,20) and draw its contour plot.

(vi) Compute the discrete Fourier transform F of the functions f from
part (iv) and part (v), and compare these by plotting |F(j)| against j in
the two cases. Check that the maximum value of [F(j)| from part (v) occurs
at j = 17 (where the constant component occurs at j = |, not j = Q).
(vit) Compare the result of part (v) with a sine wave of the same magnitude
and phase. Calculate its DFT and plot this for comparison with the result
of part (vi).

(1) Check that, subject to the condition (17.47), the wrapped matrices M,.
M,, M, defined by (17.113), (17.114), (17.115) are orthogonal matrices
and so satisfy.

aMM =1

where « = 1/Z ¢}
x

(i) Using the terminology that, in the discrete wavelet transform, f1°(1:3)
represents eight equally-spaced samples of W{x) in the interval 0 < x < |
and that f1"V(1:8) represents the same for W(2x), where W(x) and ¥ {2x)
are the wrapped functions, use the result of part (i) with (17.120) and

(17.124) to show that
fOpLD

Hence confirm that

1
[ W(x)W(2x)dx = 0.
<0

(iii) Examine the first step of the construction of the wrapped scaling
function ¢(x) and wrapped wavelet W(x) by iteration from a unit box
Show that, instead of (17.51)

G1(x) = (o + C2)Po(2X) + () + 3)do(2x — 1)
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and find a corresponding expression for W, (x). Hence show that
1
J S (X)W (x)dx =0
0

whatever the values of the wavelet coefficients.
(iv) Also examine the generation of the wrapped wavelet functions W(2x)
and W(2x — 1) by iteration from the boxes

dolx) =1 O<sx<}

and ¢y(x — ). After one iteration show that

1
J W, 2x)W,(2x — 1)dx =0

0

provided that

oy + €03 =0.

Compute f(j) the inverse wavelet transform iwavedn(a,20) where a(r) = 0
forr = 1 to 512 except a(33) = 1. Compare this function with the Gaussian
windowed sine wave

p(j) = exp(—(j — 152)3/1024)sin2n(j — 1)/32), j=1 to 512.

Compute the DFTs F(k) of f(j) and P(k) of p(j) and compare these by
plotting log | F (k)| and log ! P(k)| against k for k = 1 t0 256. Use mapdn( f,20)
to compute the mean-square maps of both the above functions and
compare the results.

Use Mallat’s tree algorithm (17.134) for the IDWT to write f(1:4) in
terms of its DWT a(1:4). Hence show that

Mu

1 1
2 f,2=a(2,+af+;(a§+a§)

(o}

and confirm that, when the expansion is truncated to stop after 2" terms,
the left-hand side of (17.166) can be replaced exactly by

1 2n—-1

2
IRk

where f, = f(x = r/2%).

17.10. (i) Use the wavelet convolution formula {17.172) to compute the response

of a lightly damped oscillator to a periodic square wave. Let x(r) = 1
forr =11to0 64 and 129 to 192 and x(r) = — 1 for r = 65 to 128 and 193
to 256. Calculate the impulse response function h(t) for the second-order
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system
F(t) + 0-23(0) + y(1) = x(r).

Hence form a sequence h{(r) = h(t = rA) such that the detail in h(t) is
shown in a graph of ii(r) against r. Obtain z{r) = x(R — r) from x(r)
according to (17.167) where t, = RA when A is the time step (a suitable
value for A is }). Compute the wavelet transforms of z and h and then
execute (17.172) to find a single-response point y(t, = RA). Calculate
new sequences z by changing R, and hence compute and plot the response
y(r), r=11t0256.

Prove that, if the functions w(x) and v(x) have Fourier transforms W (w)
and V(w), then (17.197) and (17.198) are true. Hint: Begin by using their
inverse Fourier transforms to substitute for w(x) and ¢(x) and then use
the identity for an infinite integral of a complex exponential given in
Problem 15.4.

Show that the complex conjugate of one harmonic wavelet will be
orthogonal to another harmonic wavelet of the same level j provided
that their spacing is a multiple of 1/2/. Hint: Substitute from (17.185) in
(17.198) and evaluate the integral over frequency.

Show that the sequence f defined by (17.219) and of length N is
orthogonal to all discrete harmonic wavelets e?™"¥ r =0 to N — I,
k=0toN2—1.



Answers to problems

1.1. {4 029 approx.
1.2. 1/2afor |x| < a; Ofor |x| > a
Hx/a + 1)for |x| < a;0for x < —a; 1 forx > a
13. 1,3, /2
1.4. 2-66, 0-64 approx.
1.5. Case (i) }z%; 1z
Case (i) iz — ;3
Case (iit) —2z2 + 3z — 3; =4z + 3
2.1. 1/n?

2.2. 1 e~ (23al(x2 4y~ xy)

J3na?

~x2;202, 1 —y2/2a2, \[2 e—(2/3a’)(x—y/2)2
—— N s =
J2na J2na J3na

y/2
23. c=4; 3413
24. 1X%; IXZsinY(wt — ¢o)(2 + cos )

Non-ergodic since the sample means and the ensemble mean are
different; non-stationary since some ensemble averages are dependent
on absolute time ¢.

8a? 2nnt
3.2. R(7) = ——3 COS ——
SRR = b
al a2 ab a,b
3.3, jcos T + ?zcoswzr; 12 L cos wy(t + t); %COSQ)I(T — 1)

34, ‘iTCsinQ(r — to)sin Z,;z—,{r — to); a—,’fsinﬂ(r + to)sinz—;{t + tg)
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4.1.

4.2.

44.

5.1,

5.2.

5.4.

S.5.

5.6.

. @)

Answers to problems

The ensemble averages for R, (1) and R (1) will not change although
sample averages will show (small) random differences (unless averaged
over an infinite time span).

aT(sinwT Ty aT\[sinwT
(@ — wT) (b) e (n)( wT)
aT[sin wT/2\? a  _.
—_ d wl/4b
@ Zn{ wT)2 ) SENEON
© aT{sin(wy, — w)T  sin(w, + )T
2n| (wy — )T (wo + )T
) iaT{sin(wy — )T  sin(wy, + W)T
2n| (wg — )T (wo + )T
T sin®(wT, 5
X(w) = daTsin{w /2)Cosz{sin 2wt + icos2wt)
n wT
4a . nmt
x(1) = —sin—
"=1'ZJ_5'A., T
(1) ¢/2n (ii1) e~ @To(¢c/2m) (iv) (¢/m)coswTy and ~ (ic/m)sinwT,
2 sin 4007t 2
2 em’; 2 400nt )cm
2
S(w) = Ix (e—((w—wzwzw.)’ + e~uw+wz)/2w.)1]
4, /nw,
2S,¢ (i) 4S,c(c? — 37%)
) ————
ct+ 7t 2+ )’
(iV) CZ e—(zlc/450+i2c!/850>
4V;2“So
a’ sina)ot) a?
Y ; — for —w, < w < wg
2| wgt o
8a? 1 2nkt 4q 1. 2nk!}
R = — — —_—; t) = =Sin———
) n* {a=1§s....k2 T } X0 ;{kﬂgsﬂk T
abce™ i 2n 2r
S,(w) = St(w) = 7—{5(0} - Q+ T + 5(&) + Q- T
2n 2:!
fooa-)-doen- ]

where 8(w — Q + 2n/T) denotes an impulse (delta function) of umt
magnitude at w = Q — 27/T, etc.
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6.1. (a)k+m~ ’E‘e-“'f" for t20

() a3Lin -1 . 3L/ -1) e~ (3EIP)
3EIP + icw’ 2c

c ) 3c
© Gom —Fouar =o' 2\/( J)ls"l \/3 sin
icw + k P
@) —mw? + icw + Kk ”2){ \/t 4m'[+

for t>0

kim — c¢*2m* . c ;
Jk/m — Zam?) "\ \m T am?
for t>0
62 —-m ) —e 2mrsin J(k/m — cZ/4m?) ¢
T —mw? + icw + k Jkim — c*/4m?)

63. Y1) =0 for t <0
W) =a(l —e ™) for 0<t <

T
y(t) = a(e—(k/c)(t—T)_ e—(k/r)l) for t=>T

- n:Som \/ nSok )

AT

ke

Note: E[x] must be zero; otherwise S,(w) would have to include a delta
function at w = 0 to account for the finite contribution to E[x?] at
w = 0.

7.2. (i) 0,

. 25, _,Qc
(ll) 0, Ktan 7
. nSe _ . S

R(0) = 2mSd(r);  Ryfr) = e %o Sfw) = kTIOTZF
73. n I:_ ckak, + ky)/wok, + c? :|
T etk + koo ek, + k) + kiky/e)
74. H = Y

(@) {mymy0* — imycw® — {(k, + y)my + (k; + Y)m,}o0? +
+ ik, + Y)cw + kiky + y(ky + ky)}
S,

2c
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ab 2 4nt
) = )
x(t) 7{1 + 2cos T + 2cos T + }

S.(w) = an infinite “comb” of delta functions of magnitude a%b?/T? at

8.1.

8.2.

8.3.

8.4.

9.1.

9.2.

spacing 2n/T along the frequency axis (— o0 < w < o).

32 per cent, 61 per cent, 1-256,, 3-030,

) v = iﬁﬁm eTe

) o where 62 = nso/kk;n

() pya) = a—ze_" 12 (1 + m)
(i) p = ﬁ\/‘é + C—:")

v:_l&zzli’i for 0<ac<y, 8la — yo)

_‘8y0 8o,

Sample functions could have a saw-tooth waveform, each with the same
amplitude y,, but with different periods and phasing (uniformly
distributed).

U RS N B I
° " 2= my(ky, + ) ’ 2n m,

vo and p are only the same for y — 0. Otherwise the response of x,(t) is
not a smooth narrow band process. When y is large, the higher frequency
mode contributes falsely to v; (as individual “cycles” are superimposed
on the lower frequency mode and do not all cross the zero level). There-
fore vy does not approach the value (1/2n)/{(k, + kj)/(m, + my)} for a
single degree-of-freedom system when y — co unless the spectral density of
the input process is limited at high frequencies. If Sp(w) = So/(1 + w?/wj

(say) then v does converge to its correct value when y — co.

38 per cent, 12 per cent, 3-8 per cent; 4 h, 24 min, 24 min.

2

4
_n_’ - QO’
4Q, n

b1

a? mw — Q)
for Q —Q, <w<+Q
160, > 20, or 2T th ‘
S(w) =<{ nd® o + Q)
f -Q, - O gws—0,+ﬂo
: 0cos - or . 0

Q elsewhere



9.3.

94.
10.1.

10.2.

10.3.

10.4.

10.5.

10.7.

Answers to problems 461

(iv) 021 < % < 46
(v) Prob(xio > y) = e 7{l + 3y + §* + dgy* + 3hay*}
0-15 for chi-square cf.0-16 for Gaussian.
09875, < m < 1:013S,; 09745, < m < 10265,
(i) (O> —%iv Ov 0’ 0) Os 07 %l)
(i) (0,%40,0,0,0,0,%)
(iii) (0, —4i,0,0,0, ..., 0,0, 0, i)
03 - HVZ + D0}~ iHJ2 - D01+ 2 — 1,0} + HJYZ + 1)

If only the first two harmonics of the square wave were present, the DFT
would be
2. 2. 2. 2
‘0, —;l, 0, -a—;l, 0, '3;1, O, ;l

(this result is obtained by extending the result of problem 10.1 (iit) - see
also problem 10.5) but the higher harmonics distort the calculated
spectrum at lower frequencies due to aliasing.

0 for k even

X, =<1 nk
1 —icot—
35( icot 64) for k odd

(1) x, = lforallr

(i) x, = 1for r even
" ] —=1forrodd

("l) {x'} = (1' 1’ -19 -ly 1) 17 _la -1, reey —1, -l)
(iv) x, = sin2nr/N for all r
where 0 < r < (N — 1) in each case.

2a,, cos -Zg—mr + 2b,,sin z%tvﬂr

21
R, = 2Aa + bﬁ)cos%nr forr=0,1,2..(N - 1)

S, = 0 for all k except k = m and k = N — m, for which S,, = Sy_,.
= (a2 + b}).

LA{RY = Tolxeye + X, ¥ + Xay2 + X3y3) Yo(Xoy: + X1¥2 + XaY3)

To(Xoy2 + X1¥3) To(Xo¥3): 0, 0, 0, To(x3¥0), TalX2¥0 + X3¥1)s
To(X1¥o + X29; + X3¥2))

(Ro, %2R, 12R,, 2R, 0, 0, 0, 0, 0, 0)
(Ro» %2Rs, ¥ Rq, YR, 0,0,0,0,0,0)

{;::; _ } for part (ii)
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{R.} = (2R, %2Ry, 2Ry, 2R}, 0,0,0, 0, 0, 0)
{R_,} = (RRo, 12R,, 1Ry, 2R, 0, 0,0, 0,0, 0)

a2a 2a 2a
1.2, {V} = 7 77 0, o7 O 55 )

n?
{Vi} =(a,0,0,0,0,0,...)

} for part (iv)

113. (i) Sy = —— cm?s

%ﬁmﬁ for 0< k<1023 and 3073 < k < 4095
() S = E{gcm2 for k= 1024 and k = 3072

0 for 1025 < k < 3071

(1) S, = as above except

i
Ss12 = S3s8a = (m + 0'0025) cm?

due to aliasing.
Values of S, for k > 2048 (i.e. for frequencies above the Nyquist frequency)
have no practical value.

sin(wy — w)T N sin(w, + w)T _ g,_k
2 (wg — )T (wo + )T

114, X(w) = i

k=—c

T

Since there is not a complete number of cycles of the cosine function on
the record, E[x*] # }a*

|X | would be the same, although alternate terms of {X,} have opposite
sign.

2 2 2
a w.A a . a . (UQA a” .,
11.8. (—z—coszwoAcosz—%—. ZsinZwyA, —costwyAsin? 2=, —sin‘weA

4 2 27 4
S = a?[ (sinQuwyA — mk))? N sinQwoA + mk))?
T 641X [2weA — nk RawA + mk
sinf———— sinf———5——
1 for r even
12.1. =
r {—lforrodd
12.3. {Y} where ¥, = O for all ] except
1 (J2+ 1) .
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2

a
+ 5z for 0<d<aA

! Il
b R | T §
13.1. R(7) = a (l N? )( At

a?/N? elsewhere

!
2 — —

Reversing the bias would not alter these resuits.

(N + 1)fsin wAt/2\? i sle 2nk
N? wAt/2 "~ NAt

k——ac

where
N=02n-1)

Siw) =

2n\ wAtL2

At (sin a)At/2)2

2
13.3. S () = %@(w) + a?

The difference between this answer and that to problem 13.1 is that the
latter is for genuinely random noise, whereas the peculiar shape of R (1)
(and therefore of S,(w)) in 13.3 arises from the repetitive properties of
pseudo random sequences.

1 (= .
141 @) Sy(0) = Sw) = Si(w) = Siw) = o~ VJ R(p)e™ =M dp

1 * .
S slw) = 83, (w) = Sy4w) = S3h(w) = n VJ R(l — p)e™=» & dp

S12(@) = §y(w) = Sy(w) = Sis(@)
— 1 *
v

Sialw) = Siilw) = S;3(w) = §%,(w)

l * —(wp!
= 3y | R+ = prpe ey

(i) Mt + 2cv + 2kv = 2cti + 2ku
19+ %cbzo + Lkb%0 = %Cbzd) + Lkb2¢

e Se o 25
(i) Se) = 55 Sy@) = 7o

R(J(b* + pHe™* " dp

nSow,(1 + 4¢7) nSowa(l + 4¢3)

E 27 — 2y —
[L ] 4{ V E[O ] bZCzV
T[SO
—(1 + 423 + —=(1 + 4
4‘/{ (1 + 4hH + Cz( 91)}
2k 2c kb? ch?
where ? = M 2w, = I wi = EYR 20w, = 27

44.Gv) 1 35653 1 vely
4—!-,2—!,5, a, E,ﬁan I!FCSPCC 1vely

(v) 3-6 per cent approx.
(vi) There is no change
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Answers to problems

Note. There are no separate answers for problems relating to Chapters 15 and 16.

17.1.

17.2.

17.4.

17.6.

) pix)=1,0<x< 1
(i) p(x)=x,0< x < |
Plx)=2-x),1gx<?2
(i) (x) = o(x)
(iv) ¢(x)isacomb of closely packed infinitesimal pencil functions covering
the range 0<x <2 with the property that [?¢(x)dx = 1. The
corresponding wavelets are as follows:

(i) Haar: W(x) = —1,0< x <L, W)= +1, < x < 1.
(i1) Inverted Mexicanhat: W(x)=x,0< x <}, W(x) =2 -3x, i <x <1
and its mirror image about x =1 for 1 € x < 2.
(in) W(x) = d(x)
(iv) W(x) = ¢(x).
$(1/2) = 2+ /3)4
#(3/2)=0
¢(52) = (2~ \/3)/4
G(174) = (5 + 3./3)/16, $(7/4) = (1 — /3)/8
B(3/4) = (9 + 5./3)/16, $(9/4) = (9 — 5./3)/16
G(5,4) = (1 + /38, (11/4) = (5 — 3./3)/16

W) = (=1 + /32, W(3/2) = = /3, W(2) = (1 + /3)2
)+ dx =D+ dpx—2)=1for2<x<3

d
(_1;{¢(_\-) +2¢(x—1D} =1forl <x<2.

. Consider f(j) to be the result of sampling f(x) = x? — 2x> + x*. At x =0

and x =1, f(x), [(x) and f"(x) are the same but f”(0)= —12,
f”(1) = +12. Therefore there is a discontinuity when the record is
wrapped which gives rise to the local peaks in a graph of log, ,|a(r)| versus r.

(vii) A set of 16 D20 wavelets at level 4 is almost indistinguishable from
a sine wave. The DFT has small odd harmonics which can be identitied
on a graph of log|F(j)| against j.
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index

Accuracy of
measurements, 95
spectral analysis, example calculation, 102
spectral estimates, 138
Addition of zeros to sample record, 139
Aliased spectral window, 251, 427
Aliasing, 118
distortion, 120
Alias spectra, 120
Analogue
digital conversion, 149
error analysis, 149
spectrum analysis, 95
spectrum analyzer, 95
Analysing wavelet, 298
Aperiodic functions, Fourier transform of a
train of, 129
Artificial generation of
isotropic surface, 258, 263
random process, 167
two-dimensional random process, 256
Autocorrelation, 25
function
definition of, 25
for a pseudo random binary signal, 173
for a random binary process, 168
for white noise, 46
properties of. 26, 27
spatial, 198
input—output relation for a linear system, 69
Average frequency of crossings, 86
Averages, second order, 14
Average value of a function of random
variables, 14
Averaging
spectral estimates, 138
time of a spectrum analyzer, 95

Bandwidth
half-power, 191
mean square, 191
of analogue spectrum analyzer, 96
of spectral window, 108
Beam, response to random excitation, 281, 285

Bias error of spectral measurement, 103
Binary

random process, [68

sequence, full length, 433
Bingham window, 146
Binomial probability distribution, 175
Broad band random process, 44

Calculation
of averages, 7
of spectral estimates from discrete data, 120
Central limit theorem, 80
Chain code, 183
Chi-square
random variable, 109
distribution of, 110, 417
probability density function, 417
probability distribution
application to spectral analysis, 138
dependence on degrees-of-freedom. 110
tabulated values of distribution, 381
Circular correlation function, 122
interpretation in terms of linear correlation
function estimate, 129
relationship with linear correlation function,
128, 129
two-dimensional, 241, 243, 261
Circular wavelet transforms, 322
Clock frequency of random binary process.
170
Coherence functions, 207
digital calculation of, 210
multiple, 207, 209
ordinary, 209
partial, 438
Complex frequency
response function, 56
measurement of, 206
Computer programs
FFT in Basic, 374
FFT in Fortran, 373
Two-dimensional DFT. 376
Wavelet, 387
Conditional probabulity. 17



Confidence limits
of spectral measurements, 108
sample calculation, 112
Continuous time series, 113
Convolution, 64, 412
by wavelets, 353
integral, 64
Correction for slow trend in spectral analysis,
147
Correlated random noise, synthesis of, 185
Correlation, 21
coefficient, 23, 241
function (see also autocorrelation, cross-
correlation and circular correlation)
calculation from data extended by
additional zeros, 139
circular, 122
consistent estimate for, 127
error due to “wrap around”, 125
sample average, 126
separation of overlapping parts by added”
zeros, 142
Cosine data taper function, 147
Covarance. 23
Cross-correlation, 29
function
definition of, 29
properties of, 30
input-output relation for a linear system, 77
Crossing analysis, 85
Cross-spectral density
between parallel tracks on a random
surface, 263
definition of, 48
from multi-dimensional spectral density, 279
from two-dimensional spectral density, 237
input-output relations for a finear system,
79, 414
properties of, 49

Data

taper function, 147

window, 147

cosine taper, 146, 425
Degrees-of-freedom, for chi-square
distribution, 110

Delta function, units of, 46
Derived process, 46

spectral density of, 46
Digital filtering, 182
Dagital simulation of random processes, 186
Digital spectral analysis, 113

correction for slow trend, 147

data weighting, 146

advantage of, 148

example showing choice of parameters, 145

practical considerations, 146

quantization error, 148

summary of method, 142

windows and smoothing, 125

Index 473

Dilation equations, 300
Dilation wavelets, 303
Dirac’s delta function. 46
Direct method of spectral analysts, 135
Discrete Fourier transform, 114
definition, 116
Parseval's theorem for,
one-dimensional, 420
two-dimensional, 233
properties of, 118
properties of two-dimensional, 229
two-dimensional, 226
Discrete harmonic wavelet transform, 364, 398
Discrete spectral density, 122
two-dimensional, 239, 262
Discrete time series, 113
Discrete wavelet analysis, 295 et seq.
Discrete wavelet transform, 326
properties of, 339
Distribution of peaks, 90
Distribution of reverse arrangements for a
random series, table of values, 385
Double-sided function of frequency, 52, 199
Duality theorem of Fourier analysis, 407
DWT (see discrete wavelet transform), 326
Dynamic characteristics, measurement of, 167,
206

Effective bandwidth of spectral window, 108, 141
Ensemble averaging, 19
concept for a linear system subjected to
random excitation, 67
Envelope distribution for a narrow band
random process, 417
Environmental vibration simulation, 201
number of separate inputs required, 205
Ergodic random process, 20, 211
Ergodicity, discussion of, 211
Excitation by random surface irregularitics, 196
Excitation-response relations, 53
Extending record length by adding zeros, 139
to separate overlapping parts of linear
correlation function, 142

Failure due to random vibration, 191
mechanisms of, 192, 193

Fast Fourier transform, 114, 150
algorithm, 155
alternative algorithms, 165
basic theory, 150
bit-reversed counter, 162
butterfly calculation, 152
computer program, 373
decimation in frequency algorithm, 166, 431
decimation in time algorithm, 166
flow chart for bit-reversed counter, 163
flow chart for re-ordering data sequence, 164
practical value, 162
programming flow chart, 155, 156, 159
sample calculation, 152



474 Index

Fast Fourter transform, continued
signal flow graphs, 155, 157
twiddle factor, 155
Fatigue failure
fractional damage, 192
Palmgren-Miner hypothesis, 192
prediction of mean lifetime, 193
Fatigue law of a material, 192
FFT (see fast Fourier transform), 150
FFT computer program, 373
Finite length records, analysis of, 103
First crossing problem, 194
mean time to failure, 196
standard deviation of time to failure, 196
First passage probability density. 196
Folding frequency, 120
Fourier analysiy, 33
duality theorem, 407
Fourier integral
and Fourler series, relationship between, 36
Fourier series, 33
calculation of coefficients, 34
graphical representation of coefficients, 34
multi-dimensional, 226
two-dimensional, 225
Fourier transform, 35
complex form of. 38
fast, 150
of a train of apertodic functions, 129
of periodic function, 116
pair, 39
short-time, 218
Fourth-order average for 2 Gaussian process, 98
Frequency
ncgative, 39
of crossings, 86
for & Gausstan process, 88
of maxima. 92
comparison with frequency of zero
crossings, 93
of zero crossings. 89
comparison with frequency of maxima, 93
response function, 55
measurement of, 206
relation to impulse response function, 60
response method, 35
Full-length binary sequence, 433

Gamma function, definition of, 417
Gaussian
distribution, tabulated values, 379
probability distribution. 7
second-order. 18
probability integral, table of, 379
random process, 20
Generalized function, 46, 408
Generation of random numbers, 183

Haar wavelet, 321, 322, 450
Half-power bandwidth, 191

Harmonic wavelet, 359, 398
Harmonic wavelet transform, FFT algonthm
for, 367

Impulse response

function, 58

method, 58
Inverse discrete Fourier transform, 116
Inverse Fourier transform, 35
Isotropic random process, 239, 258

Joint probability, 12
density function, 12

Lag window, 131
basic form of, for digital spectral analysis, 136
refationship with spectral window, 136
Line of regression, 22
Linear superposition, principle of, 53
Linear system
equations of, 53
excitation-response relations, 53
principle of superposition, 53
response to an arbitrary input, 62
transmission of random vibration, 67
Locally stationary process, 217

Mallat’s algorithm,
tree (pyramid), 326, 389
Matlab information, 477
Mean level, input-output relation for a linear
system. 68
Mean square bandwidth, 191
Mean square response
approximate calculation of, 189
exact calculation of, 73, 371
input output relation for a lincar system, 73
list of integrals, 371
Mean square spectral density, 42
Mean square wavelet maps. 348, 393, 399
Mecasurement accuracy. 95
Modal mean square bandwidth, 191
Modulo, 187
Multiple coherence function, 207, 209

Narrow band random process, 44
crossing analysis, 85
description of, 82
distribution of peaks, 90
envelope distribution. 417
frequency of maxima. 92
peak distnbution, 90
statistics of, 82
Negative frequency, 39
Non-stationary random process, 211
analysis of locally stationary process, 217
short-sample average, 212
spectral density of, 214
testing for, 212
Non-stationary trend, testing for, 212



Normal mode analysis, 280
Normalized covariance, 23
Nyquist frequency, 120

Ordinary coherence function, 209

Parseval’s theorem, 233, 407, 420, 442
for a two-dimensional series, 233
Partial coherence function, 438
Pascal’s triangle, 177
Peak distribution,
Rayleigh, 91
Waeibull, 219
Periodic function, Fourier transform of, 116
Periodogram, 429
Plate, response to random excitation, 283,
290, 292
P.r.bs., see pseudo-random binary signal, 172
Pre-whitening before spectral analysis, 148
Principle of linear superposition, 53
Probability analyzer, 6
Probability density function
calculation of first-order from second-order,
13
chi-square, 417
conditional, 17
first-order, 2. 4
Gaussian (normal), 7, 18
second-order, 12, 17
Probability distribution
binomial, 175
chi-square, 110, 381, 417
function, 10
Gaussian (normal), 7, 18, 379
Probability integral, tabulated values of
Gaussian, 379
Probability of a first crossing in time T,
195
Pseudo random binary sequence, 172, 183,433
Pseudo random binary signal, 172, 183, 433
autocorrelation function of, 173, 433
clock frequency, 173, 182
sequence lengths, 172, 182, 433
spectral density of, 174, 434
Pseudo random process (see also pseudo
random binary signal), 167, 432
apphication of, 167
multi-level, 175, 432
spectral density of, 179
Pyramid algorithm, 326, 389

Quantization error, 148

Random binary process, 168
autocorrelation function of, 168
clock frequency, 170
derived from a binary sequence, 168
pseudo, see pseudo random binary process
spectral density of, 171
Random mulu-level process, 175

Index 475

Random numbers,
generation of, 183
table of, 383
Random process
binary, 168
broad band, 44
digital simulation of, 185
Gaussian, 20
isotropic, 239, 258, 263
locally stationary, 217
multi-dimensional, 233
multi-level, 175
narrow band, 44, 82
non-stationary, 211
simulation of, 168, 185
Random surface irregularities
excitation by, 196
response to, 197
Random variables, statistical independence of,
18, 311
Random vibration environment, simulation by
single point excitation, 201, 203, 205
Rayleigh distribution of peaks, 91
Resonant mode, response to broad band
excitation, 189
Response of a continuous system
by normal mode analysis, 280
to distributed excitation, 277
to point excitation, 268
Response of a linear system, 53
to random excitation
autocorrelation, 69
cross-correlation, 77
cross-spectral density, 78, 414
mean level, 68
mean square response, 73
spectral density, 71
probability distributions, 79
Response of a resonant mode to broad band
excitation, 189
Reverse arrangements
distribution for a random series, 385
tabulated values of distribution, 385
trend test, 213
Road surface roughness, 197, 437

Sampling theorem, 420
Scaling function, 301
Separation of overlapping linear correlation
functions by added zeros, 142
Second-order averages, 14
Shannon’s sampling theorem, 420
Shift register, 183
operation of. 184
Signal fow graphs, 155
Simulation of random environments, 201
Simulation of random processes, 185
Smoothed spectral density, 135
estimate of, 135



476 Index

Smoothing spectral estimates, 137
two-dimensional, 254
Smoothing with a spectral window, 107, 136
S—N fatigue curve, 192
Space lag, 198
Spatial spectral density of road surface, 198, 258
Spectral analysis, 41
analogue, 95
bias error, 103
digital, 113
correction for added zeros, 142
correction for slow trend. 147
data window, 146, 425
estimate of smoothed spectrum, 135
final smoothing, 144
periodogram, 429
practical considerations for, 146
pre-whitening, 148
quantization error, 148
summary of method, 142
direct method, 135
of finite length records, 103
summary of digital method, 142
variance of measurement, 97
Spectral density, 42
double frequency, 214
for a multi-dimensional process, 233, 237
for a non-stationary process, 214
input-output relation for a linear system, 71
of derived process, 46
of multi-level random process, 179
of pseudo random binary process, 173, 174
of random binary process, 171
properties of, 43
relation between single-sided and
double-sided, 52
smoothed, 107, 135
spatial for road surfaces, 197, 437
units of, 42, 51
Spectral estimates
accuracy of, 138
averaging, 138
calculation of, 120
smoothing, 137
two-dimensional smoothing. 254
Spectral measurcments. confidence limits, 108
Spectral window, 104, 131, 138
aliased. 251, 427
bandwidth of, 108, 138, 141
basic form of, for digital spectral analysis, 136
relation with lag window, 136
shape of, 107, 136, 138, 141
smoothing with, 107
two-dimensional, 245
two-dimensional aliased, 247, 251
Spectrum, see spectral density
Spectrum analysis, see spectral analysis
Spectrum analyzer
averaging time of, 95
variance of measurement, 97, 101

Standard deviation, 8

Stationarity, discussion of, 212

Stationary random process, 20, 212
Statistical energy analysis, 292

STFT (see short-time Fourier transform), 218
Strictly stationary process, 20

String, response to random excitation, 269, 275
Superposition integral, 64

Synthesis of correlated noise sources, 185

Time lag, 25, 198
Time series analysis, 113
Transmission of random vibration, 67
Tree algorithm, 326, 389
Trend test, 213

reverse arrangement, 213

Uncertainty principle, 218
Unit impulse, 58
dimensions of, 58

Vanance, 8
Variance of spectral analyzer measurement,
97, 101
Vehicle response to road irregularities, 197,
199
example calculation, 199
Ville, J., 218

Wavelet
analysing, 268
compactly supported, 308
definition of D4, 321
of D6, 322
dilation, 300
Haar, 321, 322, 450
harmonic, 339, 398
real and imaginary parts of, 361
Wavelet analysis, 295 et seq.
Wavelet coefficients,
conditions,
collected, 320
for accuracy, 309
for orthogonality, 313
properties of, 307 et seq.
summary of orthogonal properties 318
Wavelet computer programs, 387
Wavelet convolution, 353
Wianvelet generation,
by iteration, 301 et seq.
by recursion, 451
Wavelet level, 295
Wanelet maps,
grd base for, 350
mean square, 348, 393, 399
re-ordering elements of, 349
Wavelet scaling function, 301
Wavelet transforms,
circular, 322
discrete, 326



Wavelet transforms, continued
discrete harmonic, 364, 398
FFT algorithm for, 367
two-dimensional, 355, 394
Wavelets, 219, 295 et seq.
Wavenumber, 196
Weakly stationary process, 20
Weibull distribution of peaks, 219
Weighted spectral density, 135
Wigner, E. P, 218

Wigner distribution, 218

Wigner-Ville method, 218

Window function, 133, 135, 137
two-dimensional, 2435

White noise, 45

Zero crossings, frequency of, 89
Zeros, addition to sample record before
analysis, 139
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